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Charged particle diffusion in MHD plasmas
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Abstract: The transport of energetic charged particles in turbulent plasmas has been an open question for quite some time.
To understand the transport the quasi-linear theory is invoked in many cases, although it has been clear that nonlinear
effects may play a bigger role. We will use a hybrid numerical approach to understand the interaction of turbulent plasmas
with charged energetic particles
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1 Introduction

Charged energetic particles are found in many astrophys-
ical settings: Solar energetic particles in the heliosphere,
galactic cosmic rays presumably from supernovae or extra-
galactic cosmic rays with yet to be determined origin. Their
transport is collision free and dominated by the interaction
with magnetic irregularities. These magnetic irregularities
are found in turbulent plasmas which fill the heliosphere as
well as the complete galaxy.
The interaction of a charged particle with a complete spec-
trum of magnetic irregularities is a highly nonlinear phe-
nomenon which is not completely solvable in analytic for-
m. The first ansatz to understand the interaction was the
quasi-linear theory [1], which assumes particles are follow-
ing magnetic field lines. While this ansatz yields in gener-
al mostly correct results it is, though, not able to explain
effects of nonlinearity or the scattering of particles across
magnetic field lines.
While analytical methods have developed to rather com-
plex tools additionally numerical simulations have been
performed, which on one hand allowed for a much more
complicated modeling of turbulence, but on the other hand
did not yet fully include realistic turbulent spectra [5].
In the present study we follow a new numerical approach:
The transport of charged particles is simulated as the in-
teraction of test particles along with the simulation of the
MHD background. This ansatz overcomes the problem of
artificial turbulent spectra which may not show the correct
correlation in time and space, which is vital to the particle
transport.

2 The model

Our numerical model consists of two parts: The moving
and tracking of test particles and the simulation of the back-
ground plasma.

2.1 MHD simulations

The background plasma is modeled as compressible MHD
plasma, which is governed by the ideal MHD equation-
s. Simulations are carried out on a periodic domain
with isothermal equation of state. We are using non-
dimensional, normalised units. For the four independent
variables we use the length of the simulation domain L, the
mass of the hydrogen atom m0, a typical number density
n0, and the temperature of the system T0 which directly
relates to the speed of sound cs. The resulting set of nor-
malised MHD-equations is the following:
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Here ρ is the mass density, �s = ρ�v is the momentum densi-
ty, �B indicates the magnetic induction and p is the thermal
pressure. The isothermal equation of state – Eq. (4) – is
simplified by our choice for the normalisation constants.
The MHD equations are solved using a a semidiscrete
central-upwind scheme [2]. The implementation is done
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using a code derived from [3, 4]. To assure a divergence-
free magnetic field we implemented constrained transport
method.

2.2 Test particle tracking

The test particles (here usually) protons interact with the
background plasma only via the Lorentz force. The electric
field may be directly computed from the flow velocity and
the magnetic field via Ohm’s law, as the MHD plasma is
assumed to be ideal

�F = q
(
�E + �v × �B

)
= q
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The fields are evaluated using a third order spline to inter-
polate to the particle positions. Particles are followed using
a Runge-Kutta scheme.
The particle tracks are evaluated to find the transport pa-
rameters - the Fokker Planck coefficients - first for an indi-
vidual particle

Dμμ(id, μ, p) =
(μend − μbegin)

2

2 ·Δt
. (6)

To obtain the statistical transport properties we compute the
average for all particles. In particular we average over the
particles within each bin of the μ− phase space.

Dμμ(Δμ) =
∑

μinΔμ

Dμμ(id, μ, p)/N (7)

Here N is the number of the particles within the pitch angle
bin under consideration. We also tested the Taylor-Green-
Kubo formalism [6, 7, 8] for the analysis of diffusion coef-
ficients. As a matter of fact this method seems to result in
erroneous results and very slow convergence.
With this the parallel mean free path which is also accessi-
ble to experiments can be calculated according to
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where Lscal is the outer length scale of the simulation box.

3 Results

The code has been tested thoroughly for the case of single
gyroresonances. This has been described in detail in[9].
We will focus on the details of applications to the transport
of charged protons in the heliosphere.
As a test case we were simulating the solar energetic par-
ticle event of the period 1996 July 9 18:00 UT to July 10
12:00 UT measured by the Wind 3DP. To resemble the plas-
ma conditions we produced a spectrum with similar proper-
ties (total fluctuation amplitude and spectral index), shown
in Fig. 1.
In Fig. 2 we show the resulting mean free path for a proton
with rigidity of 17 MV. As the running diffusion coefficient

1e-20

1e-15

1e-10

1e-05

1

100000

1e-05 0.0001 0.001

P
o
w

e
r

S
p
e
c
tr

a
l
D

e
n
s
it
y

((
n
T

)2
k
m

)

k in km

turbulent spectum of the heliosphere

simulation

Figure 1: Simulated spectrum for our testparticle simula-
tion within the heliosphere which corresponds to the mea-
sured spectrum from the period 1996 July 9 18:00 UT to
July 10 12:00 UT
.

Figure 2: The mean free path calculated from the numerical
model for different, consecutive simulation times. Appar-
ently the mean free path is consistent with the experimental
value. The shift in rigidity is due to the energy loss of the
particles.

has to converge first, the mean free path slowly approaches
a value which is consistent with observations. Additionally
we are showing the total change in pitch angle through res-
onant scattering for the initial pitch angle. This is shown in
Fig. 3.
Especially from the total scattering it can be seen, that
quasi-linear theory seems to be not completely appropri-
ate, as particles are changing their pitch-angle in only a few
gyrations.
The calculated pitch-angle diffusion coefficient (Fig. 3)
shows some similarity to standard QLT results, but it dif-
fers in two major points: There is clearly diffusion through
μ = 0 and the peaks are shifted slightly outwards. The
latter phenomenon may be explained by the rather short
inertial range and the following steep spectrum (a softer
spectrum produces peaks well beyond μ = 0.6). The per-
pendicular diffusion does not come unexpected, as QLT is
known to be wrong here, but it is not totally clear, which
process governs perpendicular diffusion. It is a matter of
further research to determine the main transport process.
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Figure 3: Δμ(μ) for our numerical model with Δμ =
μmax − μmin. We find a minimum at μ = 0. All parti-
cles have been binned in μ-space and the average value of
Δμ of all particles within a bin has been computed.

4 Conclusion

The hybrid model for the simulation yields consistent re-
sults for the mean-free path of charged particles under he-
lispheric conditions. Our model is taking into account re-
alistic turbulent spectra and also particles leaving magnetic
field lines. Further simulations for more events may help to
answer the question of particle transport in the heliosphere.
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