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Abstract: The standard paradigm for the transport and acceleration of cosmic rays and other fast charged particles is
based on the well-established Parker equation. The Parker equation can be demonstrated to be a good approximation
if the particle distribution function is nearly isotropic in pitch angle, even in the presence of discontinuities in the flow
such as shocks and current sheets. However, there are many situations, such as MHD reconnection where the fluid flow
velocity is nearly incompressible. In these cases the Parker equation predicts little or no particle acceleration since the
energy change is proportional to the divergence of the flow velocity. This energy-change rate is independent of spatial
or temporal scales, for isotropic angular distributions. One approach to accelerating particles in nearly incompressible
flows is to extend the Parker equation by invoking small-scale propgating waves – giving rise to the venerable 2nd-order
Fermi acceleration. A second possibility is to invoke large pitch-angle anisotropies. A third possibility is considered in
this paper. I examine the effects of fluid flow acceleration and shear, both of which also accelerate charged particles.
The resulting transport equation is Parker’s equation augmented by terms proportional to the fluid acceleration and shear,
which can be non-zero in incompressible flow. These new terms are of second order in the fluid flow speed U, and hence
are generally small. Nonetheless, they will be important in considerations of charged-particle acceleration in nearly
incompressible flows such as reconnection. A synthesized divergence-free fluid velocity U(x,y chosen to be similar to
that found in reconnection is used to illustrate the acceleration. The acceleration rate is estimated for the inner heliosphere
and shown to be greater than the adiabatic cooling rate in the expanding solar wind.
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1 Introduction

The question of the mechanism for the acceleration of fast
charged particles and cosmic rays in the heliosphere is still
open and there is no consensus at present, although diffu-
sive shock acceleration [1] remains quite popular.
Acceleration at magnetic (MHD) reconnection is a mech-
anism which has received recent attention [2, 3]. Cer-
tainly, there is significant evidence from solar energetic
particles (hereinafter SEPs) associated with solar flares that
reconnection is involved. However, since the energy re-
lease at such an event could also generate shocks and tur-
bulence, the SEPs may be accelerated at the associated
shocks and/or turbulence rather than at the reconnection
event. In addition to SEPs, the possibility has been raised
that the acceleration of the anomalous cosmic rays (here-
inafter ACRs) occurs at multiple reconnection sites in the
heliosheath [2, 3].
In this paper I will discuss an extension of the trans-
port equation which contains acceleration terms which are
present even if the flow is incompressible. I proceed to ap-
ply this to an assumed two-dimensional flow similar to that
in a econnection event. Previous discussions of this sim-
ilar acceleration processes worked within the framework

of laminar particle trajectories in smooth electric and mag-
netic fields. In these examples, the energy change comes
in large part from the particle drift motions in a large-scale
electric field generated by the reconnection. However, it is
likely that the ambient MHD fluid is turbulent on a vari-
ety of scales (this is explicit in the discussion of Lazarian
and Opher [3]). In this case, the energetic charged particles
will be scattered by the random, turbulent fluctuations in
the magnetic field, and energy change also can come from
the fluctuating electric fields associated with the turbulent
magnetic-field fluctuations. It is therefore likely that a de-
scription of the particle transport which incorporates these
isotropization effects of a fluctuating magnetic field is more
appropriate. This paper represents a first attempt to address
this important issue.

1.1 General Considerations

The Parker transport equation [4] is a good approximation
in the limit that the scattering of the energetic particles is
rapid enough to maintain near-isotropy. This equation for
the fast-charged-particle distribution f(r, p, t)may be writ-
ten as a function of position r, momentum magnitude p and
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where κij is the symmetric part of the particle diffusion
tensor, Ui is the flow velocity of the background plasma,
and Q and L represent any additional sources and losses.
This equation is valid even at discontinuities such as cur-
rent sheets and shock waves. Vdi is the gradient/curvature
drift velocity, which may be written Vdi = (pc/3q)∇ ×
(B/B2). The particle acceleration is contained in the di-
vergence of U, ∂Ui/∂xi. This equation, applied at a shock
discontinuity is the basis of diffusive shock acceleration
[1].
It is immediately apparent that, in this approximation, for
reconnection models and other situations which are essen-
tially incompressible, so that ∂Ui/∂xi ≈ 0, there is very
little charged-particle acceleration. If charged-particle ac-
celeration occurs in association with reconnection, it must
do so in a situation where Parker’s equation is not applica-
ble.

