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Hybrid model of solar energetic particle acceleration and transport

LEON KOCHAROV, RAMI VAINIO, JENS POMOELL
Department of Physics, POB 64, University of Helsinki, FI-00014, Finland
Rami.Vainio@helsinki.fi

Abstract: We report on a new model of solar energetic particle (SEP) acceleration and transport from solar corona
to interplanetary space. The model accommodates results of numerical MHD modeling of coronal mass ejections in
magnetic environment of solar corona and solar wind. Particles are traced with Monte Carlo simulations in a hybrid
coordinate system that is Lagrangian only in the direction perpendicular to magnetic field, with both diffusion approach
and focused transport framework employed. The model accounts for both regular acceleration at the shock front and
stochastic acceleration in the shock’s downstream region. Particles are traced to beyond the Earth’s orbit in realistic solar
wind structures. The model is aimed at fitting and analyzing of high-resolution SEP measurements including dynamic
energy spectra, pitch-angle distributions and ionic compositions in major SEP events.
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1 Introduction

Numerical modeling of solar energetic particle (SEP)
events helps us to understand what we observe in space, to
link observations of different solar emissions, to uncover
physics of the SEP sources, and to probe magnetic field
structures met by SEPs from solar corona to beyond the
Earth’s orbit. There is sufficient understanding of the par-
ticle interplanetary transport in the standard, Parker model
of solar wind that it is now possible to model those pro-
cesses accurately [1, 2, 3]. However, production of SEPs
starts already in solar corona in association with solar flare
and coronal mass ejection (CME) liftoff (e.g, [4]). Be-
sides, a number of studies have stressed the importance of
particle transport in non-standard magnetic field structures
like corotating compression regions [5], magnetic bottle-
necks [6] and interplanetary magnetic clouds [7]. For these
reasons, we need a flexible model that could address SEP
acceleration and transport in different magnetic structures
and under different transport conditions, in presence of
CME-associated coronal and interplanetary shocks associ-
ated with major SEP events.
Evolution of energetic particle distribution undergoing
scattering and energy change can be treated by the method
of stochastic simulations (Monte Carlo method). There are
two different approaches to the Monte Carlo method. The
first approach is based on the fact that the Fokker-Planck
equation can be expressed as a set of stochastic differen-
tial equations with random scattering terms (e.g., [8]). The
set can be solved by time-stepping the progress of individ-
ual “Monte Carlo” particles, and the results are binned to
give a final distribution. Such “Monte Carlo” particles are

not necessarily identical to physical particles, while their
distributions are identical. Alternatively, it is also possi-
ble to start with a microscopic description of elementary
processes, to develop a numerical code for physical parti-
cles, and afterwards if possible to link the code to a Fokker-
Planck equation. The stochastic simulations method is very
flexible and was applied for years to modeling of nuclear
interactions of high-energy particles in solar flares (e.g.,
[9, 10]) and to SEP transport in interplanetary space (e.g.,
[11, 3, 12]).
In general case, there is no global reference frame where
the solar plasma flow is parallel to the large-scale mag-
netic field and the magnetic field is static, as it is a case for
Parker’s solar wind considered in solar co-rotating frame.
Correspondingly, stochastic simulations of particle trans-
port must account for the cross-field flow of the solar
plasma with frozen-in magnetic field lines as well as pos-
sible explicit time-dependence of the magnetic field. In
an effort to combine SEP transport models with results
of MHD modeling of CMEs, Kóta et al. [13] employed
the field-aligned SEP-transport equation in the non-inertial
frame co-moving with the solar wind plasma at every posi-
tion of an energetic particle (after previous works [14, 15]).
In such non-inertial frame, the cross-field flow is absent.
Alternatively, we formulated a method for stochastic sim-
ulations of SEP focused transport in an arbitrarily struc-
tured solar wind with use of inertial solar reference frame
[12]. In present report, we extend our previous modeling
to address both particle acceleration under strong scatter-
ing conditions near the CME shock and subsequent focused
transport to a detector in space.
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2 Modeling the SEP acceleration

Particle scattering is expected to be strong in the SEP
acceleration region and particle distribution to be nearly
isotropic. Hence, particle transport can be treated in a diffu-
sion approximation. Classic diffusion-convection equation
(DCE) of cosmic ray transport in terms of the energy distri-
bution F (r, E, t) takes the form ([16]; for more references
and details [11]):

∂F

∂t
= ∇ ·D · ∇F −∇ · (uF ) +

1

3

∂

∂E
(αEF )∇ · u, (1)

where u is plasma velocity; for non-relativistic particles
α = 2. For Monte Carlo simulations of SEP acceleration
and transport, we re-cast DCE in terms of the number of
particles per unit of magnetic tube length,

