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Abstract: The conventional idea for the determination of high energy muons is as follows: the energies of the
muon are determined from their energy losses (partial energy losses) and their energy losses are proportional
to their Cherenkov light yields. On the contrary to this conventional idea, we examine the interrelation between
the partial energy losses and their primary energies of the muons and the correlation between the partial energy
losses and the corresponding Cherenkov light yields in stochastic manner and discuss the application limits to the
conventional procedure.
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1 Introduction
From the experimental point of view, the most important
and basic problem in high energy neutrino astrophysics
which tries to detect neutrino sources in the universe is
the determination of energies of the neutrinos concerned.
However, due to neutrality of the neutrinos, one is forced
to surmise their energies through the energies of emitted
leptons (muons and electrons). Thus, from the technical
point of view, the energy determination of the emitted
leptons is crucial for getting the physical conclusions from
the high energy neutrino events in the neutrino astrophysics.
Here, we limit our discussion to the high energy muons
produced by the neutrino interactions.

The principle of the energy determination of the high
energy muons concerned is based on their energy loss and
their energy losses are recognized to be proportional to the
corresponding Cherenkov light yields.

Also, their energy losses are based on the range fluctua-
tion theory of high energy muons. In the present paper, we
examined the mutual relation between the energy losses and
the corresponding Cherenkov light yields, using our range
fluctuation of high energy muon theory which we call Time
Sequential Procedure [1].

2 The interrelation between primary
energies of high energy muons and their
partial energy losses

It should be strongly emphasized that the measurement of
the total energy loss of high energy muon is absolutely
necessary for the determination of the muon concerned.
Sometimes, one tries to determine the energy of the muon
concerned, by using the following equation

dE
dX

= b×E (1)

Here, we can approximate b as constant. Consequently,
if we can measure energy loss, then, we can estimate the

energy of muon according to Eq.(1). Also, as the energy loss
of the muon is understood to be proportional to the emitted
Cherenkov light yield due to the muon concerned, one can
estimate the energy of the muon through the measurement
of the Cherenkov light yields.

Then, it should be recognized that Eq.(1) holds, assuming
that the muons uniquely their energies in an average-like
manner.

However, the actual situation seems somewhat different
from the situation which are supposed from the descrip-
tion of Eq.(1). The first: the energy losses of high ener-
gy muons suffer from various stochastic processes, such,
bremsstrahlung, direct electron pair production and photo
nuclear production so that they fluctuate greatly, which lead
to the failure of Eq.(1) . The fluctuation in energy loss of the
muons is equivalent to the fluctuation in their range(range
fluctuation ). The second: the energy losses are not always
to proportional to the Cherenkov light yields, because the
Cherenkov lights may be absorbed during their propaga-
tion.

If we can measure the total energy loss, even if the
fluctuation is really great, one may estimate the energy of
the muons in calorimetric way. However, when one may
measure the energies of the muons in higher energies, one
is forced to measure their partial energy losses, not total
energy, because of their path length beyond the scale of the
detector.

Consequently, one must examine the interrelation be-
tween the total energy loss of the muons and their partial
energy losses.

In Figure 1, we suppose one cubic kilometer detector
whose depth 1 km. suppose that the muons generate at the
top of the detector and gown towards the bottom of the
detector.

Now, let us suppose that we measure the partial energy
losses of the high energy muons at the certain depth from
the surface.

In Figures 2, 3 and 4, we give the partial energy loss
distribution at 200 meters, 500 meters and 1 kilo meter for
the primary energy, 1016 eV, respectively. In figures, we give
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Fig. 1: The observation points for the partial energy losses
and the corresponding Cherenkov light yields.

their average values, their standard deviation in addition
to their partial energy loss distribution. Furthermore, we
give their normal distributions whose average values and
standard deviations are the same as the respective partial
energy loss distributions.

