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Abstract: The transport of ultra-relativistic charged particles in both regular and turbulent magnetic fields can be
described in terms of diffusion and drift motions. While analytical derivations of the diffusion tensor coefficients
have been achieved in case of small turbulent levels for a while in the literature, we present in this work a semi-
analytical framework providing for the first time these coefficients in case of high turbulence levels. This semi-
analytical approach is based on the split of the effect of the regular and the turbulent components of the magnetic
field on the distributions of the particle velocities. We illustrate this framework by showing how well both the
decorrelations of the particle velocities and the running diffusion and drift coefficients as derived by pure Monte-
Carlo simulations can be reproduced at any time, for a wide range of turbulence levels, and a wide range of particle
rigidities.
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In several astrophysical environments, the diffusion of
charged particles in both a fluctuating and a regular mag-
netic field plays an important role. Such an example is given
by the transport of cosmic rays in the Galactic magnetic
field. Though this field is known only approximately, it is
thought to contain a large-scale regular component and a
small-scale turbulent one (see e.g. [1]), the latter dominat-
ing in strength by a factor of a few. For parameterisations as
derived in [2, 3] for instance, cosmic rays can be confined
in the Galactic disk up to energies of ' Z 1017 eV, Z being
the charge of the particles. In this regard, the diffusion of
cosmic rays in the Galactic magnetic field is a key issue to
understand further their origin.

The transport in the parallel and perpendicular directions
of the regular magnetic field is usually described by the
different coefficients Di j of the diffusion tensor :

Di j = (D‖−D⊥)bib j +D⊥δi j +DAεi jkbk. (1)

Here, the D‖ and D⊥ terms refer to the parallel and perpen-
dicular diffusion coefficients respectively, while the anti-
symmetric DA term refers to the Hall diffusion coefficient
responsible for drift effects. Besides, the notation b stands
for the unit vector along the regular magnetic field; δi j is
the Kronecker delta symbol; and εi jk is the Levi-Civita fully
antisymmetric tensor. By means of the Kubo formalism [4],
the coefficients Di j are known to be related to the decorrela-
tion of the particle velocities Ri j(t) =

〈
v0iv j(t)

〉
through a

time integration :

Di j =
∫

∞

0
dt Ri j(t), (2)

with v0i ≡ vi(t = 0), and 〈·〉 standing for both the ensemble
average over a large number of realisations of the turbulent
magnetic field and the average over a large number of
particles with initial velocities distributed isotropically. The
fundamental ingredient to infer the diffusion coefficients
is thus the knowledge of the time evolution of the Ri j(t)
functions.

In the absence of any fluctuating magnetic field, the two-
point correlation functions of the particle velocities would
be harmonic functions at any time, oscillating at the Larmor
pulsation ω of the particles. The presence of a turbulent field
is expected to induce decorrelations on a time scale which
depends on the strength between the fluctuating field and
the constant field. This is because particles scatter off the
magnetic irregularities whose scales are of the order of the
Larmor radius and change their pitch angle. Previous studies
aimed at describing analytically or semi-analytically these
phenomenon have shed light on the pitch angle scattering
and wandering of the magnetic field lines mechanisms that
prevail in the diffusion parallel and perpendicular to the
constant magnetic field [5, 6, 7, 8, 9, 10]. In particular,
harmonic functions modulated by exponential factors as
proposed in [9] can provide a reasonable parameterisation
of the decorrelation functions Ri j(t) for low turbulence
levels. Choosing for convenience the constant magnetic
field oriented along the z axis of a Cartesian frame, this
parameterisation relies on the introduction of three different
time scales τ⊥, τ‖ and τA which have to be determined
empirically for a given turbulence level :

Rlow
⊥ (t)≡ Rlow

xx (t) = Rlow
yy (t) =

c2

3
cosωt exp

(
− t

τ⊥

)
,

Rlow
A (t)≡ Rlow

yx (t) =−Rlow
xy (t) =

c2

3
sinωt exp

(
− t

τA

)
,

Rlow
‖ (t)≡ Rlow

zz (t) =
c2

3
exp
(
− t

τ‖

)
. (3)

Note that for convenience, the particle velocity is denoted
by c throughout this paper. It is worth stressing again that
this approach provides an accurate description of these
functions for low turbulence levels only, and ceases to be
valid for intermediate and high turbulence levels where
Monte-Carlo based studies have shown that the envelops of
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the harmonic modulations decrease in fact faster than an
exponential term [11, 12].

