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update
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Abstract: We report the results of new calculations of the energy spectra and mass composition of cosmic rays. The
studies were carried out in the framework of ”two types of sources” scenario: (i) injection spectrum in the main sources
of cosmic rays has spectral exponent p = 2.85; (ii) the contributions of nearby young supernova remnants determine the
fine structure and the nonmonotonic behaviour of the cosmic ray composition around the knee. The fractional approach
proposed in our recent papers has been used to describe particles propagation from sources. We show that in the frame-
work of this scenario it is possible to explain the locally observed basic features of the cosmic rays: difference between
spectral exponents of proton, He and other nuclei, mass composition variation, ”knee” problem.
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remnants.

Introduction

We carried out new calculations of cosmic ray spectra
based on the experimental data on conditions of random
walks in plasma [1, 2].

The study is performed in frameworks of anomalous dif-
fusion (AD) model of cosmic rays in fractal-like galactic
medium, developed by the authors [3, 4, 5]. The AD model
was shown to provide a description of main feature of cos-
mic rays spectrum, ”knee”, at ∼ 3 · 106 GeV.

Furthermore it is possible to explain the locally observed
non-monotone energy dependence of all-particle spectrum
near the ”knee” with the use of hypothesis on the presence
of two different types of sources, determining CR intensity
in this energy range. Analysis of all the experimental data
on CR intensity leads to conclusion that sources with spec-
tral exponent of the particle generation p ≈ 2.85 give the
major contribution. Inhomogeneous form of spectrum near
the ”knee” may arise due to presence of nearby supernova
type source with spectral exponent 2.0 and energy cutoff
∼ 3 · 104Z GeV [6].

Experimental data of PAMELA [7] has shown that proton
and helium spectra have different spectral indexes depend-
ing on rigidity. This result comes in conflict with predic-
tions of the shock diffusion acceleration model and diffu-
sive propagation in the Galaxy. It is interpreted as an indi-
cation on existence of different populations of cosmic ray
sources. Possibility to explain the observable dependence
of proton to helium ratio on energy by means of our model
is investigated.

1 AD model with two type of sources

Following to [3, 4], cosmic ray transport in fractal interstel-
lar galactic medium with ‘traps’ and without energy losses
and nuclear interactions is given by anomalous diffusion
equation

∂N

∂t
= −D(R,α, β)D1−β

0+ (−Δ)α/2N(�r, t, R) +

+S(�r, t, R). (1)

Here D = D0R
δ – anomalous diffusion coefficient, R —

particle rigidity, Dμ
0+ — the Riemann-Liouville fractional

derivative [8]:

Dμ
0+f(t) ≡

1

Γ(1− μ)

d

dt

t∫

0

(t− τ)−μf(τ)dτ, μ < 1,

(−Δ)α/2 — fractional Laplacian (‘Riss’ operator) [8]:

(−�)α/2f(x) = 1

dm,l(α)

∫

Rm

�l
yf(x)

|y|m+α
dy,

where l > α, x ∈ Rm, y ∈ Rm,

Δl
yf(x) =

l∑

k=0

(−1)k
(
l

k

)
f(x− ky)

dm,l(α) =

∫

Rm

(1− eiy)l|y|−m−αdy.
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Figure 1: Mean logarithmic cosmic ray mass vs. primary
particle energy. Dashed areas — results of experimental
data analysis (I - [10], II - [11]), solid line — our calcu-
lation in the framework of the anomalous diffusion model
with two types of sources.
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Figure 2: Ratio of protons to helium nuclei as a function of
energy in GeV per nucleon. Proton/helium ratio, obtained
in this paper, is compared with experimental measurements
(experimental data are taken from [12]).

In case α = 2 and β = 1, the equation (1) is the normal
diffusion equation.

For punctual impulse source with power energy spectrum
S(�r, t, R) = S0R

−pδ(�r)Θ(T − t)Θ(t), corresponding to
particle generation processes in astrophysical objects, the
solution of equation (1) has the form

N(�r, t, R) =
S0R

−p

D(R,α, β)3/α

t∫

max[0,t−T ]

τ−3β/α ×

×Ψ(α,β)
3

(
|�r|(D(R,α, β)τβ)−1/α

)
dτ, (2)

where function Ψ
(α,β)
3 (r) — is a density of fractional

stable distribution [14]. Ψ
(α,β)
3 (r) is determined by

three-dimensional spherically-symmetrical stable distribu-
tion q

(α)
3 (r) (α ≤ 2) [13] and one-sided stable distribution

q
(β,1)
1 (t) with characteristic exponent β [13].
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Figure 3: Ratio of protons to helium nuclei as a function
of rigidity. Proton/helium ratio, obtained in this paper, is
compared with experimental measurements [7].

2 Spectrums of cosmic rays

Determination of the key parameters of the model, expo-
nents α and β, is based on the results of the investigation
of particles diffusion in the cosmic and laboratory plasma
and on interpretation of the data for magnetosphere [1, 2].

