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Abstract: The measurement of large scale anisotropies in cosmic ray arrival directions is generally performed
through harmonic analyses of the right ascension distribution as a function of energy. These measurements are
challenging due to the small expected anisotropies and meanwhile the relatively large modulations of observed
counting rates due to experimental effects. In this paper, we present a procedure based on the shuffling technique
to carry out these measurements, applicable to any cosmic ray detector without any additional corrections for the
observed counting rates.
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In investigating the origin of cosmic rays, the measure-
ment of anisotropy in the arrival directions is an important
tool, complementary to the energy spectrum and mass com-
position. From the observational point of view indeed, the
study of the cosmic ray anisotropy with energy is closely
connected to the problem of cosmic ray propagation and
sources. Due to the scattering of cosmic rays in the Galac-
tic magnetic field, the anisotropy imprinted in arrival direc-
tions is mainly expected at large scales up to the highest en-
ergies. The experimental study of large scale anisotropies
is thus fundamental for cosmic ray physics, though it is
challenging.

At energies greater than 1013 eV, cosmic ray measure-
ments are indirect due to the low primary intensity, and are
usually performed through extensive air showers with sur-
face array detectors, Cherenkov telescopes, or fluorescence
telescopes. Surface array detectors with high duty cycle op-
erate almost uniformly with respect to sidereal time thanks
to the rotation of the Earth. In contrast, the low duty cy-
cle of Cherenkov and fluorescence telescopes, operating
only on dark nights, propagates into large variations of ex-
posure with sidereal time. These variations, almost always
larger than the expected anisotropies, induce artificial mod-
ulations of the cosmic ray intensity in local sidereal time,
and thus make delicate the measurements of harmonics in
the right ascension distribution - in particular for the first
harmonic.

The most commonly used technique to search for large
scale anisotropies is the analysis in right ascension only,
through harmonic analysis (referred to as Rayleigh formal-
ism) of the event counting rate [1]. Any angular distribu-
tion, Φ(α), can be decomposed in terms of a harmonic ex-
pansion :

Φ(α) = a0+ ∑
n>0

ac
n cosnα + ∑

n>0
as

n sinnα. (1)

The customary recipe to extract each harmonic coefficient
makes use of the orthogonality of the trigonometric func-
tions :

a0 =
1

2π

∫ 2π

0
dα Φ(α),

ac
n =

1
π

∫ 2π

0
dα Φ(α) cosnα ,

as
n =

1
π

∫ 2π

0
dα Φ(α) sinnα . (2)

By modelling the observed arrival direction distribution,
Φ(α), as a sum of Dirac functions over the circle,Φ(α) =
∑i δ (α,αi), integrations in equation 2 reduce to discrete
sums :

ac
n =

2
N ∑

1≤i≤N

cosnαi ,

as
n =

2
N ∑

1≤i≤N

sinnαi . (3)

Here, the re-calibrated harmonic coefficientsac
n ≡ ac

n/a0
andas

n ≡ as
n/a0 are directly considered, as it is traditionally

the case in measuringrelativeanisotropies.
The Rayleigh formalism can be applied off the shelf

only in the case of a purely uniform directional expo-
sure, denoted hereafterω(α). However, this ideal condi-
tion is generally not fulfilled. A simple recipe to account
for the variations ofω(α) is then to transform the ob-
served angular distributionΦ(α) into the one that would
have been observed with an uniform directional exposure :
Φ(α)/ω(α) [2]. In that way, discrete summations in equa-
tion 3 are changed into :

ac
n =

2

Ñ ∑
1≤i≤N

cosnαi

ω(αi)
,

as
n =

2

Ñ ∑
1≤i≤N

sinnαi

ω(αi)
, (4)

with Ñ=∑i 1/ω(αi). The statistical properties of these es-
timators can be derived from the Poissonian nature of the
sampling ofN points over the circle accordingly to the un-
derlyingφ(α) function. In case of small anisotropies, and
for an exposure function normalised such that its integra-
tion over the circle equals 2π, this leads to the following
expressions for the RMS of the estimators [3] :
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σc
n =

(

2
N

1
π

∫ 2π

0

dα
ω(α)

cos2nα
)0.5

,

σs
n =

(

2
N

1
π

∫ 2π

0

dα
ω(α)

sin2nα
)0.5

. (5)

For an isotropic realisation,ac
n andas

n are random vari-
ables whose joint p.d.f.,pAc

n,As
n
, can be factorised in the

limit of large number of events in terms of two Gaussian
distributions whose RMS are thusσc

n and σs
n. In terms

of the amplitudern = (ac2
n + as2

n )1/2 and the phaseφn =
arctan(as

n/ac
n), this yields to different functions from the

usual Rayleigh and uniform ones when the RMS parame-
ters are identical in the case of a uniform directional expo-
sure. However, for the examples considered in this study,
the RMS parameters do not differ significantly from the
usual

√

2/N so that thepRn and pΦn functions can be ap-
proximated to a high level by the Rayleigh and uniform
distributions. As well, for an anisotropic distribution char-
acterised by non-zero{ac

n = νncosψn,as
n = νnsinψn} har-

monic coefficients, the Rice distribution for the amplitude
and equation 4 in [1] for the phase - as obtained when the
RMS parameters are identical - will provide accurate de-
scriptions of the examples considered below. Complete ex-
pressions can be found in [3].

