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Abstract: In the present paper we consider neutrino events due to quasi-elastic scattering (QEL) as the most
reliable events among various candidate events to be analyzed, and have carried out the first step of an L/E analysis
which aims to confirm the survival probability with a Numerical Computer Experiment. The most important factor
in the survival probability is Lν/Eν , but this cannot be measured for such neutral particles. Instead, Lµ/Eµ is
utilized in the L/E analysis. According to our Computer Numerical Experiment,it is proved that the relation of
Lν/Eν ≈ Lµ/Eµ doesn’t hold.
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1 Introduction
The biggest uncertainty in the study of neutrino oscillation
on atmospheric neutrino comes from the unknown direction
of the neutrinos concerned and it is impossible to exclude
the uncertainty from the experiments concerned. Therefore,
in order to minimize the uncertainties beside the directions
of the incident neutrinos in the neutrino oscillation analysis,
one should select the most reliable events among all pos-
sible events to be analyzed. The most reliable events thus
selected are the quasi-elastic scattering (QEL) events in
which the interaction both generate and terminate inside the
detector and one can get the most reliable conclusions from
their analysis due to their simple and clear picture in the
interactions concerned. The neutrino oscillation analysis
is based on the survival probability for neutrinos of given
flavor. For example, for νµ → νµ it is given as,

P(νµ → νµ) =

1− sin22θ · sin2(1.27∆m2Lν/Eν), (1)

where θ is the mixing angle between the mass eigenstate
and the weak eigenstate and ∆m2 is the difference of the
squared mass eigenvalues[1]. The quantities Lν and Eν

denote the flight length of the neutrino from the starting
point above the Earth to the generation of the neutrino event
concerned and the neutrino energy, respectively.

The essential arguments in the survival probability are
both Lν and Eν . However, those quantities are neutral on
which one cannot measure and consequently instead of
them, one is forced to utilize charged Lµ and Eµ which are
the energy and the flight length of the emitted muons in
QEL, respectively. Then it is implicitly assumed

Lν/Eν ≈ Lµ/Eµ (2)

There are two possibilities in order that Eq.(2) is valid:

• CASE A: The relations of both Lν ≈ Lµ and Eν ≈ Eµ

hold good.

• CASE B: In spite of the failure of Case A, Eq.(2)
holds due to unknown reasons.

In the present paper, we examine the validity of Eq.(2)
in neutrino oscillation analysis in QEL events, the most
reliable events among all possible events to be analyzed.

2 The quasi elastic scattering and its
influence on the zenith angle of the
emitted lepton

We examine the following QEL events with the Computer
Numerical Experiment :

νµ +n−→ p+ µ
−

ν̄µ + p−→ n+ µ
+ (3)

Here, we examine the cosine of the zenith angles of
the emitted muon for the events with Eν = 1GeV in the
presence of the azimuthal angles in QEL for a given cosine
of the zenith angles of the incident neutrino. We simulate
every elementary process concerned exactly in stochastic
manner and examine the distribution for the cosine of the
zenith angle of the emitted muons. In Figure 1, we give
the case of cosθ ν = 0 (θ ν = 90o, the horizontal direction
). It is easily understand from the figure that the widths of
the cosθµ , the cosine of the zenith angles of the emitted
muons are the largest (maximum), as it should be. In the
case of cosθ ν = 1 (θ ν = 0o, the vertical direction), then,
we can neglect the effect of the azimuthal angles completely
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Fig. 1: The scatter plots between fractional energies of the
produced muons and their zenith angles for horizontally
incident muon neutrinos for Correlation diagram for Eν =
1 GeV. The sampling number is 1000.
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Fig. 2: The scatter plots between fractional energies of the
produced muons and their zenith angles for diagonally
incident muon neutrinos for Correlation diagram for Eν =
1 GeV. The sampling number is 1000.

(minimum). In Figure 2, we give the case of cosθν = 0.731
(θ ν = 43o, the diagonal direction). Still, the effect of the
azimuhtal angle over the cosine of the zenith angles of
the emitted muons cannot be neglected. The effect of the
azimuthal angles lies intermediately between the maximum
(cosθ ν = 1) and the maximum (cosθ ν = 0). Thus, it is
understand that the directions of the emitted muons are
determined by the combination of the scattering angles with
their azimuthal angles in stochastic manner. Conclusively
speaking, the existence of the azimuthal angle in QEL
cannot allow to approximate cosθ ν with cosθ µ .

3 The correlations between Lν and Lµ

Here, we examine the validity of Lν ≈ Lµ . Our computer
Numerical Experiment is carried out the same conditions
adopted by Super-Kamiokande, namely, the same geom-
etry, the same incident neutrino spectrum, the same live
days (1489.2 live days) and the same neutrino oscillation
parameters of sin22θ = 1.0 and ∆m2 = 2.4×10−3eV2[1] .
In Figures 3 and 4, we give the correlation diagram between
Lν and Lµ for the events without oscillation and with oscil-
lation, respectively. The correlation diagrams expressed by

Fig. 3: Correlation diagram for Lν and Lµ without oscilla-
tion for 1489.2 live days. The blue points and orange points
denote neutrino events and ani-neutrino events, respective-
ly.
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Fig. 4: Correlation diagram for Lν and Lµ with oscillation
for 1489.2 live days. The blue points and orange points
denote neutrino events and ani-neutrino events, respectively.
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Lν and Lµ are classified into four sectors with the regard
to Lν −Lµ plot whose origin is Lµ = Lµh ∼ 138 km, the
distance from the underground detector to the edge of the
Earth in the horizontal direction.