The main parameters of the model (p, δ, α, β,D0) were
evaluated from experimental data. It has been shown
that under condition p ≈ 2.85, δ ≈ 0.27, D0 ≈ 1 ·
10−4pc1.1y−0.8 in the case α = 1.1, β = 0.8 the model can
explain the different values of spectral exponent of protons
and other nuclei, mass composition variations, the steepen-
ing of the all-particle spectrum in wide energy range.

In this paper the cosmic rays intensity from all galactic
sources is presented as [4]

J(�r, t, E) = JL(�r, t, E) + JG(�r, E) =
v

4π
N(�r, t, E). (3)

Here JL is the contribution of nearby (r ≤ 1 kpc) young
(t ≤ 106 yr) sources with p ≈ 2.8 and p ≈ 2.0 calculated
with (2) (T ∼ 104 yr), and JG is the component deter-
mined by the multiple old (t ≥ 106 yr) distant (r ≥ 1 kpc)
sources, calculated in stationary variant of theoretical AD
spectrum (2) [15].

For analysis of the experimental data obtained in the Solar
system, the intensity (3) was corrected for the modulation
effects. We use the spherically symmetric force model of
[16] to describe the solar modulation. The influence of so-
lar modulation on the particle flux is

Jmod(T ) =

(
T 2 + 2mpc

2T
)
JISM(T +Φ)

(T +Φ)2 + 2mpc2(T +Φ)
, (4)

where T is the kinetic energy per nucleon, mp is the mass
of a proton and JISM is the interstellar flux (3). The po-
tential energy Φ, describing the average energy loss of
particle from interstellar space to 1 AU, is determined by
solar modulation parameter φ : Φ = φZ/A, we use
φ = 750 MV in this paper.
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Figure 4: Comparison of our calculations of primary cosmic rays spectra in framework of anomalous diffusion model
with two types of sources with experimental data.

In [4] it is shown, that anomalous diffusion with the param-
eters, given above, satisfactory describes the basic observ-
able features of cosmic ray spectrum and mass composition
in the wide energy range 102 − 1010 GeV. The obtained
all-particle spectrum for sources with S(R) ∼ R−2.85

practically coincides with ‘background’ spectrum from pa-
per [9](see [6] for details). At the same time the calcu-
lations demonstrated that for purely power-like spectrum
S ∼ R−2.85 the model is unable to reproduce additional
breaks in the region 105 − 107 GeV.

Spectra of nuclei, all-particle spectrum and 〈lnA〉were cal-
culated with the use of (2) with particle generation spec-
trum in the source of the form S(R) = S0R

−2.85 and sup-
plementary supernova type source with S1E

−2Θ(Emax −
E). As a criterion for determination of particle maximum
energy, accelerated by the additional source, we used con-
clusion on the considerable increase of 〈lnA〉 in the region
107 − 108 GeV, obtained in [11]. Results of our calcu-
lations, given in Figures 1–5 and in Table 1, show, that
inclusion into system of sources with S(E) ∼ E−2.85

adopted in [4], of the additional supernova-type source
(r ≈ 100 pc, t ≈ 105 yr), accelerating particles up to
Emax ≈ 3 · 104Z GeV, allows to describe complicated
structure of cosmic ray spectrum and mass composition in
the vicinity of the ‘knee’.

The division of CR intensity into two components
JL(�r, t, E) and JG(�r, E) allows to describe ratio of pro-
tons to helium nuclei as a function of energy in good agree-
ment with experimental data (Figure 2). Moreover new ex-
perimental results of PAMELA [7], demonstrating power-

Table 1: Mean logarithmic cosmic ray mass 〈lnA〉 vs. pri-
mary particle energy in the framework of the anomalous
diffusion model with two types of sources.

E, GeV 〈lnA〉 E, GeV 〈lnA〉
1 ·100 0.08 1 ·105 1.88
5 ·100 0.22 5 ·105 2.05
1 ·101 0.33 1 ·106 2.15
5 ·101 0.69 5 ·106 2.36
1 ·102 0.94 1 ·107 2.50
5 ·102 1.44 5 ·107 2.77
1 ·103 1.57 1 ·108 2.54
5 ·103 1.70 5 ·108 2.61
1 ·104 1.71 1 ·109 2.62
5 ·104 1.81

law dependence of proton/helium ratio on rigidity, are also
satisfactory reproduced by our model (Figure 3).

Results and conclusions

New parameters of the anomalous diffusion model has kept
unchanged the main conclusions of [6]:

• AD model can explain the different values of spectral
exponent of protons and other nuclei, smooth mass
composition variations, the monotonous steepening
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Figure 5: Comparison of our calculations of primary cosmic rays spectra in framework of anomalous diffusion model
with two types of sources with experimental data.

of the all-particle spectrum in wide energy range
102 − 1010 GeV;

• we show that it is possible to explain the locally
observed non-monotone energy dependence of all-
particle spectrum near the ”knee” with the use of
“background” sources (S(R) ∼ R−2.85) with addi-
tional source with S(E) ∼ E−2.0 and energy cut-off
Emax ≈ 3 · 104Z GeV .

Two-component representation of CR intensity with local
JL(�r, t, E) and global JG(�r, E) components allows to de-
scribe ratio of protons to helium nuclei as a function of en-
ergy or rigidity in good agreement with experimental data.
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