The Rayleigh formalism itself is rather simple, but the
greatest difficulties are in the estimation of thedirectional
exposureof the experiment. For any energy range, the
directional exposurẽω(δ ,α) provides the effective time-
integrated collecting area for a flux from each declination
δ and right ascensionα :

ω̃(δ ,α) = A
∫

dT F(θ(T −α,δ ),ϕ(T −α,δ ),T). (6)

Here,T stands for the local sidereal time, andA stands
for the total collecting area of the experiment. The func-
tion F(θ ,ϕ,T) encompasses geometrical aperture and de-
tection efficiency effects under incidence zenith angleθ
and azimuth angleϕ. The explicit dependence ofF on lo-
cal sidereal timeT is due to the unavoidable variations of
the on-time of the detectors. The accurate control of all
these effects is challenging in the case of surface array de-
tectors, and generally out of reach in cases of Cherenkov
and fluorescence telescopes. Note that, when searching for
large-scale anisotropies in right ascension only, the direc-
tional exposureω(α) integrated in declination is in fact
the quantity of interest, normalised in this way :

ω(α) = 2π

∫

dδ cosδ ω̃(δ ,α)
∫

dΩ ω̃(δ ,α)
. (7)

In contrast to large scale anisotropy searches, point-like
source searches can be carried out by overcoming the ex-
plicit estimation of theF function through the use of the
shuffling method[4]. This method only makes use of the
observeddata set for determining the number of back-
ground events in any direction of the sky, through the gen-
eration of simulation data sets in which the actual event
times are randomly associated with the actual local an-
gles. In this way, the counting rate variations are natu-
rally accounted for in each simulation data set, because all
background events have the same time distribution as real
events. In addition, preserving the local angle distribution

as observed in the actual data set guarantees a proper mod-
elling of the detection efficiency in a total empirical man-
ner. However, since events from eventual excesses are used
to estimate the background level, the background estimate
is necessarily overestimated compared to the true back-
ground [4, 5]. While this effect is negligible when search-
ing for point sources, it is expected to be important when
searching for diffuse excesses and in particular for large
scale patterns [6, 7].

Formally, the principle of this approach is to replace the
time integration and the cosδ integration of the collecting
area in equation 7 by the solid angle and time integrations
of the observed angular distribution dN/dΩ in local angles
Ω = (θ ,ϕ) pointing to the right ascensionα at local side-
real timeT and weighted by the observed and normalised
event time distribution 1/N × dN/dT, N being the total
number of events :

ωsh(α) =
∫

dΩdT
1
N

dN(T)
dT

dN(Ω)

dΩ
δ (α(θ ,ϕ,T)−α).

(8)
The argument in the Dirac function guarantees that the di-
rection in celestial coordinates considered throughout the
integration of the local angles at local sidereal timeT cor-
responds to the right ascensionα :

α(θ ,ϕ,T) = T + f (ϕ) arccos

(

cosθ −cosℓcosδ
sinℓsinδ

)

,

(9)
with f (ϕ) = +1 if −π/2≤ ϕ ≤ π/2 and f (ϕ) = −1 oth-
erwise for an azimuth angleϕ defined relative to the East
direction and measured counterclockwise. Integrating over
solid angleΩ = (θ ,ϕ) the angular distribution dN/dΩ re-
sults in giving to any celestial direction in the field of view
available at any given local sidereal timeT an instanta-
neous exposure in proportion to the event rate in the cor-
responding direction in local angles. Through the integra-
tion over local sidereal timeT of the actual variation of the
event rate dN/dT, the distortions of the cosmic ray inten-
sity in celestial coordinates induced by experimental varia-
tions of the event rate are then automatically accounted for
in the definition ofωsh(α). In contrast, the modulations in
celestial coordinates induced by eventual anisotropies are
only partially washed out, because for any given local side-
real timeT, the event time distribution dN/dT is sensitive
to the global intensity of cosmic rays but not to the under-
lying structure in right ascension. Hence, the use of equa-
tion 8 provides a relevant estimate of the expected back-
ground in searching for large scale anisotropies, though
with reduced sensitivity.

