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Abstract: The description obtained in the analysis of differential cross section of elastic pp scattering in
accelerator experiments is extended to the higher cosmic ray energies. Use is made of analytical forms of
amplitudes in the Glauber framework to connect pp with p-air information. A value σpp = 143 mb is suggested for√

s = 57 GeV.
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Recently we have analyzed the proton-(anti)proton elas-
tic scattering data from FNAL and LHC in terms of ana-
lytic representations of the amplitudes [1, 2, 3]. The ana-
lytical forms have origin in the Stochastic Vacuum Model
[4, 5], and our work shows that they represent precisely the
structure of the differential cross section in all t domain,
from the very forward region, with dips and bumps and the
large t tail behavior, permitting the determination of values
of total cross section with high precision for each energy
where experimental |t| distributions are available. The en-
ergy dependence of the parameters involved is very regular
and smooth in the energy domain analyzed. Therefore, we
wish to investigate whether the validity of our representa-
tion for the scattering amplitudes can be extended beyond
the energy limits of the present accelerators, reaching the
range of interest in ultra-high energy cosmic ray physics.

The measurements of the inelastic p-air cross section in
the Akeno Laboratory observing air showers with energies
up to 1017.6 eV, and the analysis of the data for the evalua-
tion of the pp total cross section [6] have led to a parame-
terization of the form σpp = a+b ln2(

√
s/s0), covering the

energy range of
√

s from about 5 to nearly 30 TeV . This pa-
rameterization gives very precise value for the cross section
at 7 TeV obtained in the recent LHC measurement [7] and
also reproduces with accuracy the pp̄ cross section at 546
GeV [1, 3]. At

√
s = 30 TeV the cross section value is σpp=

127.9 mb. The form used is typical of the parameterizations
covering all existing pp data [8], necessary for the identifi-
cation of the asymptotic behaviour which is a fundamental
question in hadronic physics [9].

We then consider that this parameterization can be very
useful for estimates for the higher energies covered by the
more recent Auger measurement [10] concerned with the p-
air inelastic and total pp cross section at 57 TeV. Introducing
small numerical changes in the original values, we write
the Akeno representation as

σpp = 39.43 + 1.38 ln2[
√

s(GeV)/10)] (in mb) . (1)

For
√

s = 30 TeV this expression gives σpp = 127.9 mb .
The Fly’s Eye Collaboration measured inelastic p-air cross
section and then estimated the pp total cross section [11]
at
√

s = 30 TeV, reporting a value 120± 15 mb . These
two independent evaluations obtained from cosmic ray
experiments are quite compatible [12], and may be used to
guide the analysis of pp collisions at higher energies.

Nearly the same values are obtained in extrapolation to
30 TeV of the value of σpp that has predicted [13] with very
good accuracy the LHC energy 7 TeV . This extrapolation
using the form

σpp = 68.818+12.1521ln
√

s+1.4618ln2(
√

s)

in milibarns, leads to a similar value 127.06 mb at 30 TeV.
In our previous work [5, 1, 2, 3] we have performed

accurate analysis of data on differential cross section in
elastic scattering, which do not exist at these cosmic ray
energies. As it seems that we may be confident in the values
of σpp at 30 TeV, we use them as basic information in
support of an extension of our analysis to the very high
cosmic ray energies. We introduce in the Glauber model the
amplitudes of our framework, and investigate the relations
between σpp and p-air inelastic cross sections.

The elastic differential cross section is written

dσpp

dt
= (h̄c)2 |TR(s, t)+ iTI(s, t)|2 . (2)

We propose analytical forms in the impact parameter b-
space

T̃K(s,b) =
αK

2 βK
e−

b2
4βK +λK ψ̃K(s,b) , (3)

where

ψ̃K(s,b) =
2 eγK

a0

e
−
√

γ2
K+

b2
a0√

γ2
K + b2

a0

[
1− eγK e

−
√

γ2
K+

b2
a0
]

(4)

is a shape function. The indices K = I and K = R in T̃K(s,b)
refer to the real and imaginary parts. These forms have been
very successful in the description of the differential elastic
cross section dσ/dt at all energies from 20 GeV to 7 TeV.
The total cross section is given by the optical theorem, with

σpp(s) = 4
√

π (h̄c)2 (αI(s)+λI(s)) . (5)

The two coefficients that added give the total cross sec-
tion fix the strengths of two different functions of the mo-
mentum transfer, and for the sake of the angular distribu-
tions, they must be determined separately, for each exper-
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imental collision energy. We found that for high energies,
namely for

√
s≥ 0.546 TeV, αI is linear in ln

√
s, with

αI(s) = 11.1616+1.3199 ln
√

s , in GeV−2 , (6)

while λI has a parabolic form

λI = A + B ln
√

s + C ln2√s . (7)

In the present work we determine the values of A, B and C
with the help of information from cosmic ray measurements.
To have good extension for high energies, and cover well
a large energy range, we use the data at

√
s = 0.546, 7 and

30 TeV to obtain the three parameters. We consider two
possibilities for 30 TeV, namely σpp = 120 mb and σpp =
127.9 mb. The results are shown in Fig. 1.

Figure 2 shows the correspondence of slope and cross
section values in pp scattering at the experimental energies.
The usual method is to find a point where this correlation
curve matches the correlation curve determined by Glauber
equation that is fixed by the measured proton-air inelastic
cross section. We obtain this Glauber equation using the
amplitudes given by the framework of our model.

In this work we show how our analytic representation for
the elastic scattering amplitude can be extrapolated to the
very high energy cosmic ray domain, with results compati-
ble with measurements [6, 11] and theoretical expectations
[13]. Our analysis favors the higher value σpp = 127.9 at√

s = 30 TeV.
As a last comment, we note that our analytic representa-

tion of the scattering amplitude, the unitarity constraint is
not explicitly embedded and must be examined in the solu-
tions. The unitarity constraint requires that the inequality

e−2ℑχ =

(
1− 1√

π
T̃I

)2

+

(
1√
π

T̃R

)2

≤ 1 (8)

be valid for all s and all b. Here χ(s,b) is the eikonal
function. We verify numerically that this unitarity condition
is well satisfied for all energies analyzed, including the
extrapolated

√
s = 57 TeV.
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Figure 1: Energy dependence of the quantities αI and λI
that determine the total pp cross section. Comparison of
results obtained from the values σpp = 127.9 mb (solid lines)
and for σpp = 120.0 mb (dashed lines) at

√
s = 30 TeV. The

line for αI is common to both cases. The point in σpp at the
low energy end

√
s = 52.8 GeV indicates that the form of λI

determined by σpp = 127.9 at 30 TeV can be well extended
to a large energy range.
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Figure 2: Correlation of values of slope BI of the imaginary
part of the elastic amplitude and total pp cross section
obtained at the energies of the pp collision experiments.
This correlation is an input for the use of Glauber method
for the connection of p-air and pp cross sections.


