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Stochastic acceleration of relativistic particles in a turbulent magnetic field
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Abstract: We numerically study the solutions of the momentum diffusion equation for the evolution of the energetic
particle distribution in a turbulent magnetic field. We assume a given turbulence power spectrum W (k) ∝ k−q for
the magnetic turbulence within some finite range of turbulent wave-vector k, and consider variety of turbulence power
spectrum indices in the Bohm diffusion (q = 1), Kolmogorov diffusion (q = 5

3
), Kreichnan diffusion (q = 3

2
), and hard-

sphere approximation (q = 2), respectively. In the case of quasi-linear approximation for particle-wave interactions, the
turbulent spectrum gives the energy diffusion rates D(γ) ∝ γq , the acceleration timescale tacc ∝ γ2−q , and the escape
timescale tesc ∝ γq−2. We find that when the particles are confined to the turbulent acceleration region, i.e. without
injection and escape, both cooling and acceleration result to the plasm system reach to a quasi-Maxwellian distribution.
The injection and escape process may dominate the plasm system evolution of the spectrum.
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1 Introduction

It is assumed that the ultra-relativistic electrons are scat-
tered by a magnetized cloud or by the magnetic inhomo-
geneities or plasma waves in stochastic acceleration mech-
anism. For a given Alfven velocity vA of a turbulen-
t magnetic field, since the characteristic acceleration scale
is tacc ∝ ( vA

c )2, the stochastic acceleration process is re-
ferred as a second-order Fermi acceleration process. Gen-
erally, for a non-relativistic turbulence, vA � c, the effi-
ciency of the turbulent acceleration mechanism is frequent-
ly questioned when compared to acceleration by shock[1].
However, in the relativistic regime, shock acceleration en-
counters several difficulties in accelerating particles to high
energies (e.g. [2, 3, 4]). The numerical simulations indi-
cated that, in the high velocities of the turbulent modes,
vA ∼ c, the efficiency of the turbulent acceleration may
be comparable to the efficiency of the shock acceleration
[5]. Following their numerical results, the stochastic ac-
celeration process were discussed in different astrophysi-
cal sources of high energy radiation, such as blazars (e.g.
[6, 7]), extragalactic large-scale jet (e.g., [8]), clusters of
galaxies (e.g., [9]), gamma-ray bursts (e.g., [10]), and ultra-
high energy cosmic rays [11].
Earlier numerical studies of the stochastic acceleration
were mostly concerned with methods for solving the parti-
cles transport equation (e.g., [12]) and considered the short
time dependencies of diffusion characteristics on turbu-
lence in a narrow dynamic range [13, 14], or considered

rapid acceleration in fully turbulent strong fields [15]. In
fact, the particles may be accelerated at the shock front,
then escape into the downstream region of the shock, dur-
ing this process, the particles is still accelerated by turbu-
lent plasma waves. Therefore, the turbulent process may
significantly affect the evolution of the particle spectrum.
Motivated by these results, in this paper we attempt to in-
vestigate further influence of the stochastic acceleration of
ultra-relativistic particles by a turbulent magnetic field for
the evolution of the particles spectrum.

2 Stochastic acceleration

The description of Fermi type acceleration is in term of
isotropic diffusion in momentum space. The evolution of
the energetic particle distribution can be described by the
momentum diffusion equation [16]:

∂f(p, t)

∂t
=

1

p2
∂

∂p
[p2D(p, t)

∂f(p, t)

∂p
] , (1)

where f(p, t) is the isotropic, homogeneous phase space
density, p the dimensionless particle momentum, p =
βγ, D(p, t) the momentum-diffusion coefficient due to in-
teractions with hydro-magnetic waves [17], γ the parti-
cle Lorentz factor of the particle, and β the particle ve-
locity in units of light velocity c. The particle num-
ber density N(p, t) is directly related to the phase space
density:N(p, t) = 4πp2f(p, t). For the ultra-relativistic
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particles, β ≈ 1, the momentum becomes equivalent to the
Lorentz factor of particle (p = γ). After including injec-
tion, radiation, and escape of the particles, Eq. (1) can be
rewritten as (e.g. [6, 18]):

∂N(γ, t)

∂t
=

∂

∂γ
{[C(γ, t)−A(γ, t)]N(γ, t)

+ D(γ, t)
∂N(γ, t)