The aim of this paper is to derive a semi-analytical frame-
work providing the decorrelation functions Ri j(t), and thus
the diffusion and drift coefficients, valid for intermediate
and high turbulence levels. In a first stage, the framework
pertains only to the case of Larmor radius greater than the
coherence scale of the turbulent field, but more comprehen-
sive applications will be reported in [15]. This framework
is based on the tuning of two parameters determined by
Monte-Carlo at a single turbulence level.

To tune the needed parameters, and also to compare the
results obtained from the analytical description of the trans-
port of charged particles in turbulent magnetic fields to sim-
ulated ones, the following Monte-Carlo strategy is adopted,
widely used in the literature - for instance [13, 14, 11, 12].
Numerical integrations of particle trajectories are carried
out using the standard Runge-Kutta integrator. The total
magnetic field is expressed as B = B0+Br, with the regular
field B0 oriented towards the z axis of a Cartesian frame
and the turbulent one Br modelled following the algorithm
given in [16, 13]. Different realisations of the turbulent field
are generated for each test particle. To approximate numer-
ically the isotropic and spatially homogeneous turbulent
field, the recipe consists in summing a large number Nm of
plane waves (Nm = 250 in this study) with corresponding
wave vector kn whose direction, phase φn and polarisation
chosen randomly :

Br(r) =
Nm

∑
n=1

2

∑
α=1

Gn(kn) ξ̂
α
n cos(kn · r+φ

α
n ). (4)

To ensure the condition ∇ ·Br = 0, the two orthogonal polar-
isation vectors ξ̂ α

n are oriented in the plane perpendicular to
the directions of the wave vectors. The wavenumber distri-
bution is built from a constant logarithmic spacing between
kmin = 2π/Lmax and kmax = 2π/Lmin, where Lmin and Lmax
are the minimum and maximum scales of the turbulence con-
sidered, taken here as Lmin = 1 pc and Lmax = 100 pc. The
wave amplitudes satisfy G2

n(kn) = C
〈
B2

r
〉

k−γ
n (kn− kn−1),

where C is a normalisation factor such that ∑n G2
n(kn) =〈

B2
r
〉
, with

〈
B2

r
〉

fixed by the turbulence level defined as
η =

〈
B2

r
〉
/(
〈
B2

r
〉
+B2

0); and where γ is the spectral index
of the kind of mechanism building up the turbulence. In this
work, the Kolmogorov spectrum γ = 5/3 is considered.

The semi-analytical framework aimed at providing in
fine the ensemble average of the decorrelation between
different velocity components of particles propagating in
highly turbulent magnetic fields relies primarily on a semi-
analytical determination of

〈
v0iv j(t)

〉
. To this end, the fun-

damental ingredient is the knowledge of the joint probabil-
ity distribution function (p.d.f.) of the velocity components
pV(v(t)|v0) :

〈
v0iv j(t)

〉
=

∫ c

−c
dv0dv(t) v0iv j(t) pV(v(t);v0)

=
∫ c

−c
dv0dv(t) v0iv j(t) pV(v(t)|v0) pV0(v0)

=
∫ c

−c
dv0 v0i pV0(v0)

〈
v j(t)|v0)

〉
(5)

To infer pV(v(t)|v0), let’s consider in a first time particles
with identical initial velocities taken along the z axis of a

Cartesian frame for convenience, and propagating in dif-
ferent random realisations of a turbulent magnetic field. In
many situations where particles propagate in a diffusive
way, there is no correlation between all different compo-
nents of the particle velocities, so that the corresponding
joint p.d.f. is a product of three independent Gaussian func-
tions for any time t. In contrast, since the particles consid-
ered here are high energy cosmic rays (and consequently
ultra-relativistic particles), their speed is always close to the
speed of light, so that their velocity components must sat-
isfy the obvious relation (v2

x + v2
y + v2

z )
1/2 = c at any time.