It is clear from those figures that the maximum frequen-
cies for the events are always smaller than their average and
the deviation of the maximum frequencies from their aver-
ages are bigger as the depths increase. Namely, the Eq.(1)
never be hold in higher primary energies of the muons. This
is another expression that the primary energy of the muon
cannot be decided by their partial energy losses. Namely, it
turns to be clear that the primary energy of the individual
event cannot be decided, but can be done only statistically
in higher energies.

3 The correlation between the partial
energy losses of the muons and the
respective Cherenkov light yields

Based on the Time Sequential Procedure, we can obtain the
Cherenkov light yields at the arbitrary depths.The procedure
for obtaining the Cherenkov light yields is as follows:

We simulate the interaction points and the transferred
energies due to the specified interaction, such as the
bremsstrahlung, direct electron pair productions and photo-
nuclear interactions exactly in stochastic manner. For exam-
ple, we can determine randomly the location of the interac-
tion and transferred energy in the case of bremsstrahlung
in stochastic manner. Then, we simulate the electron show-
er whose primary particle gamma-ray and primary energy
is the transferred energy due to the muon and the starting
point is the interaction point due to the muon in stochastic
manner.

Each electron segment in the electron shower thus simu-
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Fig. 2: The probability for energy loss distribution for 1016

eV at 200 meters.
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Fig. 3: The probability for energy loss distribution for 1016

eV at 500 meters.
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Fig. 4: The probability for energy loss distribution for 1016

eV at 1000 meters.
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lated is an element of the Cherenkov light. The summation
of each electron segment in the different depth produce fi-
nally the summation of the corresponding Cherenkov light,
namely, the total Cherenkov light yield by an electron show-
er.

In Figures 5, 6 and 7, we give the correlation diagrams
between the partial energy losses of the muons and the
corresponding Cherenkov light yields at the depths, 200,
500, 1000 meters for primary energy 1016 eV. It is seen
from Figure 5 that the main part of the energy loss events
concentrate into smaller energy loss part (Eloss/Ep, 0.01 ∼
0.1), and there are few events in the almost total energy loss
regions (Eloss/Ep ∼ 1.0). Even for the same partial energy
losses, the corresponding Cherenkov light yields distribute
over two to three decades. The larger fluctuation of the
Cherenkov light yields are strongly connected with both the
locations of the respective interaction points and the kinds
of the interaction (bremsstrahlung, the direct electron pair
production or photo-nuclear interaction). In Figure 6, we
give the corresponding one to Figure 5 at 500 meters. In
Figure 7, we give the correlation between the partial energy
losses and the corresponding Cherenkov light yields at 1
kilo meter. Here, the width of fluctuation in energy losses
become narrow within one decade, while the width of the
fluctuation in the Cherenkov light yields extend over two
decade.

It is understood from the figures that the widths of the
abscissa denote the degree on the fluctuation of the dissipat-
ed energies connected with the respective elementary pro-
cesses, while the widths of the ordinate denote the degree
on the fluctuation of the interaction points connected with
the corresponding elementary processes.

It is easily surmised from the comparison among Fig-
ure 5, 6 and 7 that as the depths increase, the widths of
the partial energy losses become smaller, approaching to
Eloss/Ep ∼ 1.0. However, the widths of the Cherenkov light
yields never become smaller, having non-negligible spread .

4 Conclusions
What the energy of the muons concerned can be reliably
determined is equivalent to the situation that the spread of
events with regard to the energy loss and the Cherenkov
light yield turn to converge into one point in the correlation
plot. From the standpoint of such a criterion, it is easily
concluded that the energy of the primary muon cannot be
determined at all for 1 kilo cubic meter detectors.
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Fig. 5: The correlation plot between the energy loss and the
corresponding Cherenkov light yields at 200 meters.
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Fig. 6: The correlation plot between the energy loss and the
corresponding Cherenkov light yields at 500 meters.
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Fig. 7: The correlation plot between the energy loss and the
corresponding Cherenkov light yields at 1000 meters.
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