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Charged particles time-dependent transverse transport
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Abstract: The temporal dependence of the perpendicular transport coefficient of charged particles in magnetostatic
turbulence is studied for times smaller than the time needed to charged particles to travel the turbulence correlation
length. This time window is left unexplored in most transport models. In our analysis all magnetic scales are taken to
be much larger than the particle gyroradius, so that perpendicular transport is assumed to be dominated by the guiding
center motion. Particle drift from the local magnetic field lines and magnetic field lines random walk are evaluated
separately for slab and 3D isotropic turbulence. Contributions of wavelength scales shorter and longer than the turbulence
coherence length are compared. In contrast to slab case, particles in 3D isotropic turbulence unexpectedly diffuse from
local magnetic field lines; this result questions the common assumption that particle magnetization is independent on
turbulence geometry. These results may have significant impact on turbulence in supernova remnant blast waves and
interplanetary shocks.
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1 Introduction

The behaviour of individual energetic charged particles in
magnetic turbulence is relevant to a number of problems in
plasma astrophysics, from the solar wind [2] to interstellar
medium [5] and cosmic rays at highest energy [6]. Diffu-
sion theory [10] relies on the approximation that a charac-
teristic time T exists much larger than the correlation time
tc of the magnetic field fluctuations (as seen by the particle)
but also much smaller than the time-scale of both the vari-
ation of these fluctuations and of the average distribution
function. The Vlasov-Boltzmann equation for the charged
particles phase-space distribution function can be therefore
considerably simplified to terms of the second order mo-
ments of the magnetic field fluctuations. In this scenario
higher-order moments are not necessary to determine the
particles motion as the process is markovian; diffusion is
governed by the central limit theorem [3].
Perpendicular transport in a magnetic field depending on t-
wo or fewer space coordinates originates only from the me-
andering of the magnetic field lines [11] whereas in an arbi-
trary three-dimensional turbulence also emerges as a gener-
al property of the particle motion [8]. Kinetic approach has
been applied to perpendicular scattering of strongly mag-
netized charged particles by using a model for the colli-
sion integral [4]. An approximate diffusive perpendicular
transport model based on the guiding center motion (Non-
Linear Guiding Center, NLGC) has been put forward in
[13], which provided a method to compute magnetic fluc-

tuations along perturbed particle trajectory. However, the
NLGC’s assumption that the probability density of perpen-
dicular displacement is diffusive at all times is a limitation
of this model. Subdiffusive nature of perpendicular trans-
port in a slab turbulence was not recovered, contrary to the
expectation from the conservation of canonical momentum
of ignorable coordinate [11] and to the findings from test
particle numerical simulations in turbulence having a dom-
inant slab component [14].
We explored [7] the transition to the diffusion regime in a
magnetostatic turbulence by using the first-order orbit the-
ory as proposed by [15], which is based on two assump-
tions: 1) the particle gyroradius is much smaller than any
variation length scale of magnetic field and 2) the turbulent
magnetic energy is much smaller than the average magnet-
ic field energy. This allows us to disentangle the cross-
field particle motion into two separate components: field
lines meandering and gradient/curvature drift from the lo-
cal field line. In the present paper, the drift is meant to be
the transverse gyroperiod-averaged motion of the guiding
center away from the local field line [15].

2 Transverse guiding center drift

We consider a process of propagation of a charged particle
in magnetic turbulence which is statistically homogeneous
in time, i.e., the velocity correlation depends only on time
difference along the orbit. The instantaneous coefficien-
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t diffusion along the space coordinate x at time t can be
written as

dxx(t) ≡
1

2

d

dt
〈(Δx)2〉 =

∫ t

0

dξ〈vx(t′ + ξ)vx(t
′)〉 , (1)

where ξ the time lag and the ensemble average 〈..〉 is mean-
t to be the average over a population of particles and over
an ensemble of turbulence realizations. The standard per-
pendicular coefficient of diffusion can then be defined as
κxx = lim

t→∞
dxx(t). We here investigate the transverse

motion of a low-rigidity particle for a time smaller than tc
in general 3D magnetostatic turbulence. The diffusion ap-
proximation therefore may not be valid. We consider a spa-
tially homogeneous, fluctuating, time-independent magnet-
ic field. The amplitude of the fluctuation (δB) is assumed
to be much smaller than the average field magnitude (B0).
We represent such a magnetic field as B(x) = B0+δB(x),
with an average component B0 = B0ez and 〈δB(x)〉 = 0
and δB(x)/B0 � 1. We will make use of the first-order
orbit theory [15]: the particle gyroradius rg is much smaller
than the length-scale of any magnetic field variation. In this
approximation, we consider the guiding center motion. In
a spatially varying magnetic field, the guiding center may
significantly drift from the average field direction due to
the action of the field gradient on the particle magnetic mo-
ment. We therefore consider non-zero gradient and curva-
ture drifts.
In the magnetostatic field described above, for a particle of
mass m, charge Ze and momentum p the guiding center
velocity transverse to the field B(x) is given at the first
order in δB(x)/B0 by the gyroperiod average [15]

