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Abstract: Spectral evolution of pulsar wind nebulae (PWNe) has been studied mostly in one-zone model and
these studies give insight into central pulsar and its pulsar wind properties. Because PWNe is observed as spatially
extended sources, we would obtain more information from thespatial structure of PWNe. For example, the
particle transport and acceleration mechanisms. We study multi-wavelength spatial structure PWNe in spherical
symmetry (1D) model. We model the evolution of the magnetic field and the particle energy distribution inside
the spherically symmetric PWNe. We assume that a PWN has the pure toroidal magnetic field and has the radial
velocity profile. In our previous study of radio emission spatial structure, we ignored the synchrotron cooling and
diffusion transport of particles. However, we include these processes for multi-wavelength studies.
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1 Introduction
Pulsar wind nebulae (PWNe) are a cloud of magnetized
non-thermal plasma which shines from radio through TeV
γ-rays via synchrotron radiation and inverse Compton scat-
tering. The pulsar wind collides with the surrounding su-
pernova ejecta, forms the termination shock, and creates
a PWN. The acceleration of the pulsar wind particles oc-
curs at the termination shock and the PWN consists of the
magnetic field and the ultrarelativistic particles. It is inter-
esting to study the emission from PWNe because the mag-
netized plasma inside PWNe experienced many physical
processes, such as the pair cascade at the pulsar magneto-
sphere, the bulk acceleration of the pulsar wind, and the
particle acceleration at the termination shock of the pulsar
wind (see reviews by e.g., [1, 2]).

A number of studies investigating the broadband emis-
sion from PWNe are done till now in one-zone evolution
model (e.g., [3, 4, 5, 6, 7, 8]). They succeed to reproduce
the observed broadband spectrum from radio to TeVγ-ray
for some young PWNe whose agetage< 10 kyr. They pre-
dicts the spectral evolution, such as the rate of the flux
decrease and the increase of the X-ray toγ-ray flux ratio.
We require only a small fraction (∼ a few×10−3) of the
spin-down energy of the central pulsar to be converted the
magnetic energy and the particle energy dominates in the
PWN. This is consistent with the prediction of the magne-
tization parameterσ ≪ 1 [9] calledσ -problem. Moreover,
we found the problems on the particle acceleration process,
where we require broken power-law injection spectrum of
the particles, and on the particle number flux, where we re-
quire the particle number flux greater than theoretical stud-
ies of the pulsar magnetosphere.

On the other hand, one-zone models do not explain the
spatial distribution of the brightness and spectral indices.
Although we have many spatially resolved observational
data of PWNe for different wavelengths, these have not
been studied well. The surface brightness profiles [10] and
the spectral index profiles [11] are studied till now. How-
ever, further studies for the particle transport and accelera-
tion mechanisms are required because we may find the an-
swers to the problems found in one-zone model from multi-
zone study of PWN. Considering the diffusion process for

the particle transport inside PWNe is important, because
the escaping of electron-positron plasma from PWNe is
one of the promising explanation to the Pamela anomaly
[12].

In section 2, we study spatial distribution of radio
emission considering the particle number flux problem
of PWNe. In section 3, we introduce the model to study
broadband emission structure of PWNe.

2 Radio Emission Structure
While we have spatially resolved spectrum from radio to
X-ray for some well-studied PWNe, we focus on the ra-
dio emission here. This is because some of both theoretical
and observational studies shows that the high energy par-
ticles, such as X-ray emitting particles, are suffered from
the diffusion process [13, 14]. While the diffusion of en-
ergetic particles is not well-confirmed process, the convec-
tive transport of the particle easier to describe. Although
an energy independent diffusion process is also considered
[11], there reasons to consider energy-dependent diffusion
because cosmic-rays are known to diffuse from the Galaxy
in an energy-dependent way [15]. Moreover, an energy in-
dependent diffusion process does not account for convec-
tive transport and also for adiabatic loss because we do not
expect the existence of thermal particles who determine the
advective motion inside the PWN.

One of the main problem in the one-zone emission
model of young PWNe is that the intrinsic spectral break
for the injection spectrum of the non-thermal particles are
required to reproduce the broadband spectrum. Especially
the origin of radio emitting particles is unclear in their
models. A broken power-law injection of the particles is
problematic when we consider the acceleration mechanism
to create them and is also problematic for the particle num-
ber flux of the pulsar wind. Here, we study the possibility
of the radio emitting particles is adiabatically cooled par-
ticles which are formed as a single power-law distribution
at the termination shock of pulsar wind. We consider that
the observed spatial structures of PWNe would be a impor-
tant tool to understand the radio emitting particles and we
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need to construct the model beyond the one-zone approxi-
mation.