N(r (ξ, i), E, t) =
F (r, E, t)

B(r, t)
, (2)

where ξ is curvilinear coordinate along a particular
magnetic-field line, i (Figure 1). It is practical to express
DCE in a field-aligned form, which is parallel to [17]. By
assuming that the magnetic field is frozen into plasma,
∂B/∂t = ∇ × (u × B), and by neglecting the cross-field
transport, Dαβ = D bαbβ , we re-cast the DCE equation
into the field-aligned form:
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where b is a unit vector parallel to the magnetic field; u‖
and u⊥ are velocity’s parallel and perpendicular compo-
nents to the magnetic field (Figure 1); LB = −B/(dB/dξ)
is magnetic focusing length. First two terms in the
right-hand-side of Equation (3) describe one-dimensional
diffusion-convection transport of particles along the mag-
netic field line. Next term accounts for the diffusive shock
acceleration (Sect. 5) and adiabatic deceleration. The last
but one term of Equation (3) describes a change of particle
‘populations’ as different tubes sweep past the fixed point
in coordinate space, r. This term can be ignored as long as
we consider a fixed magnetic flux tube, i = constant. The
last term in the right-hand-side of Equation (3) accounts for
local stretching (or shortening) of the magnetic field line el-
ement. This will be modeled along with possible non-local
change of the magnetic tube length, ξ, caused by the mag-
netic line stretching at distant locations (Sect. 3).
For solving Equation (3), we apply a standard stochastic
simulation procedure that employs random walk and ad-
vection of “Monte Carlo” particles in the two-dimensional
ξ − E space. Note that stochastic acceleration by MHD
turbulence is not shown in Equation (3) but can be easily
added and is incorporated into our Mote Carlo code.

Figure 1: Magnetic field aligned coordinate system for
the particle simulations: coordinate line i at two instants
of time. The coordinate line, being a magnetic field line,
moves with plasma velocity u⊥, which results in the coor-
dinate line’s displacement and elongation / shortening as a
function of time.

3 Coordinate system for SEP simulations

Particle’s curvilinear coordinate, ξ, is the magnetic field
line length counted from a fixed point, e.g., from the so-
lar corona base (Figure 1). Motion of corresponding mag-
netic field line in the perpendicular to it direction, u⊥, can
change the particle coordinate, ξ, even when particle does
not move along the magnetic field line. To account for such
change, we decompose the plasma velocity into parallel to
magnetic field and perpendicular to magnetic field compo-
nents: u = u‖ + u⊥, and consider only effect of the per-
pendicular component, because effect of parallel advection
is accounted for by the second term in right-hand-side of
Equation (3). Thus, the particle’s 3-D move caused by the
perpendicular advection with magnetic field line over the
time dt is

r (t+ dt, ξ + dξ)− r (t, ξ) = u⊥dt . (4)

This implies the corresponding ξ-coordinate change to be
of the rate:

uψ ≡
dξ

dt
= −b · ∂r

∂t

∣∣∣∣∣
i, ξ=constant

, (5)

where the magnetic-field-line unit vector b points in the di-
rection of increasing values of the coordinate ξ. The appar-
ent advection speed uψ , with respect to the adopted coordi-
nate grid, will be added to the particle’s parallel advection
u‖ +D/LB that is explicitly present in Equation (3). Such
a procedure ‘automatically’ accounts for the ‘geometric’
effect described by the last term of Equation (3).
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Figure 2: Pattern of the employed MHD modeling results: snapshot of magnetic field structure and gas compression map
after the first 4 min of CME development (left panel); profiles of parallel component of plasma velocity (upper right) and
magnetic field intensity (lower right) as functions of distance along the outermost closed magnetic field line of the left
panel. Profiles like these are used for modeling of the SEP shock-induced acceleration in closed coronal structures.

4 MHD input for particle simulations

Particle acceleration in major SEP events is induced by
CMEs. To study the large scale coronal dynamics caused
by an erupting CME, we numerically solve the conservative
ideal MHD equations using spherical coordinates in a two-
dimensional azimuthally symmetric setting [18]. The back-
ground solar wind solution is obtained as the converged
steady-state solution of a simulation with a dipole magnetic
field configuration superimposed on a Parker-like outflow.
A spatially variable adiabatic index γ is employed in order
to produce a realistic wind solution with a fast wind em-
anating from the poles and a slow wind in the equatorial
region. However, in order to correctly capture the shock
physics, a temporally constant energy source term is in-
cluded for the shock simulations in a manner such that the
identical solar wind solution is produced, but instead using
the value of γ = 5/3 for the adiabatic index. Finally, to
trigger a CME, we superimpose on the solar wind solution
a flux-rope magnetic structure with a high-density and an
initial radial velocity (Figure 2).
For Monte Carlo simulations of SEP acceleration and trans-
port in the model CME environment, we use a set of model
magnetic field lines, i, with physical quantities being func-
tions of the coordinate ξ measured along the line i, for a
series of MHD times. Primary required set of the pro-

files comprises: parallel component of hydrodynamic ve-
locity u‖, magnetic focusing length LB , velocity uψ de-
fined by Eq. (5), divergence of hydrodynamic velocity
∇ · u = −d ln ρ/dt (d/dt = ∂/∂t+ u · ∇), Alfvén speed,
shock coordinate and its upstream normal angle, upstream
and downstream values of magnetic field and flow velocity.