VG
⊥(t) =

vpc

ZeB3

[
1 + μ2

2
B×∇B + μ2B(∇×B)⊥

]
(2)

where α is the particle pitch angle and μ = cosα. Here the
variation of α is assumed to be negligible over a gyrope-
riod. Being VG

⊥(t) a gyroperiod average, magnetic field
can be computed at the guiding center position during that
gyroperiod.
The finite-time average square transverse displacement of
the particle from the direction of local B due to drift dD(t)
can then be written in this approximation using the Eq.(1):

dDii(t) =

∫ t

0

dξ〈VG
⊥,i(t

′)VG
⊥,i(t

′ + ξ)〉 (3)

where i stands for any transverse coordinate, X or Y .
We adopt the Fourier representation of δB[x(t)], where
[x(t)] indicates the unperturbed particle orbit. Moreover,
we assume the standard inertial range magnetic turbulence
power spectrum Prq(k) which is uncorrelated at different
wavenumber vectors k,k′.
The general term contributing to the first-order transverse
drift coefficient of a particle in a static first-order perturbed
magnetic field turns out to be [7]
(

vpc

ZeB2
0

)2

F (μ2)

∫ ∞

−∞
d3kPrq(k)klkp

sin[k‖v‖t]

k‖v‖
, (4)

with indexes (r, q, l, p) = (3, 3, 2, 2), (3, 2, 2, 3),
(2, 3, 3, 2), (2, 2, 3, 3) for dDXX and (r, q, l, p) =
(3, 3, 1, 1), (3, 1, 1, 3), (1, 3, 3, 1), (1, 1, 3, 3) for dDY Y

.
Here F (μ2) represents various factors containing μ2, k‖ =
kz , v‖ = vz .
If the correlation function of the magnetic fluctuation is ho-
mogeneous in space, the mean square displacement of the
magnetic field line (MFL) orthogonal to the z-axis comput-
ed along the unperturbed trajectory of a particle travelling
with zero pitch-angle can be defined as

dMFL(t) =
1

B2
0

∫ ∞

−∞
d3kPrq(k)

sin[k‖v‖t]

k‖
. (5)

Hence, the instantaneous coefficient diffusion perpendicu-
lar to the average magnetic field B0 is given, in the pres-
ence of weak turbulence and neglecting parallel scattering,
by two contributions: the random walk of the field line and
the guiding center drift from the field line as [7]

d(t) = dD(t) + v‖dMFL(t),

κ = κD + v‖κMFL = lim
t→∞

[dD(t) + v‖dMFL(t)].

(6)

3 The turbulence geometry

We will consider two cases: 1) slab turbulence; 2)
3D isotropic turbulence. For the slab turbulence, stat-
ic limit of transverse and longitudinal-propagating Alfven
waves: δB = δB(z) and δB(x) · ez = 0, we adop-
t the following form of the power spectrum: Prq(k) =
G(k‖)(δ(k⊥)/k⊥)δrq with r, q = 1, 2, and P3i(k) = 0
with i = 1, 2, 3. The 1D spectrum is assumed to be of Kol-
mogorov type, with power law index q, in inertial range and
constant at large scales. The full analytical expression [7]
in the limit of diffusive regime is given, in units of Bohm
diffusion κB , by

dsD(t)

κB
→ 3

20

(
δB

B0

)2
q − 1

q

sin(qπ/2)Γ(2− q)

(kmin
‖ rg)1−q(Ωt)2−q

, (7)

where Γ(s) is the ordinary gamma function, 2π/kmin
‖ is the

coherence length, rq the particle gyroradius and Ω particle
gyrofrequency in the background field. The equation (7)
is subdiffusive with behaviour κs

D(t) ∼ t−(2−q) (depict-
ed as the dashed line in Fig. 1). Transverse subdiffusion
has also been found by considering time-scales longer than
the parallel scattering time and therefore allowing parallel
scattering in [12]. However, in that case particles are as-
sumed to propagate back and forth along the MFL and to
be tied to the MFL. We notice that the drift-coefficient time
evolution in Eq. (7) confirms that charged-particles in a tur-
bulence depending on less than 3 space coordinates remain
confined within a gyroradius from the local field line [11]
(see also [7] for a discussion).
From Eq. (5), the full analytical expression [7] in the limit
of diffusive regime is given by κs

MFL = (δB/B0)
2π(q −
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Figure 1: Average transverse drift coefficient in units of κB

(rescaled by a factor 109) as a function of Ωt for kmax
‖ rg =

10−3, kmax
‖ /kmin

‖ = 104, kmin
‖ /k0

‖ = 102, q = 5/3 and
δB/B = 0.1. The diffusive approximation is superposed
(dashed line). In a slab turbulence charged particles are tied
to the weakly perturbed magnetic field lines.

