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YÛKI KUBO1 AND HIRONORI SHIMAZU2,3

1Applied Electromagnetic Research Institute, National Institute of Information and Communications Technology, Tokyo,
184-8795, Japan
2Integrated Science Data System Research Laboratory, National Institute of Information and Communications Technolo-
gy, Tokyo, 184-8795, Japan
3Universal Communication Research Institute, National Institute of Information and Communications Technology, Kyoto,
619-0289, Japan
kubo@nict.go.jp

Abstract: We have investigated the energetic particle transport in an interplanetary space, especially, in an expanding
magnetic flux rope. The energetic particle transport in the interplanetary space is usually described by the Fokker-
Planck equation including effects of pitch angle diffusion, adiabatic focusing, and adiabatic deceleration. However, for
the particle transport in expanding magnetic flux rope, we have no explicit expression for pitch angle and momentum
evolution such as adiabatic focusing and deceleration. In this study, we derive analytical descriptions for pitch angle
evolution and momentum loss rate of energetic particles in the expanding magnetic flux rope and compare the analytical
solution with numerical simulation results. The analytical solutions with ignoring particle gyration do not reproduce the
results of numerical simulation even when the particle Larmor radius is several orders of magnitude smaller than the flux
rope radius. Taking an effect of particle gyration into consideration, our analytical solutions correspond to the results of
numerical simulations. Our analytical expression for the pitch angle evolution and momentum loss rate can be used as a
pitch angle and momentum evolution term in the Fokker-Planck equation for energetic particle transport in an expanding
magnetic flux rope.
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1 Introduction

Solar energetic particles are observed not only in a solar
wind with typical Parker magnetic field but also in an in-
terplanetary magnetic flux rope [1, 2, 3, 4, 5]. Energetic
particle intensity measured in the magnetic flux rope may
be largely different from that measured in the typical solar
wind structure.
The solar energetic particle transport in the interplanetary
space is usually described by using the Fokker-Planck e-
quation including effects of pitch angle diffusion, adiabatic
focusing, and adiabatic deceleration. While there are a lot
of studies for solar energetic particle transport in the typ-
ical solar wind [6, 7, 8, 9, 10], few modeling of energet-
ic particle transport in the magnetic flux rope exists. As
an interplanetary magnetic flux rope expands during prop-
agating from the Sun, energetic particles in the flux rope
must suffer pitch angle and momentum changes such as an
adiabatic focusing and deceleration. Kocharov et al. [11]
models a solar energetic particle transport in an interplane-
tary magnetic flux rope. Although their modeling includes
an effect of flux rope expansion, their flux rope model is

simple closed loop and they do not consider a helical mag-
netic field structure inside the flux rope. Therefore, we have
no explicit expression for the effects of magnetic flux rope
expansion such as the adiabatic focusing and deceleration.
For this reasons, we derive analytical descriptions for pitch
angle evolution and momentum loss rate of energetic parti-
cles in the expanding magnetic flux rope.

2 Model Description

The Newton-Lorentz equation for an energetic particle in
moving magnetized plasma is described as

dp

dt
=

q

c
(v − V )×B, (1)

where p, v, and q are particle momentum vector, veloci-
ty, and electric charge, respectively. The c, V , and B are
speed of light, plasma bulk velocity, and magnetic field, re-
spectively. From the equation, we can derive equation of
momentum p = |p| and particle pitch angle μ evolution,
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respectively, as

dp

dt
= −q

c
ev · (V ×B), (2)

dμ

dt
=

qμ

pc
ev · (V ×B) + ev ·

deb
dt

, (3)

where ev and eb are unit vector of particle velocity and
magnetic field direction, respectively.
In this study, we use axisymmetric cylindrical expanding
force-free magnetic flux rope model defined in cylindrical
coordinate (r, ϕ, z) as

B = B0
t20
t2

[sJ1(aρ)eϕ + J0(aρ)ez] , (4)

R = R0
t

t0
, ρ =

r

R
(0 ≤ ρ ≤ 1), (5)

where t0 is specific time when energetic particles are in-
jected in the flux rope in this study. The R0 and B0 are
a flux rope radius and an axial magnetic field intensity at
the time t0, respectively. Although the flux rope model in-
cludes effects of an axial as well as a radial expansion [12],
we only take the radial expansion into consideration. The
reason is that, because the axial expansion is originated in
global expansion of flux rope (e.g., imagine a torus expan-
sion in major radius), plasma gas composing the flux rope
does not move along the flux rope axis with opposite direc-
tion for both sides of a specific plane but only move radially
(e.g., minor radius direction in expanding torus). For this
reason, the expansion velocity of flux rope is defined as