2.1 Model
We give a brief description of our model of radio emis-
sion from PWNe in this section. The distributions of radio
emitting particles and the magnetic field in a spherically
symmetric PWN are modeled and we calculate the radio
synchrotron emission. The spin-down power of the central
pulsar is divided into the particle and magnetic energy as
Lspin(t) = Ėp + ĖB, whereLspin= L0(1+(t/τ0))

−αL with
αL = (n+1)/(n−1), wheren is a braking index of the cen-
tral pulsar. We introduce the constant parameterβ0 which
is the ratio of the particle to the magnetic energy density at
injection radiusr0 and thenLspin(t)≈ Ėp(1+β−1

0 ).
The radio emitting particles stream fromr0 to the PWN.

We ignore the diffusion of the radio emitting particles and
they would be transported by convection, because the dif-
fusion coefficient is conventionally considered as energy
dependent and increase function of the momentum of rel-
ativistic particles [15]. Moreover, radio emitting particles
are cooled by adiabatic cooling rather than radiative cool-
ing because the synchrotron cooling time of the radio emit-
ting particles are much longer than the age of the PWN for
the typical value of the magnetic field strength inside the
PWN. The spherical symmetry and isotropic distribution
function of radio emitting particlesf (r, p, t) satisfies

∂
∂ t

f +~v ·~∇ f −
p
3
(~∇ ·~v)

∂
∂ p

f = Qinj , (1)

where~v(r) andQinj(r, p, t) represent the velocity of mean
flow and the injection from the central pulsar. The veloc-
ity profile is assumed to have the power-law form~v =
v0(r/r0)

−αv~er.
For the injection from the central pulsar, we assume

that the single power-law injection from the inner ra-
dius, i.e., Qinj(r, p, t) = q(t)p−αp−2δ (r − r0)θ(pmax −

p)θ(p − pmin). q(t) is determined from ξ Ėp(t) =
∫ ∞

0 4π p2d p
∫ ∞

0 4πr2dr
√

p2c2+m2
ec4Qinj(r, p, t), where

ξ ∼ pmin/pmax accounts for the synchrotron cooling effect
and we takeαp = 2.

We assume the toroidal magnetic field inside the PWN,
i.e.,

~B(r, tinj) = B0b(tinj)

(

r
r0

)αB

~eϕ , (2)

where tinj is the time when the magnetic field injected
at r = r0. The normalizationB0 is the value attinj = 0

and b(tinj) ∝ L1/2
spin(tinj). We obtain the power-law index

αB = αv −1 is determined from the induction equation

∂~B(r, tinj)

∂ t
= ~∇×

(

~v(r)×~B(r, tinj)
)

. (3)

We calculate the synchrotron emission from a PWN assum-
ing the radiation is isotropic.

2.2 Results and Discussion
Figure 1 shows the result of the application to the Crab
Nebula. The size and the expansion velocity of outer
boundary of the Crab Nebula and the spin-down evolution
of the Crab pulsar are known from the observations. We
take the parameters ofαv = 0.16,r0 = 3×10−3pc,β0 = 10,
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Figure 1: The spatially integrated spectrum of the Crab
Nebula. The observational data< 1014 Hz are fitted by the
total spectrum (thick line) which is the superposition of the
emission from different radius (other lines).
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Figure 2: The spectral index map in GHz. The lower right
corner corresponds to the pulsar position and the upper left
corner corresponds to the outer boundary of the PWN.

pmax= 500GeV andpmin = 30GeV which are fitted to re-
produce the spatially integrated radio spectrum of the Crab
Nebula. While the emission from infrared to X-rays repro-
duced by higher energy particles is not considered, the ra-
dio emitting particles account for onlyξ = 1/20 of total
particle energy injected from the Crab pulsar. Note that the
spatially integrated radio spectrum is not so sensitive to
the value ofαp because the radio spectrum is reproduced
by the superposition of the emissions from different radius
(see Figure 1).

We also obtain the spatial structure of the brightness and
the spectral index. Figure 2 shows the spectral index pro-
jected in the sky at GHz. The same parameters as in Figure
1 is used. The radio observations of the Crab Nebula show
almost uniform distribution of the surface brightness and
spectral index in GHz. The observed value of the spectral
index isα ∼ −0.3 [16] and we fail to reproduce the spec-
tral index map of the Crab Nebula.