1)/(4qkmin
‖ ). In Fig. 2, the κs

MFL is shown to recover the
quasi-linear limit and is dominated by large wavelengths.
The guiding center perpendicular scattering in a slab tur-
bulence is described as a series of bumps in the trans-
verse drift which are asymptotically suppressed confining
the transverse motion to follow the MFL meandering, as al-
so found in low-rigidity test particle numerical simulations
[14]. Therefore, we confirm that slab transverse transport
is due to the meandering of MFLs but we also model the
transport across the MFL for first-order magnetic fluctua-
tions (see also [7] for a discussion).
We consider 3D isotropic turbulence, in which the turbu-
lence δB depends on all three space coordinates and we
adopt the power spectrum form given in [1]. The instan-
taneous transverse coefficient diffusion is represented in
Fig.3. The diffusive limit is given by

diD(t)

κB
→ π

40

(
δB

B0

)2
q − 1

q − 2
(kminrg) =

κi
D

κB
(8)

and represented in Fig.3. In contrast to the slab, the parti-
cle drift from the MFL does not depend only on the pow-
er spectrum at length-scales smaller than the coherence
length. Statistically, charged particle motion is not tied to
local MFL in 3D isotropic turbulence. Theorem on reduced
dimensionality turbulence in [11] allows charged particle to
be magnetized to local MFL within gyroradius scale only
in turbulence depending on a reduced number of space co-
ordinates. Any three-dimensional extension could depend
on specific geometry but would not be justified in general,
as our result shows [7].

Figure 2: Average magnetic field line transverse displace-
ment as computed in Eq.(5) is compared with the QLT co-
efficient diffusion DMFL as a function ofΩt for kmax

‖ rg =

10−3, kmax
‖ /kmin

‖ = 104, kmin
‖ /k0

‖ = 102, q = 5/3 and
δB/B = 0.1. The horizontal line represents the quasi-
linear limit. The field-line wandering reaches asymptoti-
cally the QLT limit.

The MFLRW for isotropic turbulence in diffusion limit is
found to be [7]

diMFL(t)kmin →
(
δB

B0

)2
q − 1

4q

[
Si(y)log(y)|ym

y0
+D

]

= κi
MFLkmin , (9)

where D = π
2

(
C + 1

2

)
, C = 0.577215 is the Euler con-

stant, ym = kminv‖t 	 kminrgΩt (y0 	 k0rgΩt with k0

corresponding to the largest scale of the system). We find
that the MFL of a 3D isotropic weakly turbulent magnet-
ic field are superdiffusive according to Eq. (9). This result
does not imply the superdiffusion of the particles which
propagate diffusively in a 3D isotropic turbulence [9]. Be-
fore being transported superdiffusively along a field line, a
particle will undergo parallel scattering, not taken into ac-
count in this paper, and eventually decorrelate to another
field line.

4 Summary and conclusion

We have described analytically the time evolution of indi-
vidual charged particles drift and MFLRW across a static
magnetic field to first-order in the magnetic fluctuations.
We consider the case where the motion perpendicular to
the average magnetic field is dominated by guiding cen-
ter motion which includes the meandering of the MFL and
the drift from the first-order orbit theory, in the approxi-
mation that the particle gyroradius is much smaller than
the length scale of magnetic field variations. In contrast
to previous models for the perpendicular transport, we do
not assume diffusive scattering at all times. Drift and MFL
transverse transport are explicitly computed for both the
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Figure 3: Total average transverse drift is compared with
the distinct contributions at length-scales smaller and larg-
er than the coherence length in the diffusive regime in
units of κB as a function of Ωt for kmaxrg = 10−3,
kmax/kmin = 104, kmin/k0 = 102, q = 11/3 and
δB/B = 0.1. For comparison the diffusive limit, κi

D/κB ,
is shown. In contrast to the slab, length-scales larger than
the coherence length give a non-negligible contribution to
diffusion.

slab and 3D isotropic cases. In the slab case, the time-
evolution of the drift displacement shows how the particle
diffusion from the MFL is suppressed. The recovery of
the MFL coefficient diffusion of QLT shows that this re-
sult does not depend on assuming MFL parallel diffusion.
Secondly, we provide analytical time-dependence of drift
and MFL coefficients of diffusion for a 3D isotropic tur-
bulence. We found that for a 3D isotropic turbulence the
particle drift from the local field line is diffusive, where-
as the field line itself is superdiffusive. For the slab, we
find that MFLRW is dominated by length-scales larger than
the coherence length whereas particle drift from the local
field line is dominated by length-scales smaller than the co-
herence length. This disentaglement does not hold for 3D
isotropic turbulence: MFLRW is still dominated by large
length-scales whereas as far as drift is concerned turbulent
energy contribute at all scales, both below and above the
coherence length. Our results question the common as-
sumption that cosmic-rays trajectory follow the magnetic
field line. The study carried out here will be applied to
particle transport in the solar wind and supernova remnant
blast wave turbulence.
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