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Abstract: Phase-average spectrum and energy-dependent light curves of high-energy gamma-ray emission from the Crab
pulsar have been detected recently by the Fermi Large Area Telescope (LAT). We use a modified three-dimensional outer
gap model to study the features of the pulsed emission profile and spectra of the Crab pulsar from X-rays to Gamma-rays
band. In this outer gap model, gamma-rays in the energy region greater than 100 MeV are produced through inverse
Compton scattering from secondary pairs and the survival curvature photons. Our results show that the observed phase-
averaged spectrum from X-rays to Gamma-rays including the Fermi LAT and MAGIC data can be reproduced well, and
the basic properties of the observed energy-dependent light curves of both X-ray and Gamma-ray up to 25 GeV can be
interpreted in this model.
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1 Introduction

The Crab pulsar (PSR B0531+21) has been the best studied
object of pulsars, and the amount of data is rich enough to
researching its detail emission properties. For high energy
emission from Crab pulsar, up to now, multi-band spectrum
from X-rays to gamma-rays has been given, particularly, in
the energy region greater than 0.1 GeV, energy-dependent
light curves up to 25 GeV have been detected by Fermi-
LAT [1] and MAGIC [2]. All observed data can be used
as the constraints on high-energy emission models of Crab
pulsar. The observations indicate a relatively high cutof-
f energy in the phase-averaged spectrum and favoring an
outer-gap or maybe also slot-gap scenario for the Crab pul-
sar [2]. Here we will focus on the outer gap model.
In the original version of three-dimensional (3D) outer gap
model [5, 16], a retarded vacuum magnetic dipole is as-
sumed to approximate pulsar’s magnetosphere, an accel-
eration region (i.e. outer gap) extends from null charge
surface to the light cylinder, the photon emission geom-
etry is determined in corotating observer’s frame (COF),
and the pulsed profile is mainly estimated by emission out-
ward from an outer gap, although emission inward along
the magnetic field lines has been taken into account. But
recent studies show that the gap position shifts if particles
can be injected either at the inner boundary or at the out-
er one, and the gap can be located at the star surface if
the injection rate across the boundary is comparable to the
Goldreich-Julian value (e.g. refs. [7, 12, 8]). Therefore,
Tang et al. [13] assumed that the acceleration region can
extends from the stellar surface to the light cylinder and re-
produced the multi-frequency phase-resolved spectra of the

Crab pulsar in such a modified outer gap model by using
the synchrotron self - Compton mechanism and by consid-
ering the incomplete conversion of curvature photons into
secondary pairs. In this model, emissions from both poles
are included, the photon emission geometry is determined
in the COF, and predicted photon spectra with an energy
greater than several GeV are dominated by the survival cur-
vature photons. In this paper, we will adopt the geometry
of the acceleration region given by ref. [13], but following
modifications are made: (1) the photon emission geome-
try is determined in the inertial observer’s frame (IOF); (2)
the effect of magnetic inclination angle on the thickness
of the outer gap is included; and (3) gamma-ray beaming
angle is self-consistently estimated. In the frame of this
revised model, we reproduce observed energy-dependent
light curves and phase-averaged multiband spectrum for
the Crab pulsar.

2 The Outer Gap Model

Following Cheng et al. (2000)[5], a rotating inclined mag-
netic dipole field with an angular velocity �Ω and magnetic
moment vector �μ have been employed, the local magnetic
field is

�B = �̂r

[
�̂r ·
(
3�μ

r3
+

3�̇μ

cr2
+

�̈μ

c2r

)]
−
(

�μ

r3
+

�̇μ

cr2
+

�̈μ

c2r

)
,

(1)
where r is radial distance, �̂r is the radial unit vector, and c is
the light speed. Note that Eq. (1) is valid in lab frame (LF)
[12, 4]. If the spin axis of the rotating dipole is assumed
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Figure 1: Emission projection onto the (ζ,Φ)-plane in
the IOF. The Crab’s parameters are used, and the mod-
el parameters are: α = 47◦, a1 = 0.93, f0 = 0.055
(f(RL) ≈ 0.16), Δφp = 220◦. The photon projections
from two poles are represented by two sets of curves, the
gray and black curves show the photon projections from
north pole and south pole, respectively. Note that the pho-
tons are assumed to be emitted in the direction of the parti-
cle motion (see text in details).

to be along the z-axis, �μ be in the (x,z) plane, and the in-
clined angle α is the angle between Ω and μ, the magnetic
moment vector in Cartesian coordinate can be written as