(1) The first sector where both Lν > Lµh and Lµ >
Lµh, respectively. In this sector we recognize that
the incident neutrinos go upward (Lν > Lµh) and
the emitted leptons also go upward (Lµ > Lµh) in
the interaction. Namely, the scattered leptons are
produced in the forward direction by the upward
neutrinos.

(2) The second sector where Lν < Lµh and Lµ > Lµh. In
this sector we recognize that the incident neutrinos
go downward (Lν < Lµh) but the emitted leptons go
upward (Lµ > Lµh) in the interaction. Such situations
may occur due to two different causes. One is that
the emitted leptons are scattered in the backward
directions (backward scattering),while the other is
that the emitted leptons are scattered forward by the
downward neutrinos, but they looks like backward
scattering due to the azimuthal angle effect.

(3) The third sector where Lν < Lµh and Lµ < Lµh. In
this sector we recognize that the incident neutrinos
go downward (Lν < Lµh) and the emitted leptons are
scattered forward (Lµ < Lµh) in the interaction.

(4) The fourth sector where Lν > Lµh and Lµ < Lµh. In
this sector we recognize that the incident neutrinos go
upward (Lν > Lµh) and the emitted leptons go down-
ward (Lµ < Lµh) in the interaction. These situations
also may occur due to different causes. One is that
the emitted leptons are scattered backward (backward
scattering) and the other is that the emitted leptons
are scattered forward, but they looks like backward
scattering due to the azimuthal angle effect.

We can see in Figure 3 (no oscillation) that the distri-
bution of the neutrino events in the first sector and that in
the third sector is essentially symmetrical and that in the
second sector and that in the fourth sector is also symmetri-
cal. Such symmetry is easily understood from the fact that
the mean free paths of the neutrino interactions in the ener-
gy region smaller than 10 GeV, which corresponds to the
maximum energy for Fully Contained Events, is far larger
than the diameter of the Earth and consequently neutrino
fluxes for the interaction are independent of the thickness
traversed through the Earth by the incident neutrinos. The
reason for the smaller number of the events in the second
sector (or the fourth sector), compared with that in the third
sector (or the first sector) is that the probability of back-
ward scattering of muons is smaller than that of forward
scattering. The existence of such symmetries gives certain
evidence that our Commuter Experiment is carried out in
a correct manner. In Figure 4, we give the corresponding
correlation diagram in case with neutrino oscillation, which
should be compared with Figure 3 (no oscillations). In the
case of the presence of neutrino oscillation, the symmetries
between the first and third sectors, and those between the
second and fourth sectors, which exit for the case of no
oscillation, are lost due to the neutrino oscillation effect.
This is because the neutrino fluxes of the upward neutrinos
is reduced compared with that of the downward neutrinos
due to the survival probability (See, Eq.(1)). It is clear from
Figure 4 that Lν ≈ Lµ does not hold.
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Fig. 5: The correlation diagram between Eν and Eµ with
oscillation for 1489.2 live days. The solid line denotes the
polynomial expression by Super-Kamiokande Collabora-
tion.

4 The correlations between Eν and Eµ

In Figure 5, we give correlation diagrams on Eν and Eµ of
the events. Solid line in the figure is a polynomial equation,
which gives a relationship between Eν and Eµ , used by the
Super-Kamiokande collaboration[2]. It is clear from the
figure that the lower the energy of the incident neutrinos, the
stronger the fluctuations in the emitted muon energy. Then
we can conclude that Eν ≈Eν does not hold. Combining the
failure of Lν ≈ Lµ with failure of Eν ≈ Eµ , we can exclude
the CASE A.

5 The correlations between Lν/Eν and
Lµ/Eµ

In Figures 6 and 7, we give the correlation diagram between
Lν/Eν and Lµ/Eµ for the events without oscillation, and for
the events with oscillation. We can give the clear physical
image in each section from the first to the fourth with regard
to the center (Lµh ∼ 138 km) in Lν − Lµ plot, while we
cannot give definite clear image to the corresponding sector
in Lν/Eν and Lµ/Eµ plot, because we cannot define the
origin in the plot. However, in spite of the clear qualitative
difference between Lν/Eν −Lµ/Eµ plot and Lν −Lµ plot,
there exist certain similarities between the two (compare
Figure 6 with Figure 3, Figure 7 with Figure 4). Such the
similarities tell that the characteristics of the correlation
between Lν/Eν and Lµ/Eµ is mainly determined by those
between Lν and Lµ . Here we examine whether the CASE B
holds or not in the correlation between Lν/Eν and Lµ/Eµ .
The correlations between Lν/Eν and Lµ/Eµ are more
complicated than that between Lν and Lµ , because they are
the something like the results of the correlation between
Lν and Lµ and multiplied by the correlation between Eν

and Eµ . It is clear from Figures 6 and 7 that Lµ/Eµ is
distributed widely for any given Lν/Eν , irrespective of the
non-oscillation and oscillation and we can conclude that the
relation Lν/Eν ≈ Lµ/Eµ does not hold in any case.
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Fig. 6: Correlation diagram for Lν/Eν and Lµ/Eµ without
oscillation for 1489.2 live days. The blue points and orange
points denote neutrino events and ani-neutrino events, re-
spectively.
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Fig. 7: Correlation diagram for Lν/Eν and Lµ/Eµ with os-
cillation for 1489.2 live days. The blue points and orange
points denote neutrino events and ani-neutrino events, re-
spectively.

6 Conclusions
As the results of both the failure of CASE A and the failure
of CASE B, we can conclude the failure of Eq.(2). This
conclusion, the failure of Eq.(1), denotes that the survival
probability of Eq.(1) cannot be measured in even the most
reliable events among all the candidates to be analyzed for
neutrino oscillation analysis.
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