The main advantage in adopting equation 8 as the di-
rectional exposure instead of the actual one relies on the
possibility to carry out the integration using only any ob-
served realisations of the angular distribution dN/dΩ and
the event time distribution dN/dT :

dN
dΩ

=
N

∑
i=1

δ (Ω,Ωi) =
N

∑
i=1

δ (cosθ ,cosθi)δ (ϕ,ϕi), (10)

dN
dT

=
N

∑
i=1

δ (T,Ti). (11)

Inserting equation 10 and equation 11 into equation 8, it
is straightforward to see that the functionωsh(α) can be
sampled by Monte-Carlo byshufflingthe observed set of
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Figure 1: Reconstructed amplitudes for an underlying isotropic
distribution, withN=100,000 events. Plain curves : Expected dis-
tribution of amplitudes from the actual directional exposure. His-
tograms : Distribution of reconstructed amplitudes with the di-
rectional exposure as derived from the shuffling technique. Left
panel : sidereal time scale. Right panel : solar time scale.

measured times and in preserving the actual set of arrival
directions in local coordinates :

ωsh(α)≃
1

Nsh

Nsh

∑
j=1

N

∑
i=1

δ (α(θi ,ϕi ,Tσ j (i)),α), (12)

where the subscriptσ j(i) stands for the random permuta-
tion of each elementi. This estimation isonlybased on any
actual data set.

To probe the performances of the shuffling technique in
searching for large scale anisotropies, we consider mock
samples generated from an isotropic or a dipolar distribu-
tion with a total number of eventsN = 100,000. The toy
observatory considered hereafter is assumed to have a de-
tection efficiency depending on UTC time in such a way
that the simulated observatory is operating only 8 hours
per solar day, with a seasonal harmonic modulation reach-
ing 4 hours. At the sidereal time scale, this results in a net
dipolar modulation of≃ 30% of the directional exposure
in right ascension. Such a behaviour roughly mimics flu-
orescence or Cherenkov telescopes. Besides, without loss
of generalities, we restrict ourselves in the following to the
first harmonic estimation from a set ofN events. This is the
most challenging to extract from any data set since exper-
imental effects mainly produce a spurious dipolar modula-
tion, and one of the most interesting for cosmic ray physics
at all energies.

Generating mock samples drawn from isotropy, the dis-
tribution of amplitudes obtained by applying the shuffling
procedureon each sampleto estimate the directional ex-
posure is shown in the left panel of Figure 1, as the
blue histogram. For reference, the distribution that the his-
togram of reconstructed amplitudes would fit if the actual
directional exposure was used is shown as the red curve.
Though the directional exposure is largely non-uniform,
the parametersσc

1 and σs
1 differ from σ =

√

2/N only
slightly : σc

1 ≃ 1.02 σ and σc
1 ≃ 1.03 σ , so that the re-

constructed distribution of amplitudes is undistinguishable
from a Rayleigh distribution with parameterσ . The use
of the shuffling technique results in a netcompressionof
the reconstructed amplitudes. The histogram can still be
fitted by the Rayleigh distribution, but by rescaling theσ
parameter by a global factor :σsh≃ 0.57σ . The compres-
sion is an essential feature to consider when searching for
anisotropies.
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Figure 2: Reconstructed amplitudes for an underlying dipolar
distribution with amplituded⊥ = 5% andN=100,000 events. His-
togram : Distribution of reconstructed amplitudes with the direc-
tional exposure as derived from the shuffling technique. Plain
curve : Expected distribution of amplitudes when using the true
directional exposure. Dotted curve : Distribution of amplitudes
for isotropy, as empirically reconstructed from the shuffled event
sets built with the directional exposure as derived from each sim-
ulated sample.

For a pure dipole characterised by a vectord =
{dcosδd cosαd,dcosδd sinαd,dsinδd} in equatorial co-
ordinates, it is possible to relate the dipole parameters
{d,δd,αd} to the ones as derived from the Rayleigh anal-
ysis {ν ,ψ} [3]. At first order, the first harmonic ampli-
tudeν depends on the declination of the dipole in such a
way that it vanishes forδd = ±π/2 while it is the largest
when the dipole is oriented in the equatorial plane. In this
later case, the first harmonic amplitude roughly becomes
ν = 〈cosδ 〉d⊥ (with d⊥ = dcosδd) and the sensitivity of
any observatory tod⊥ depends mainly on〈cosδ 〉, which
is a function of the Earth latitudeℓ of the experiment
and of its detection efficiency in the zenithal range con-
sidered. Considering dipolar distributions of cosmic rays
with d⊥ = 5% andαd = 0◦, and given the toy observa-
tory considered in the simulations, the expectation forν is
≃ 4.2%. The corresponding distribution of reconstructed
amplitudes is shown as the plain red curve in Figure 2.
On the other hand, the distribution of reconstructed am-
plitudes with the directional exposure as derived from the
shuffling technique is shown as the blue histogram. This
histogram can be fitted by a Rice distribution by rescal-
ing the σ parameter in the same way as in the case of
isotropy (i.e. σsh ≃ 0.57σ ) and with aν parameter such
that νsh = 1.32%± 0.01% instead ofν = 4.2%. Though
part of the anisotropy signal is, as expected, absorbed, it
can be seen however that significant amplitudes can be dis-
cerned by comparison of the blue histogram in figure 2
with the one in figure 1.