∂γ
} − N(γ, t)

tesc
+Q(γ, t), (2)

where C(γ, t) is the radiative cooling parameter that de-
scribes the synchrotron and inverse-Compton (IC) cool-
ing of the particles, A(γ, t) is the acceleration term that
describes the particle energy gain per unit time, D(γ, t)
is the momentum-diffusion coefficient due to interactions
with magnetohydrodynamic waves, E(γ, t) represents es-
cape term, and Q(γ, t) is the source term. Here we consid-
er continuous injection case, i.e. the particles are continu-
ously injected at the lower energy (1 ≤ γ ≤ 2) and sys-
tematically accelerated up to the equilibrium energy (γe),
where the acceleration is fully compensated for by the cool-
ing. We take the decrease of the scattering efficiency in the
Klein-Nishina regime into account using the approximation
[19].
For an isotropic Alfvenic turbulence with one dimension-
al power spectrum W (k) ∝ k−q in a finite wave-vector
range kmin < k < kmax, the turbulence energy den-
sity is

∫ kmax

kmin
W (k)dk = δB2/(8π), and the turbulence

is level ζ = δB2/B2, where k = 2π/λ. The index q
is the power spectrum index, and wave-vector kmax and
kmin correspond to the shortest and longest waves in the
system, respectively. Using above described wave spec-
trum, the momentum diffusion coefficient can be evaluated
[20]: D(γ) ≈ β2

Aζγ
2cr

(q−2)
g λ

(1−q)
max , where βA = vA/c

is the Alfven velocity normalized to the light speed, and
rg = γmec

2/(eB0) is the gyroradius of a ultra-relativistic
particle. We note that this results is valid for particles
with gyroradii smaller than the correlation length of the
turbulence field. The associated parallel spatial mean free
path L is given by L ≈ (1/3)ζ−1r

(2−q)
g λq−1

max. This al-
lows us to find the systematic acceleration timescale con-
tained in Eq.(1) due to stochastic particle-wave interaction-
s, tacc = γ2/D(γ) ≈ β−2

A L/c. The escape timescale due
to particle diffusion form the system of parallel spatial s-
cale Λ can be given tesc = Λ2/k||, where k|| = cL/3 is the
parallel spatial diffusion coefficient.

3 Particle spectra in the turbulent field

Based on the quasi-linear approximation for the particle-
wave interactions, we now investigate influence of the s-
tochastic acceleration of ultra-relativistic electrons by a
turbulent magnetic field for the evolution of the electron
spectrum. Four types of diffusions are considered: Bohm
type (q = 1), Kolmogorov type (q = 5

3 ), Kreichnan type
(q = 3

2 ). In our calculations, the parameters are used as
follows: minimum and maximum Lorentz factors of par-

Figure 1: The evolution of the particles spectrum for the
Bohm diffusion in the absence (left panel) and presence
(right panel) of injection and escape of particles. The ini-
tial/injection spectrum with the particle energy 1 ≤ γ ≤ 2.
The stationary Maxwellian spectrum in left panel indicated
by black line.

ticle are γmin = 1, γmax = 106, emission region size is
R = 1015 cm and light travel time is tcr = R/c. We con-
sidered that the magnetic is strongly turbulent with turbu-
lence level ζ = δB2

B2 = 1. Since the acceleration rate dγ/dt
falls off as γ−1 for gyroradii larger than correlation length
of the turbulence [21], we considered the longest wave be-
ing on the order of the size of the system, i.e. λmax = 0.1R.
For simplification, we let the parallel spatial scale Λ = R
in our calculations. Below we consider three cases: steady
state solution, time-dependent solution without escape and
injection, and time-dependent solution without escape and
injection.
In the first case, ∂N(γ, t)/∂t = 0 in Eq. (2) and a gener-
al solution [22] is N(γ) = x exp[−

∫ γmax

γmin

C(γ)−A(γ)
D(γ) dγ],

where x is a integration constant, which is estimated as
x = Ntot/ exp[−

∫ γmax

γmin

C(γ)−A(γ)
D(γ) dγ], where Ntot =∫ γ0max

γ0min
Nini(γ)dγ and Nini(γ) is the initial electron distri-

bution between in γ0min and γ0max.
In our calculations, electrons are assumed to lose energy
by synchrotron and IC scattering, where the synchrotron
emission in a constant magnetic field with UB � Urad,
the synchrotron self-absorption is not considered and IC
cooling is assumed to occur in the Thomson regime. In
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Figure 2: Same as Fig. 1 but for the Kolmogorov
diffusion(q = 5/3).

this case, the stationary solution is given by N(γ) =

xγ2 exp[C0(γ
3−q−1)

