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On the modulation of cosmic rays as described by a stochastic transport model
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Abstract: We present selected results from a newly developed 5 dimensional cosmic ray (CR) modulation model, em-
ploying stochastic differential equations to solve the relevant transport equation. The model is applied to the study of
galactic CR electron and proton modulation. We calculate the propagation times and energy losses suffered by these
particles as they propagate through the heliosphere, and compare these values with the limited analytical approximations
that are available in order to validate the approach. We also incorporate a wavy current sheet into the model and examine
the effect thereof. We argue that the stochastic modelling approach gives additional insight into the modulation processes,
with respect to what is found with traditional finite difference modulation models.
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1 Introduction

The propagation of cosmic rays (CRs) through the helio-
sphere is described by the well-known Parker [5] transport
equation (TPE)

∂f

∂t
=

(
−�Vsw + 〈�vd〉

)
· ∇f +∇ · (Ks · ∇f)

+
P

3

(
∇ · �Vsw

) ∂f

∂P
, (1)

related to the differential intensity by j = P 2f , which
contains all the relevant transport processes. Normally,
Eq. (1) is solved numerically to obtain the CR differen-
tial intensity j; mostly using finite differences schemes to
do so. Recently, the focus has shifted to using alternative
numerical schemes, with numerical solutions of stochastic
differential equations (SDEs) widely implemented. With
this approach, not only can j be calculated, but also addi-
tional transport quantities, most notable the CR propaga-
tions times and energy losses. In this work, and an accom-
panying paper ([10]), we present selected results from our
newly developed 5D SDE model, while also demonstrat-
ing the versatility of this approach in calculating these ad-
ditional transport quantities, thereby leading to additional
insight into the modulation process.

2 The Stochastic Transport Model

By applying Itō′s lemma (see e.g. [2, 3]) to the TPE, the
applicable set of SDEs governing CR transport can readily
be obtained
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in terms of backwards time s (see also [7, 8]). The energy
SDE can also be rewritten in terms of rigidity as
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with
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Figure 1: Pseudo-particle traces for 100 MeV galactic electrons for the A > 0 (left panel) and A < 0 (right panel) HMF
cycles. Taken from [8].

Γ =
E + 2E0

E + E0
, (4)

.
As the time backwards method is applied to solve the set
of SDEs, an initial phase-space point is chosen, x0

i , i ∈
{r, θ, φ, E} at time s = 0, which is also the pint at which
j will be obtained. The evolution of this phase-space point
(pseudo-particle) is then calculated iteratively according to
the set of SDEs

xj+1
i = xj

i +Δxj
i (5)

until a modulation boundary is reached (for galactic CRs,
the heliopause) at time s = e. Doing this for a large number
of these particles, an average value of j is obtained. More-
over, the CR propagation time can be calculated directly
from the numerical scheme as

τ = |se − s0|. (6)

We however calculate τ for a large number of particles
and examine the behaviour of this average, labelled as 〈τ〉.
Similarly, the average energy loss 〈ΔE〉 can also be cal-
culated by averaging ΔE = Ee − E0 for a large number
of particles. Here Ee is the energy with which the particle
enters the heliosphere, whileE0 is the energy at which it is
observed at some point, say Earth.

3 Selected Results

Fig. 1 shows pseudo-particle traces of galactic electrons
reaching Earth for the A > 0 (left panel) and A < 0 (right
panel) heliospheric magnetic field (HMF) cycles. This il-
lustrates the additional insight gained from using the SDE
approach: Fig. 1 shows the characteristic of electron drifts,
with the particles reaching Earth originating and staying
near the equatorial regions in the A > 0 cycle, while drift-
ing mainly from the polar regions in the A < 0 cycle.

Figure 2: Galactic electron spectra at Earth for various drift
conditions (taken from [8]).

The validity of the SDE approach in calculating j was
shown previously by various benchmarking studies. As an
example of energy spectra calculated by the SDE approach,
Fig. 2 shows galactic electron spectra, at Earth, for various
drift conditions as calculated by the spatially 3D model.
These results are both qualitatively and quantitatively sim-
ilar to solutions using finite differences schemes, but with
the latter approach unable to calculate τ andΔE.
Using a spatially 1D version of the SDEmodulation model,
Fig. 4 shows calculations of 〈τ〉 (left panel) and 〈ΔE〉
(right panel) as the scatter points, as a function of the 1D
diffusion coefficient. The SDE results compare well with
the analytical solution of