5 SEP modeling in shock wave

It is known that as long as MHD-compression-region
width, δs, is much less than the particle diffusion length,
Ld = D/ushock, all the results of diffusive shock accel-
eration (obtained for discontinuous shocks) are recovered
[19]. Hence, for the particle simulations, we can model
the CME shock as a continuous compression of width
δs � Ld. For instance, the hydrodynamic speed profile
in de Hoffmann-Teller frame can be adopted in the form:

u =
1

2

[
u1 + u2 + (u1 − u2) tanh

(
ξ − ξs
δs

)]
, (6)

where the indexes ‘1’ and ‘2’ refer to upstream and down-
stream regions, respectively; ξs = ξs(t) is shock coordi-
nate taken from MHD modeling. We assume that the mag-
netic field intensity, diffusion coefficient and scattering-
center speed profiles in the shock front are similar to the
profile of the hydrodynamic speed.
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Particle acceleration is caused by a convergence of the
plasma- (more exactly, scattering-center-) flow inside the
model shock wave. For frozen-in magnetic field, diver-
gence of hydrodynamic velocity inside the shock front can
be calculated as:

∇ · u =
∂u

∂ξ
− u

B

∂B

∂ξ
(7)

with u and B profiles given by Equation (6). We con-
sider strong shocks and consequently ignore a minor dif-
ference between plasma compression ratio and scattering
center compression ratio (cf. [20]).

6 Transition to interplanetary transport

As particle mean free path increases with distance from the
Sun, the DCE approach may not be used in the interplan-
etary space, especially when accurate pitch-angle distribu-
tions at 1 AU have to be reproduced. Only important for
the diffusion transport is the particle diffusion coefficient,
D = λv/3, not a separate value of λ or a separate value of v
but their product value. When solving a diffusion equation
with Monte Carlo method, we trace some imaginary parti-
cles whose ‘velocity’ randomly changes and may be very
far from real velocity of physical particles. Nevertheless,
the diffusion coefficient and the resulting particle density
are identical to those of physical particles. In vicinity of
outer boundary of the diffusion-treatment region, we intro-
duce a ‘conversion’ layer where the “Monte Carlo” parti-
cles of arbitrary velocity are replaced with physical parti-
cles possessing a speed appropriate to their energy. Further
modeling of the SEP transport is identical to that described
in [12].

7 Discussion and conclusions

A nature of a seed particle population for the shock accel-
eration process is typically left beyond scope of an accel-
eration model. However, our modeling indicates that it is
a crucial issue. In particular, we find that energy distri-
bution of seed particles can affect the final SEP spectrum
achieved after the acceleration. Energy threshold for shock
acceleration depends on the shock normal angle with up-
stream magnetic field, θ1. The threshold is lowest in par-
allel shock and dramatically increases with θ1 [25]. If the
shock geometry in a particular magnetic tube changes from
nearly parallel to perpendicular and the seed particle energy
distribution is not wide, seed particles are mainly injected
in the beginning of the shock transit and the resulting SEP
spectrum in most distant sections of the acceleration region
can be much harder than the classic power-law spectrum
expected in a steady state case.
In addition to the field-aligned particle motion, a cross-field
particle transport can be also incorporated into SEP trans-
port models [21, 22] and will be used when it is justified
by the SEP data and the magnetic field measurements and

modeling. The Monte Carlo method can also incorporate
Coulomb energy losses, ionization and recombination of
accelerated ions, generation of MHD waves by energetic
protons, and any other elementary processes in question
(e.g., [24, 23]). Our model is aimed at fitting and analyzing
of high-resolution SEP measurements including dynamic
energy spectra, pitch-angle distributions and ionic compo-
sitions in major SEP events.
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[22] W. Dröge, Y. Kartavykh, B. Klecker, G. A. Kovaltsov,

ApJ, 2009, 709(2): 912–919.
[23] R. Vainio, T. Laitinen, ApJ, 2007, 658: 622.
[24] Y. Y. Kartavykh, W. Dröge, B. Klecker, G. M. Mason,
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