V = Vexρer =
Rρ

t
er, (6)

where Vex and er are an expansion velocity of flux rope
edge and an unit vector of radial direction, respectively.
Inserting Equations (4) and (6) into Equations (2) and (3),
the time evolution of particle momentum and pitch angle in
the expanding magnetic flux rope is expressed respectively
as

dp

dt
= −qBRρ

ct
ev · (er × eb), (7)

and

dμ

dt
=

qBRρμ

pct
ev · (er × eb) + ev ·

deb
dt

, (8)

where B = |B| is magnetic field intensity.

2.1 Drift Approximation

We evaluate the right hand side of Equations (7) and (8)
for the expanding magnetic flux rope model defined above.
Particle velocity can be divided into four terms; velocity
parallel to magnetic field, gradient-curvature drift, E ×B
drift, and particle gyration. When considering phase an-
gle average velocity, the gyration term is vanished. This

means drift approximation for particle velocity. In this drift
approximation case, particle velocity can be written as

v = v‖ + vd + V , (9)

where vd stands for gradient-curvature drift. The last term
in right hand side shows E ×B drift because E = −V ×
B/c.
As we are considering pitch angle evolution in this study,
an expression for gradient-curvature drift before pitch an-
gle averaging must be used. For the flux rope magnet-
ic field configuration, a pitch angle dependent gradient-
curvature drift velocity is expressed as

vd =
pcv

qBRρ

b2ϕ
2
(1 + μ2)(−bzeϕ + bϕez), (10)

where the bϕ and bz are ϕ- and z-components of unit vector
eb.
Time derivative of eb is written as

deb
dt

= (v ·∇)eb = −
(vϕ + vdϕ)bϕ

r
er. (11)

Using Equations (9) and (11) with an assumption |vdϕ| <<
|vϕ|, the last term of Equation (8) is recast as

ev ·
deb
dt

= −μ

t
b2ϕ

(
1 +

vdϕ
vϕ

)
(12)

≈ −μ

t
b2ϕ. (13)

By using Equations (6), (9), and (10), scalar product ev ·
(er × eb) is expressed as

ev · (er × eb) =
pc

qBRρ

1

2
(1 + μ2)b2ϕ. (14)

Inserting Equations (13) and (14) into Equations (7) and
(8), time evolution of particle momentum and pitch angle
in the drift approximation are described as

dp

dt
= −1

2

p

t
(1 + μ2)b2ϕ, (15)

and
dμ

dt
= −1

2

μ

t
(1− μ2)b2ϕ, (16)

respectively. To compare the analytical results with numer-
ical simulations, we solve these ordinary differential equa-
tions analytically. The results are expressed as

p = p0

(
t

t0

)−b2ϕ
[
μ2

0 + (1− μ2
0)

(
t

t0

)b2ϕ
] 1

2

, (17)

and

μ = μ0

[
μ2

0 + (1− μ2
0)

(
t

t0

)b2ϕ
]− 1

2

, (18)

where t0, p0, and μ0 are time, momentum, and pitch angle
cosine at particle injection, respectively.
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Figure 1: Comparison between the analytical solutions and
the numerical simulations for five randomly selected initial
conditions. Gray solid, black dotted, and black dashed lines
show results of numerical simulations, analytical solutions
by drift approximation, and analytical solutions including
gyration effect, respectively for ρ = 0.5. Top panel shows
time evolution of particle pitch angles. Bottom panel shows
time evolution of particle momenta.

The numerical simulations trace particle trajectories by
solving Equation (1) in the expanding magnetic flux rope
model by Buneman-Boris method. We set a flux rope ra-
dius and an axial magnetic field intensity as 0.1 AU and 20
nT at terrestrial orbit (1 AU), respectively. Initial particle
rigidity is set as 60 MV, whose kinetic energy is 1.9 MeV
for proton. A location of particle injection is 0.1 AU from
the Sun, at which the flux rope radius and the axial mag-
netic field intensity in the model are 0.01 AU and 2000 nT,
respectively.
Figures 1 and 2 show that comparison between analytical
solutions (17) and (18), and the numerical simulations for
five randomly selected initial conditions at ρ = 0.5 and 0.1,
respectively. A ratio of a particle Larmor radius at ρ = 0.5
and 0.1 to the flux rope radius at injection is 8.0 × 10−5

and 6.7 × 10−5, which are much smaller than unity, re-
spectively. Gray solid and black dotted lines show results
of numerical simulations and analytical solutions by drift
approximation, respectively. Top and bottom panel show
time evolution of particle pitch angles and momenta. We
can clearly see that analytical solutions derived for drift
approximation do not reproduce the numerical simulations.
Especially, particle momentum has hardly been decreased
in a deep inside the flux rope if the drift approximation is
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Figure 2: Same as Figure 1, except for ρ = 0.1.

applied although the momentum does decrease in the nu-
merical simulation.