D0(q−3) ], where C0 = 4σTUB/(3mec
2) and

D0 = (1/3)β2
Aζc[mec

2/(eB)](q−2)λ
(1−q)
max . It can be seen

that the power law part of the function N(γ) has the same
slope and the shape of the exponential part depends on the
cooling process and turbulent field properties. We expect
this result to a quasi-Maxwellian distribution.
It should be noted that the scenario of the quasi-
Maxwellian distribution of the particles was proposed for
the arbitrary spectrum of the injected particles by Sauge
& Henri (2004) [23], and was applied to model the ac-
tivity of Mrk 501 in April 1997 [24]. In order to ex-
plain the multi-frequencies spectra of Mrk 421 and Mrk
501, a log-parabolic energy distribution, which is simi-
lar to a quasi-Maxwellian distribution, has been proposed
[25][26], However, this log-parabolic distribution was ob-
tained by assuming some specific acceleration process.
In the second case, we now numerically solve Eq. (2) by
neglecting the particles escape and injection and analyze
the initial spectrum evolution with a very narrow initial dis-
tribution of 1 ≤ γ ≤ 2.
Finally, we consider the third case in which both parti-
cles escape and injection are included in Eq. (2). In this
case, the escape in describes a diffusion of the particles
into the region of the turbulent field where the magnetic
field strength is significantly small and then the efficiency

Figure 3: Same as Fig. 1 but for the Kreichnan diffusion
(q = 3/2) .

of the particle emission is also significantly less, the parti-
cles are assumed to be continuously injected at the lower
energy(1 ≤ γ ≤ 2), and systematically accelerated up to
the equilibrium energy.
The calculated results in three cases are shown in Figs. 1-4.
For the particle spectra without escape and injection, the
calculated results in the Bohm (q = 1), Kolmogorov (q =
5
3 ), Kreichnan diffusion(q = 3

2 ), and hard-sphere approxi-
mation (q = 2) are shown in Figs.1(a), 2(a), 3(a), and 4(a),
respectively. From these figure, there is a systematic de-
crease in the plasma density for the initial energy range and
a simultaneous increase in the density around the equilibri-
um energy. In the Bohm diffusion, the plasma system fast
evolves, and the acceleration will significantly decrease the
density of the plasmas with the initial energy, accumulat-
ing a dominant part of the particles around the equilibri-
um energy and reaching the stationary distribution after the
evolution time of tevo ≥ 5tcr. In other cases of the Kol-
mogorov and the Kreichnan diffusions as well as the hard-
sphere approximation, the plasma system reaches to the s-
tationary distribution after tevo ≥ 1000tcr, tevo ≥ 100tcr,
and tevo ≥ 80000tcr, respectively. In the steady state, the
spectrum is almost independent on the initial distribution,
but dependent on the turbulence character.
For the particle spectra with escape and injection, the cal-
culated results for four types of diffusions are shown in
Fig. 1(b), 2(b), 3(b), 4(b), respectively. In this case, the
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Figure 4: Same as Fig. 1 but for the hard-sphere approxi-
mation (q = 2).

competition between the acceleration and the escape pro-
duces a power law distribution that extends from the maxi-
mal energy of the injected particles up to equilibrium en-
ergy. Above the equilibrium energy, the parallel spatial
diffusion process produces an exponential cutoff. The s-
lope of the spectrum produced by the stochastic accelera-
tion n 	 1 + tacc

2tesc
. In our calculations, the characteristic

acceleration time-scale and escape time-scale are free pa-
rameters, resulting in that the index depends on the initial
assumption, and may give much more complex spectra in
different turbulent energy spectrum.

4 Conclusion

Trough numerically solving the momentum diffusion equa-
tion, we studied the properties of stochastic acceleration
of relativistic electrons due to particle-wave interaction in
a turbulent magnetic field. In our calculations, it was as-
sumed the turbulence power spectrum W (k) ∝ k−q with
q = 1, q = 5/2, q = 3/2, and q = 2 for the magnetic tur-
bulence within some finite range of turbulent wave-vector
k and the quasi-linear approximation for particle-wave in-
teractions. From our calculations, We found that (1) the
cooling and acceleration result to the plasm system reach
to a quasi-Maxwellian distribution when the particles are
confined to the turbulent acceleration region, i.e. without
injection and escape; (2) the stationary state is almost in-

dependent of the initial distribution in the case of without
injection and escape but dependent of the turbulence char-
acter, and (3) the injection and escape processes dominate
the plasm system evolution of the spectrum.
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