While the integrated spectrum of the Crab Nebula is re-
produced without the injection of radio emitting particles,
the spectral index distribution is not reproduced. The ad-
vection of the particles (Equation 1) and the toroidal mag-
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netic field (Equation 2) alone fail to reproduce the inte-
grated spectrum and spatial structure simultaneously. Bro-
ken power-law injection of particles is still probable an-
swer and the particle number flux problem is not solved.
We try to explain broadband emission structure of the
PWNe in the next section with broken power-law injection
model.

3 Broadband Emission Structure
Optical and X-ray spatial structures are very different from
that in radio. Especially, in X-rays, the spectral index is
αX ∼ 1 at the pulsar position and gradually increases with
the distance from the pulsar [17]. This observed spectral
index distribution in X-rays is not reproduced by Kennel
& Coroniti’s advective model [18] because the advective
model predicts sharp increase of the spectral index. Diffu-
sion transport of the X-ray emitting particles may repro-
duce observed gradual increase of the spectral index [11].
We will consider the energy-dependent diffusion and the
advective flow with the magnetic field is determined by
the low energy particles which are not transported by dif-
fusion.

3.1 Model
The equation governs the transport of the accelerated parti-
cles inside the PWN may be written as the following trans-
port equation

∂
∂ t

f = −~∇ ·

[(

~v−K~∇
)

f
]

+
1
p2

∂
∂ p

[(

1
3
~∇ ·~v+(βsyn+βIC)

)

p3 f

]

+ Qinj , (4)

whereK, βsyn andβIC are the diffusion coefficient, the syn-
chrotron and the inverse Compton cooling rates. The flow
velocity profile~v = v0(r/r0)

−αv~er and the magnetic field
profile (Equation (2)) is used. For the diffusion coefficient
K, we assumed the Bohm diffusion with the gyro-factorξ

K(r, tinj , p) =
1
3

ξ rgc,

=
1
3

ξ
pc2

eB(r, tinj)
. (5)

For the cooling rates,βsyn ∝ B2(r, tinj) andβIC ∝ Uph where
Uph is the interstellar photon field around the PWN. We
adopt the broken power-law form of the injection spectrum
of the accelerated particles,

Qinj(r, t, p) = q(t)
δ (r− r0)

4πr2
0

×

{

(p/pb)
2−p1 for pmin ≤ p ≤ pb ,

(p/pb)
2−p2 for pb ≤ p ≤ pmax ,

(6)

wherepmin, pb, pmax are minimum, break, and maximum
momentum andp1, p2 are the power-law indices of low
and high energy components of the injection spectrum.

3.2 Results
Figure 3 shows calculation of the particle spectra. The used
parameters for the injection spectrum arep1 = 1.5, p2 =
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Figure 3: Particle spectra for each radius.γ is the Lorentz
factor of the accelerated particles. The vertical scale is
arbitrarily.

2.5, pminc = 100 MeV, pbc = 100 GeV andpmaxc = 100
TeV. For the velocity profile,v0 = 109cm/sec andαv = 0.7
are used. We should introduce three important parameters
to understand the obtained spectra.

ηdiff = 5.528×10−10

×

(

ξ
1

)(

10−4

B0G

)(

0.1pc
r0

)(

109cm/sec
v0

)

,

ηsyn = 5.641×10−9

×

(

B0

10−4G

)(

r0

0.1pc

)(

v0

109cm/sec

)

,

ηIC = 2.268×10−10

×

(

Uph

10eV/cm3

)(

r0

0.1pc

)(

v0

109cm/sec

)

,

(7)

whereηdiff is the ratio of the advection time to diffusion
time,ηsyn is the ratio of the advection time to synchrotron
cooling time andηIC is the ratio of the advection time to
inverse Compton cooling time. The values ofξ = 1, B0 =
100µ G andr0 = 0.1 pc are used in Figure 3. Now, we can
calculate the spatial distribution of broadband emission.

4 Conclusions
The radio emission from the spherically symmetric PWN
is studied and we applied the model to the Crab Nebula. In
contrast to the one-zone model, the integrated spectrum of
the Crab Nebula is reproduced without the injection of low
energy particles of about 1 GeV, although the spectral in-
dex distribution is not reproduced. To extend the spherical
PWN model, we solved the transport equation (Equation
(4) with broken power-law injection of the particles. For
the diffusion coefficient, we used the Bohm diffusion and
we take into account the radiative cooling for X-ray emit-
ting high energy particles. Now, we can calculate the spa-
tial distribution of broadband emission from the PWN.
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