Accouting for this constraint into the joint p.d.f. of the par-
ticle velocities by means of a Dirac function allows the de-
termination of the following normalised expression defined
for any vi ∈ [−c,c] :

pV(v(t)|v0)∝ e
−

v2
x + v2

y

2σ2 −
(vz− vg

z )
2

2σ2
z δ

(
c−
√

v2
x + v2

y + v2
z

)
,

(6)
dropping a constant guaranteeing that pV is normalised to
unity. The parameters σ2(t) and σ2

z (t) reflect the stochastic
dispersion of the particle velocities induced by the turbulent
component of the magnetic field. In presence of a regular
field, the dispersion is expected to behave differently in the
direction parallel to the initial velocity or in the transverse
directions. However, restricting ourselves in this short paper
to the case of Larmor radius or the order or larger than
the coherence length of the turbulent field, the dispersions
turn out to be identical in all directions, so that only the
case with σ2

z (t) = σ2(t) is considered. On the other hand,
vg(t) stands for the velocity of the guiding center, so that
the z component vg

z (t) reflects here the mean motion of the
velocity component along the z direction under the influence
of both the turbulent and the mean magnetic fields :

vg
z (t) =

vg(t)
c

[
U(t) ·v0

]
z
. (7)

Here, the notation [·]z stands for the z component of the vec-
tor U(t) ·v0, with U(t) the matrix describing the time evolu-
tion of the particle velocities in the constant magnetic field
only, simply obtained from the Newton-Lorentz equation
governing the motion of the particles. Given the geometry
chosen up to now, and with ω the Larmor pulsation of the
particles, this matrix reads :

U(t) =


cosωt sinωt 0

−sinωt cosωt 0

0 0 1

 . (8)

Any change of geometry is straightforward to handle in in-
troducing in Equation 6 the (vi− vg

i (t))
2 Gaussian terms

associated to the initial velocities, and/or in dealing with
the proper U(t) matrix associated to the mean magnetic
field. We shall illustrate in the following that this frame-
work provides a relevant starting point to describe the in-
dividual velocity components of particles for a wide range
of turbulence levels. For convenience, the mean magnetic
field will be kept along the z axis, so that the matrix U(t)
given in Equation 8 holds throughout the paper.

Any marginal p.d.f. pVi(vi(t)|v0) of the velocity compo-
nent vi can be obtained by integrating Equation 6 over the
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Figure 1: Probability density functions for the x (top) and z
(bottom) components of the particle velocities, at three different
times. The energy of the test particles is 1017 eV, the turbulence
level is η = 0.5 for Bmean = 1 µG, and the initial velocity of the
test particles is oriented along the z-axis. Points : Monte-Carlo.
Solid curves : model.

two other components v j 6=i. In the case of an initial velocity
such that v0 = cuz, these integrations yield to the following
expressions :

pVx(vx(t)|v0 = cuz) = K I0

(
vg

σ2

√
c2− v2

x

)
,

pVy(vy(t)|v0 = cuz) = K I0

(
vg

σ2

√
c2− v2

y

)
,

pVz(vz(t)|v0 = cuz) = K exp(vgvz/σ
2), (9)

with I0 the modified Bessel function of first kind with
order 0, and K = vg/2σ2 sinh(cvg/σ2) the normalisation
constant. Note that in this specific case, these expressions
are identical to those that would have been obtained had the
magnetic field been purely turbulent. It is noteworthy that
in terms of vg(t) and σ2(t), these functions depend only on
the ratio vg(t)/σ2(t). An illustration of these functions is
given in Figure 1 for test particles with energy 1017 eV, and
for magnetic fields such that Br = 1 µG and Bmean = 1 µG
(that is, for a turbulence level η = 0.5). The distributions
pMC

Vi
obtained by means of Monte-Carlo simulations are

superimposed. The ratio vg(t)/σ2(t) is fitted using the three
pMC

Vi
distributions simultaneously. For both the velocity

components vx (left panel, here equivalent to vy given the
geometry) and vz (right panel), it can be seen that Equation 9
provides a very reasonable description of the distributions
obtained by Monte-Carlo simulations : for relatively small
propagation times, and given the geometry, the particle
velocities are preferentially oriented along the z direction;
while for larger propagation times, the particle velocities
tend to be uniformly distributed.
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Figure 2: Same as Figure 1, but for an initial velocity of the test
particles along the x-axis.