�μ = μ(x̂sinαcosΩt+ ŷsinαsinΩt + ẑcosα) . (2)

The structure of the magnetosphere can be described by
specific features such as the last closed field lines. The
footprints of the last closed field lines on the stellar surface
define the polar cap shape.
In the outer gap model used here, the geometry of the out-
er gap can be described as follows: (1) the outer gap in
the (�Ω, �μ) plane extends from the inner boundary to the
light cylinder. The inner boundary is located at the position
on which Bz/B = Jg(φp) is satisfied[13], where Bz is z-
component of magnetic field �B, and jg(φp) is the current
density in unit of ΩB/2π carried by the pairs created in
the gap which is jg(φp) = jg(0)[rnull(0)/rnull(φp)]

−3/8

[13], where jp(0) is the current density at polar cap angle
φp = 0◦ which is assumed to be a parameter, and rnull(φp)
is the radial distance to the null charge surface on the last
closed field line at φp. (2) The vertical thickness, h(r), of
the gap at different regions in the (�Ω, �μ) plane is described
as the fractional size f = h(r)/RL. the fractional size of
the outer gap is given by[18]

f(r, α, φp) =

{
χ(r, α, P,B)f0(P,B) r ≥ rnull(φp),
fnull(Bnull/B(r))1/2 r < rnull(φp),

(3)
where α is the inclination angle, f0(P,B) ≈
5.5(P/s)26/21(B/1012G)−4/7 is the fractional size of
the outer gap by ignoring the effect of the inclination
angle [15] and fnull = χ(rnull, α, P,B)f0(P,B). The

Figure 2: Comparison of predicted energy dependent light
curves with observed data for the energy greater than 100
MeV. The Crab’s parameters are used, and the model pa-
rameters are: α = 47◦, a1 = 0.93, f(RL) ≈ 0.16,
ζ0 = 83◦, and Δφp = 220◦. Blue and green solid curves
represent the contributions of north and south poles, re-
spectively; black solid curve represents the sum of the con-
tributions of these two poles. The observed data are taken
from Fermi LAT obsavation[1].

function χ(r, α, P,B) contains the effect of inclination
angle [17]. Since fnull, rnull, and Bnull in Eq. (4) depend
on the azimuthal angle φp, the fractional size f of the
gap is the function of φp. (3) The azimuthal (φ direction)
extension, Δφp, of the gap is estimated through local pair
production condition, the width of the polar cap angle can
be constrained by requiring pair creation mean-free path
λ(r) ∼ [2s(r)f(r)RL]

1/2 ∼ 2f1/2(RL/2)r ≤ RL at
the null charge surface of the active field lines [13]; this
condition can be used to estimate an azimuthal extension
of the outer gap of Δφp. From above consideration, the
geometry of 3D outer gap model in the magnetosphere can
be given.
In the IOF, the emission direction (ζ,Φ) is determined by
following expressions:

cos ζ = nz , (4)

and
Φ = −Φn − �r · �n , (5)

where−Φn is the azimuthal angle of the emission direction,
and �r is the emitting location in units of RL.
In Fig. 1, we show photon emission projection onto the
(ζ−Φ) plane in the IOF for the inclination angle α = 47◦,
a1 = 0.93, f0 = 0.055 (f(RL) ≈ 0.16), and Δφp = 220◦.
The photon projections from two poles are represented by
two sets of curves, the gray and black curves show the pho-
ton projections from north pole and south pole, respective-
ly. Note that in Fig. 1 the photons are emitted in the di-
rection of the particle motion of Eq. (4), rather than in the
direction which is tangent to the direction of the local mag-
netic field.
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3 Energy-dependent Light Curves and Radi-
ation Spectra

After determining the geometry of the outer gap, a light
curve can be estimated in the (ζ, Φ) plot by fixing an ob-
server’s viewing angle ζ. However, the observations show
that the light curve of the Crab pulsar is energy dependent,
we need to consider radiation mechanisms in order to cal-
culate the energy dependent light curves. For the Crab pul-
sar, the total non-thermal photons consists of the photon-
s produced through secondary pair’s synchrotron radiation
with a spectrum (dN/dEγdt)syn and the inverse Comp-
ton scattering (ICS) with a spectrum (dN/dEγdt)ICS as
well as the survival curvature radiation with a spectrum
(dN/dEγdt)cur,sur [13], therefore the total photon flux ob-
served on the Earth is

F (Eγ) =
1

D2

∑

r

1

ΔΩ(r)
[

(
dN

dEγdt

)
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+

(
dN

dEγdt

)

ICS

+

(
dN

dEγdt

)

cur,sur

] , (6)

where D = 2 kpc is the distance of the Crab pulsar from
the Earth and ΔΩ(r) is the effective solid angle of the outer
gap, where ΔΩ = 4πfΩ and fΩ is the flux correction factor
which is the function of α, gap width and/or ς [14]. Using
the gap width given by Eq. (3) in the expression given by
ref. [14], the flux correction factor at any r of the outer gap
is estimated as

fΩ(r) ≈ 0.17−0.69f(r, α)+(1.15−1.05f(r, α))(
α

90
)1.9.