2 The Energy Change of a Nearly-Isotropic
Particle Distribution

Before proceeding, it is instructive to present a new demon-
stration of the generality of the energy-change term in the
very-often-used Parker equation [4] for an angular distri-
bution of particles which is nearly isotropic in the fluid
frame. In MHD flow with magnetic field B and fluid ve-
locity U, with |U| � c, the electric field is given by
E = −U×B)/c, the rate of energy gain, dT/dt of a par-
ticle of mass m, momentum p, associated velocity w and
charge q is given by

dT

dt
= −qw · U×B

c
(2)

which upon using a vector identity to rearrange the terms,
can be rewritten as

d

dt
(T −U · p) = −dU

dt
· p. (3)

for an arbitrary angular distribution. I have used the nota-
tion that for an arbitrary vector V, dV/dt = ∂V/∂t+(w ·
∇)V. Realizing that T ′ = T −U · p+mU2/2 is the par-
ticle kinetic energy in the fluid frame, and writing p′, the
momentum in the fluid frame as p′ = p −mU, equation
(3) may be written

dT ′

dt
= −dU

dt
· p′. (4)

This expression is quite general, depending only on the
MHD approximation for the ambient electric field E given
above.

If the scattering is fast enough that the particle angular dis-
tribution is isotropic at given momentum magnitude p in
the coordinate frame moving with the fluid velocity U, (so
that < U · p′ >= 0), then one may average equation (3)
over angle at a given momentum p′ to obtain

< dp′ >
dt

= −p′

3
∇ ·U, (5)

This is precisely the rate of energy change appearing in
the Parker equation. This expression clearly also applies
at discontinuities in the flow and/or magnetic field, such as
shocks or current sheets, if scattering is sufficient to keep
the anisotropies small. In particular, in this case, even if
the fluid flow changes over very small spatial or temporal
scales, equation (5) applies for the energy change. In what
follows, we will suppress the angular brackets in equation
(5). In most applications, w � U and we may neglect the
distinction between p′ and p.
It follows from equation (5) that one must address
energetic-particle anisotropies to obtain acceleration of the
energetic particles when ∇ ·U = 0. In many cases, these
anisotropies will, like the electric field, be proportional to
the flow speed or its derivatives. Hence in these cases, the
acceleration rate will be of second order in the flow veloc-
ity U. For energetic particles with w � U , the second-
order terms are generally much smaller than the first-order
term in ∇ ·U.

3 Beyond Parker’s Equation

Consider next the options for going beyond Parker’s equa-
tion. One possibility is to carry out simulations using par-
ticle orbits for models which produce large anisotropies.
Another approach, which I will discuss here is to consider
the extension of Parker’s equation to second order in U/w.
Such an extension was presented by Earl, Jokipii and Mor-
fill [5] (hereinafter EJM) , and Williams and Jokipii[6]. As
a result of these analyses, terms were added to Parker’s
equation representing the energy changes of the energetic
particle resulting from the spatial gradients and acceler-
ation of the fluid elements. The shear terms were dis-
cussed in detail in these previous publications, but the fluid-
acceleration terms were not. EJM pointed out that the new
terms can provide acceleration in situations where the flow
is incompressible.
In this initial analysis of acceleration at reconnection, I il-
lustrate the effects using the basic analysis of EJM, which
used an isotropic diffusion coefficient κ. The similar, but
more complicated, effects of anisotropic diffusion will be
considered in a later analysis. EJM derived the appropriate
transport equation for this case, which is Parker’s equation
(1) augmented by new terms,
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where τ is the scattering time. Here, the coefficient of vis-
cous momentum transfer Γ and the fluid acceleration vector
Ai are defined by
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In equation (6), the first term on the rhs describes diffu-
sion, the second, convection, the third, adiabatic energy
change and the last four terms describe energy changes due
to velocity shear and fluid acceleration. The order of mag-
nitude of the new terms are of second order U/w, for the
reasons discussed above at the end of Section 1. Also, the
temporal and spatial scales of the variation of U must be
larger than the scattering time τ or the associated scatter-
ing mean free path τw. The case of a step function shear
flow was discussed by Jokipii and Morfill [7].
Using equation (6), EJM derived the average rate of mo-
mentum change,

� Δp�
Δt

=
Γ

p2

∂

∂p

[
p4 3κ

w2

]
, (7)

and the average rate of momentum dispersion

� Δp2 �
Δt

= 2Γp2 3κ

w2
. (8)

Note that this momentum or energye change is caused by
the fluctuating electric fields associated with the moving
magnetic scattering centers, and results in both decelera-
tion and acceleration. This mechanism is also to be dis-
tinguished from previous discussions in which the energy
change was the result of motion in a large-scale electric
field.

4 Stochastic Integration for a Reconnection-
Type Flow

In this initial study, I consider a prescribed two-
dimensional MHD flow configuration similar to that found
in reconnection, in which the plasma flow and magnetic
field are confined to the x-y plane. At large positive and
negative values of x, the magnetic fields are uniform and in
the positive and negative y-directions, respectively. These
fields are convected toward the line x = 0 by oppositely di-
rected fluid flows in the x direction. The fluid turns near x
= 0 and exits to the positive and negative y-directions. This
flow pattern is illustrated in figure 1. The region where
magnetic reconnection would occur is at the center. Here,
I will not address the physics of reconnection, but will as-
sume that it occurs and that the resulting fluid flow is as
illustrated. There may also be a magnetic field component
in the direction out of the plane of the diagram, but this will
not affect the discussion of the particle transport in the limit
considered here.