〈τcd〉 =
[
1

〈τd〉
− 1

〈τc〉

]−1

, (7)
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Figure 3: Calculated 〈τ〉 and 〈ΔE〉 for protons (top panels) and electrons (bottom panels) for the A > 0 (left panels)
and A < 0 (right panels) drift cycles using the spatially 3D SDe model. Black fills indicate 〈τ〉, while grey fills indicate
〈ΔE〉. Taken from [9].

for the average propagation time, with the characteristic
convection and diffusion time-scales given by

〈τc〉 =
R

Vsw
and 〈τd〉 =

R2

6κ
. (8)

The calculated energy loss compares well with the analyti-
cal solution of [6], given by
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and valid for κ � 1. Note that two solutions for ΔE are
given, namely for totally relativistic CR (Γ = 1, i.e. for
galactic electrons which are highly relativistic for all ener-
gies considered) and for non-relativistic CRs (Γ = 2). The
SDE proton results should be somewhere in between these
two extreme cases and indeed they are.

Fig. 3 shows 〈τ〉 and 〈ΔE〉, calculated for galactic protons
(top panels) and electrons (bottom panels) for the A > 0
(left panels) and A < 0 (right panels) drift cycles using
the spatially 3D SDE model. Firstly, we note that 〈τ〉 de-
creases with increasing energy, and it is larger for the drift
cycle where CRs drift to Earth along the heliospheric cur-
rent sheet. Moreover, 〈τ〉 is generally larger for electrons
than for protons. This is because, for the same energy, elec-
trons have a significantly larger mean free path.
To interpret 〈ΔE〉 is muchmore difficult. The rate at which
CRs loose energy in the supersonic solar wind is given by
(see e.g. [1])

∂E

∂t
= −1

3
∇ · �VswΓE. (10)

Due to the dependence on Γ, protons will generally loose
energy faster than the electrons. Electrons on the other
hand have a larger value of 〈τ〉. We find that above ∼ 500
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Figure 4: Calculations of 〈τ〉 (left panel) and 〈ΔE〉 (right panel) using a spatially 1D version of the SDE modulation
model.

MeV, the energy losses suffered by the electrons and pro-
tons are very similar. This is in contrast to the generally
held belief that electrons suffer little or no energy losses
and is discussed in detail in [9]. We also note that 〈ΔE〉
is larger for the drift cycle in which 〈τ〉 is largest. The de-
crease of 〈ΔE〉 for electrons below ∼ 100 MeV is due to
our choice of an energy independent diffusion tensor for
electrons below 1 GV.

4 Discussion

We have presented selected results from a newly devel-
oped 5D SDE modulation model. The calculated propa-
gation times and energy losses were benchmarked with ex-
isting analytical approximations in 1D, where-after these
quantities were calculated with the spatially 3D modula-
tion model that includes CR drifts. We can conclude that:

• For the spatially 1D scenario, 〈τ〉, as calculated by
the SDE model, compares well with the probability
wave approach of [5]. The results suggest that the
calculations of [4] are insufficient to describe the be-
haviour of 〈τ〉 at small values of κ. Here, convection
dominates the diffusive process, so that CRs are un-
able to enter the heliosphere resulting in 〈τ〉 → ∞.

• The SDE calculations of 〈ΔE〉 also compare well
with the available 1D analytical approximations.
Similar to 〈τ〉, 〈ΔE〉 increases with decreasing val-
ues of κ as the CRs generally spend more time in
the supersonic solar wind and therefore loose more
energy adiabatically. We however note that: (i) Al-
though 〈τ〉 gives some indication of 〈ΔE〉, there is
a non-linear relationship between these two quanti-
ties and one is unable to state that 〈τ〉 ∝ 〈ΔE〉.
(ii) These calculations (and subsequent interpreta-

tion) are only valid in the supersonic solar wind re-
gion where ∇ · �Vsw > 0. If however ∇ · �Vsw = 0
(as might occur in certain regions in the heliosheath)
CRs cannot loose any energy, even when 〈τ〉 → ∞.

• For the spatially 3D scenario, both 〈τ〉 and 〈ΔE〉 are
larger for the drift scenario (for electrons and pro-
tons) in which the CRs drift inwards to Earth along
the neutral sheet.

• Above∼ 1 GV, electrons spend more time in the he-
liosphere than protons at the same energy, but loose
less energy. This again emphasizes the non-linearity
between these quantities.

• By demonstrating the ability and effectiveness of the
SDE approach in calculating 〈τ〉 and 〈ΔE〉, we ar-
gue that this modelling approach can provide addi-
tional insight into the CR modulation process.
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