(7)
In order to calculate the light curves in different energy re-
gions, it is necessary to calculate the photon numbers per
unit time at the emitting region in each bin for a given pho-
tons energy range. i.e.

Nph(E1 ≤ E ≤ E2) ∝
∫ E2

E1

F (Eγ , r)dEγ , (8)

where the energy range is from E1 to E2. since photon-
s are emitted within a finite emission cone of half-angle
ϕ(r), therefore the photons within the range of ζ −ϕ(r) ≤
ζ0 ≤ ζ + ϕ(r) are counted, where the half-angle ϕ(r) is
estimated by using the expression given in ref. [19].
In Fig.2, we show the comparison of predicted energy de-
pendent light curve calculated with observed data with en-
ergy greater than 100 MeV for the Crab pulsar, where
model parameters are α = 47◦, ζ0 = 83◦, f0 = 0.055
(f(RL) ≈ 0.16), Δφp = 220◦. From Fig.2, it can be seen
that the first peak is mainly dominated by the contribution
of the north pole although the contribution of the south pole
is not negligible, but the second peak is completely con-
tributed by the south pole.
In Fig.3, we show the comparisons of the predicted energy-
dependent light curves with those observed in the ener-
gy bands. The relative contribution of the north pole to

Figure 3: Comparisons of predicted energy dependent light
curves with observed data for different γ-ray bands. The
model parameters are the same as those in Fig. 2.

that of the south pole decreases with increasing energy, at
Eγ > 10 GeV, the contributions form the two poles are
almost the same, and at Eγ > 25 GeV, the observed light
curve is completely explained by the contribution of the
south pole. Above predicted features are also explained in
predicted phase-averaged spectrum. In Fig.4, we show the
comparison of our results with the data observed by Fer-
mi LAT[1]. For comparison, the data by EGRET [9]and
MAGIC[2]are also shown.

4 Discussion and Conclusions

Based on the revised outer gap model, we have studied the
photon emission patterns, energy-dependent light curves,
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Figure 4: Comparison of predicted phase-averaged spec-
tra with observed data from X-ray to γ-ray bands. Thick
dashed curves represent the spectra of synchrotron radi-
ation, dot and dot-dashed curves represent the spectra of
inverse Compton scattering from secondary pairs and the
survival curvature produced in the south pole respective-
ly; thin dashed, dot and dot-dashed curves represent corre-
sponding spectra produced in the north pole; and thick solid
curve represents total specrum. Triangles, solid boxes, and
hatched region represent the observed data by Fermi LAT
[1], EGRET [9], and MAGIC [2] respectively. The model
parameters are the same as those in Fig. 2.

and phase-averaged spectrum for the Crab pulsar. In such
a outer gap model, photon emission comes from the out-
er gaps in both south and north poles (see Fig.1). In this
two-pole outer gap model, we have reproduced the newest
observation features (energy-dependent light curves and
phase-averaged spectrum) observed by the Fermi-LAT and
MAGIC (see Figs 2-4).
It should be noted that the magnetosphere is approximated
as the retarded vacuum dipole in our calculations. In fact,
there are uncertainties of modeling γ-ray light curves in the
vacuum dipole field [4] and it seems that the calculation of
γ-ray pulsar’s light curves is required to be performed by
using a more realistic field - force free field [3]. However,
such a filled magnetosphere lacks the acceleration fields re-
quired to produce powerful γ-rays, therefore the true case
must lie in between, with some regions experiencing charge
starvation and departing from force-free field. In fact, it has
been proposed a relatively physical magnetic fields approx-
imating force-free dipole magnetospheres, i.e. the vacuum
dipole field possibly with current-induced B perturbation-
s [10, 11]. Therefore, further investigations are needed in
such a magnetic field structure.
This work is partially supported by the National Nat-
ural Science Foundation of China (NSFC 10778702,
10803005), a 973 Program (2009CB824800), and Yunnan
Province under a grant 2009 OC.
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