Hence, from any single mock sample, it appears inter-
esting to aim at reconstructing in an empirical way a rel-
evant distribution of amplitudes that would have been ob-
tained with an underlying isotropic angular distribution of
cosmic rays. This can be done using the following recipe :

1. From any given data set, the directional exposure is
obtained by means of the shuffling technique, allow-
ing an amplituderobs

1 to be inferred.

2. New mock samples are then generated, still by
means of the shuffling technique.
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Figure 3: Detection power for dipolar anisotropy searches as a
function ofd⊥. The threshold is fixed at 1%. The results obtained
using the shuffling (red points) are compared to the ones obtained
with the actual exposure (plain curve) and with the East/West
method (dotted curve).

3. The shuffling procedure is applied to each mock
sample generated in step 2, allowing the directional
exposure of each mock sample to be known. The cor-
responding distribution of amplitudesr1 is then con-
structed in an empirical way.

4. The amplituderobs
1 is then compared to the empirical

distribution obtained in step 3.

The result of this procedure is shown in Figure 2 too, as
the bluedottedcurve. Here, for clarity, what is shown is
not the histogram obtained for any realisation but the cor-
responding fit using the Rayleigh distribution. It turns out
that the distribution of amplitudes obtained in that way is
in agreement with the one obtainedfor isotropy. In other
words, the procedure described above provides a distribu-
tion of amplitudes that makes it possible to estimate the sig-
nificance of any measured amplitude obtained with a direc-
tional exposure estimated by means of the shuffling tech-
nique.This procedure is only based on any given data set.

The performances of the procedure in searching for
anisotropies are now presented in terms ofdetection power
at somethreshold value. Still with mock samples with
a total number of eventsN = 100,000 and in the same
conditions of detection efficiency as previously, the detec-
tion power is shown in figure 3 as a function ofd⊥, and
for random phasesαd. The threshold is fixed here at 1%.
The results obtained using the shuffling (red points) are
compared to the ones obtained with the actual exposure
(plain curve). For illustration, the results obtained using
the East/West method [8] are also shown as the dotted
curve. This method is based on the analysis of the differ-
ence of the counting rates in the eastward and the westward
directions, and is largely independent of experimental ef-
fects without requiring corrections for directional exposure
and/or atmospheric effects. To maximise the performances
of the East/West method, our simulated observatory is as-
sumed to present a perfect symmetry to eastward and west-
ward directions. Though the detection power is saturated
much earlier in the case of the first harmonic analysis us-
ing the actual directional exposure, it turns out that the pro-
cedure performs slightly better than the East/West method.
In addition, it is worth noting that the procedure presented
here potentially pertains to any type of detector (i.e. even
for fluorescence or Cherenkov telescopes).
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Figure 4: Mean amplitude of the first harmonic as a function of
d⊥.

To convert any reconstructed amplitude into an estimate
of d⊥, the algorithm described above can be applied by re-
placing the second step in this way :New mock samples are
then generated, still by means of the shuffling technique. In
addition, each event is accepted or rejected by randomly
sampling its right ascension according to the modulation
in right ascension induced by a dipole with amplitude d⊥

and phaseαd. The resulting curve obtained in the same
simulated experimental conditions as previously is shown
as the black curve in figure 4, together with the ampli-
tude range that can be obtained in 99% of isotropic fluctua-
tions (red area). This curve allows acalibrationof the mea-
sured amplitude in terms ofd⊥. For instance, a measured
amplituderobs = 1%, providing evidence for anisotropy
at more than 99% confidence level, corresponds in fact to
d⊥ = 4% in this specific example. For reference, the con-
version curve as obtained when the actual directional ex-
posure is known is shown as the dotted blue line, with the
corresponding amplitude range that would be obtained in
99% of isotropic samples delimited by the orange area.

In summary, accounting for the compression of the re-
constructed amplitude distribution in the case of an under-
lying isotropic distribution, the shuffling technique can be
used to reveal dipolar patterns though with reduced sensi-
tivity compared to the one that would be obtained had the
actual directional exposure be known exactly. In spite of
this reduced sensitivity, the gain of this method relies on
avoiding any corrections for the observed counting rates.
This holds for any surface array detectors, fluorescence
telescopes, and/or Cherenkov telescopes.
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[6] B. Rouillé d’Orfeuil, PhD Thesis Université Paris VII
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