To probe better the effect of the constant magnetic field,
the same exercise is performed here using an initial velocity
perpendicular to Bmean, such that v0 = cux. In this case,
integrations of Equation 6 yield now to the following
expressions :

pVx(vx(t)|v0 = cux) = K exp(vgvx cos(ωt)/σ
2) ×

I0

(
vg

σ2 sin(ωt)
√

c2− v2
x

)
,

pVy(vy(t)|v0 = cux) = K exp(−vgvy sin(ωt)/σ
2) ×

I0

(
vg

σ2 cos(ωt)
√

c2− v2
y

)
,

pVz(vz(t)|v0 = cux) = K I0

(
vg

σ2

√
c2− v2

z

)
, (10)

with K the same normalisation constant as previously. Illus-
trations are displayed in Figure 2. In contrast to the previous
case with v0 = cuz, the effect of the mean magnetic field is
now strong and induces non-trivial motions of the particle
velocity components in the y and z directions. Nevertheless,
as in the previous case, the p.d.f.s of the individual velocity
components as derived from marginalisations of Equation 6
provide a very reasonable description of the distributions
obtained by Monte-Carlo simulations.

For completeness, we provide here the p.d.f. of the
individual velocity components in the general case v0 =
v0xux + v0yuy + v0zuz :

pVx(vx(t)|v0) = K exp(vg
xvx/σ

2)Ĩ0(vg
y ,v

g
z ,vx),

pVy(vy(t)|v0) = K exp(vg
yvy/σ

2)Ĩ0(vg
x ,v

g
z ,vy),

pVz(vz(t)|v0) = K exp(vg
z vz/σ

2)Ĩ0(vg
x ,v

g
y ,vz), (11)

with in shortcut notations Ĩ0(x,y,z) defined as :
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Ĩ0(x,y,z) = I0

(√(
x

σ2

)2

+

(
y

σ2

)2√
c2− z2

)
. (12)

To calculate the decorrelation of the particle velocities,
the p.d.f. pV(v(t)|v0) has to be weighted in the integrand
of Equation 6 by the pV0(v0) one. For particles with initial
velocities distributed isotropically, this latter reads :

pV0(v0x,v0y,v0z) =
1

4πc2 δ

(
c−
√

v2
0x + v2

0y + v2
0z

)
. (13)

It is straightforward to check that once integrated over two
velocity components, Equation 13 provides a uniform p.d.f.
for the third component, as expected in the case of isotropy.
Inserting Equation 13 into Equation 6, we are left with the
following expressions for the decorrelation functions :

R⊥(t) = 2Kc3 cosωt
∫ 1

0
ds s u

(
cvg

σ2 ,s
)
,

RA(t) = 2Kc3 sinωt
∫ 1

0
ds s u

(
cvg

σ2 ,s
)
,

R‖(t) = Kc3
∫ 1

0
ds s u

(
cvg

σ2 ,s
)
, (14)

with the function u(x,y) defined as :

u(x,y) =
∫ 1

0
dz z sinh(xyz)I0(x

√
1− y2

√
1− z2). (15)

In contrast to Equations 3, the attenuation factor derived
here is formally not exponential. Note also that this factor is
here identical for all decorrelation functions, but this would
not be any longer the case for Larmor radius smaller than
the coherence length of the turbulent magnetic field [15].
The decorrelation functions for the nominal parameters used
in this study are shown in Figure 3. A clear agreement with
Monte-Carlo points is observed.

From the Kubo formalism, simple time integrations of
the decorrelation functions provide the running diffusion
coefficients as a function of time (see Equation 2). The
semi-analytical framework presented in this paper is thus
the key ingredient to calculate the Di j coefficients of the
diffusion tensor. Understanding the dependences of the vg

and σ parameters with energy and field strengths from first
principles would allow us to derive a complete theory.
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