Figure 1: The velocity vectors in the x-y plane for the il-
lustrative velocity field given in equation (10) used in the
stochastic solution for the accelerated particles.

The MHD fluid is taken to be incompressible [2, 3], so
∇ ·U = 0, but Γ and A are finite. The energetic charged
particles considered here are taken to have random speeds
somewhat greater than the fluid flow speed. That is, we do
not consider the initial acceleration of the energetic parti-
cles out of the thermal distribution. The particles are taken
to scatter off of magnetic fluctuations carried with the fluid
and are isotropized. In this scattering process, the charged-
particle energy as seen in the fluid frame is not changed.
In order to illustrate the nature of the acceleration in re-
connection, I next consider a solution of the new transport
equation for an assumed fluid flow velocity which is similar
to that expected for Sweet-Parker reconnection.
The flow vector in the x-z plane given by the expression

U(x,y) = U0

[
tanh(

x

L
)ex −

y

L
sech2

( x

L

)
ez

]
, (9)

illustrated in Figure (1), has zero divergence and is quali-
tatively similar to that expected in Sweet-Parker reconnec-
tion. The associated magnetic field may be derived, but
does not affect this illustrative calculation because the dif-
fusion coefficient is isotropic.
The various coefficients in the Fokker-Planck form of equa-
tion (6) were evaluated using the velocity field in equation
(9) and then incorporated into a standard stochastic integra-
tion. Pseudo particles are injected at some low momentum
p0 and followed using the increments < Δx >,< Δy >
,< Δw2 >, etc from equation (6) in a time Δt which is
chosen to be small enought to resolve the spatial and tem-
poral features in the flow. The resulting distribution of en-
ergetic particles is illustrated in figure (2).
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Figure 2: The results of the stochastic integration for the
illustrative flow field given in figure(1). Figures (a) and (b)
present the contours of all particles and the energy spec-
trum of all particles at an early time, about .5 acceleration
time. Figures (c) and (d) present the same parameters for a
later time, about 2 characteristic acceleration times. In the
simulation, the parameters used in equation were L = 2.5,
Ux0 = 2.5 and the particles were all injected at a velocity
of 1.0. The mean scattering time was set to be a constant
τ = 1.0 with the diffusion coefficient κ = wτ/3.

5 The Acceleration Rate

From equation (8), if L is the characteristic length scale
for the variation of the flow speed U, we may estimate the
acceleration time as

τacc = p2

(� Δp2 �
Δt

)−1

≈ 5

2

L2

U2

w2

κ
. (10)

Clearly, this time must be smaller than the adiabatic cooling
time in the ambient radial solar wind τad ≈ 2Vw/r for the
acceleration to result in a net energy gain of the particles.
We remind the reader that the scattering mean free path λsc

must be less than the scale L for the analysis to be valid.
Setting U ≈ Va, the Alfvèn speed of 5 × 106 cm/sec, and
L ≈ 100Va/Ωp ≈ 107 cm [2], it is straightforward to show
that the acceleration time is of the order of 103 seconds, at
1 AU, significantly shorter than the adiabatic cooling time
in the expanding solar wind. Hence the mode of accelera-
tion discussed here is capable of competing with adiabatic
cooling. The overall effect of this mechanism therefore de-
pends on the rate of reconnection events and their scale. At
present, these numbers are poorly constrained.
A similar calculation for the inner heliosheath demon-
strates that acceleration of ACR can also occur fast enough
to satisfy the observational constraints.

6 Discussion and Conclusions

Analysis of the acceleration of fast charged particles at re-
connection events shows that if the magnetic field satis-
fies the MHD relation E = −(U × B)/c, then the stan-
dard transport equation of Parker yields little acceleration
because the fluid density is constant. In this case, one
must consider anisotropic energetic-particle distributions
or terms of higher order in the fluid flow speed relative to
the energetic-particle speed.
Extending Parker’s equation to the next order in flow speed
relative to particle speed yields acceleration related to shear
and fluid acceleration, which are neglected in Parker’s
equation as shown in EJM. Applying this extended equa-
tion to a simple kinematic model of the flow pattern in
a reconnection yields acceleration. Depending on the
poorly known parameters and frequency of reconnection
events, this acceleration may be fast enough to acceler-
ate superthermal particles in the interplanetary and inner-
heliosheath plasmas. It is tempting to speculate that the
particle acceleration found in simulations may be due to
the effects found in the present paper, rather than drift mo-
tions in the large-scale electric field.

7 acknowledgments

This work was supported, in part, by NASA under grants
NNX07AH19G and NNX08AH55G. I acknowledge the es-
sential contribution of my colleagues at the University of
Arizona, Joe Giacalone and Jozsef Kóta to my understand-
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