2.2 Gyration Effect

In Section 2.1, we ignored a particle gyration and use drift
approximations for analytical formulation. However, the
analytical solutions cannot reproduce the results of numer-
ical simulation. This discrepancy is ascribed to momentum
loss by gyration in an electric field gradient induced by ex-
pansion of magnetized plasma. For this reason, we include
the gyration effect in a scalar product ev · (er × eb). Un-
der conditions that a particle Larmor radius is much smaller
than a flux rope radius and the flux rope expansion speed
is much slower than the particle speed, trajectory of gyra-
tion can be regarded as a circle. By assuming a circular
trajectory for gyration, we can calculate the scalar product
averaged over phase angle for gyration as

〈Bρev · (er × eb)〉 =
pc

qR
(1− μ2)b2z, (19)

where the bz is evaluated at gyro-center. Inserting Equa-
tions (13), (14), and (19) into Equations (7) and (8), we
can come to the expression for momentum and pitch angle
evolution including gyration effect as

dp

dt
= −p

t

[
1

2
(1 + μ2)b2ϕ + (1− μ2)b2z

]
, (20)

and
dμ

dt
= −μ

t
(1− μ2)

(
1

2
b2ϕ − b2z

)
, (21)
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respectively. Solutions of these equations are expressed as

p = p0

(
t

t0

)−b2ϕ
[
μ2

0 + (1− μ2
0)

(
t

t0

)b2ϕ−2b2z
] 1

2

, (22)

and

μ = μ0

[
μ2

0 + (1− μ2
0)

(
t

t0

)b2ϕ−2b2z
]− 1

2

, (23)

respectively.
Black dashed lines in Figures 1 and 2 are the analytical
solutions of particle momentum and pitch angle evolution
including gyration effect (Equations (22) and (23)). The
figures show that the analytical solutions completely repro-
duce the numerical simulation results as we can hardly dis-
tinguish black dashed and gray solid lines. This fact mean-
s that Equations (20) and (21) can be used as a pitch an-
gle and a momentum evolution terms in the Fokker-Planck
equation for energetic particle transport in an expanding
magnetic flux rope.

3 Discussion

In Section 2, we showed that considering particle gyra-
tion is indispensable to account for a particle pitch angle
and momentum evolution in expanding magnetic flux rope
even when the particle Larmor radius is much smaller than
the flux rope radius. As the effect of particle gyration is
ascribed by gradient of electric field perpendicular to mag-
netic field, our result means that drift approximation cannot
give correct results for particle behavior when the electric
field gradient perpendicular to magnetic field exists. This
is an important implication of energetic particle behavior in
moving magnetized plasma.
Comparing Equations (18) with (23), difference is only a
power index of time dependence. However, this small dif-
ference leads pitch angle to largely different distribution in
the expanding magnetic flux rope. The power index in pitch
angle evolution for drift approximation is positive every-
where in the flux rope. This means that pitch angle cosine
μ decreases with time; that is pitch angle evolves toward
90◦ with time everywhere in the flux rope. On the other
hand, the power index in pitch angle evolution including
gyration effect will be zero at a specific position. In an in-
ner (outer) region of the zero-point, the power index will be
negative (positive). This means that the pitch angle cosine
increases with time, namely, pitch angles evolve toward 0◦

or 180◦ in the inner region of flux rope while they evolve
toward 90◦ in the outer region of flux rope.

4 Conclusion

We have derived analytical expression for pitch angle and
momentum evolution in an expanding magnetic flux rope

from the Newton-Lorentz equation. Our analytical solu-
tions show that a drift approximation cannot give correct
expressions and including a gyration effect is indispensable
to reproduce a numerical simulation results even when par-
ticle Larmor radius is several orders of magnitude less than
flux rope radius. Our solutions show that a pitch angle dis-
tribution inside the expanding magnetic flux rope evolves
bi-directional flow like distribution in an inner part and a
distribution which almost all particles have near 90◦ pitch
angle in an outer part of flux rope.
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