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Fluctuation of high energy muons and induced Cherenkov photons in water
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Abstract: The range fluctuation on high energy muon is exactly treated in the sense of computer numerical experiment.
The survival probabilities obtained by our simple time sequential method are compared with those obtained by the tra-
ditional method (vcut procedure method). The agreement between them is well. We examine the typical behaviors of
individual muons, with the shortest range, with average like range and with the longest range and clarify their character-
istics. Further more, we notice that the agreement between them is well as far as the muons’ behaviors are concerned, but
we expect that the behavior of the Cherenkov light yields become different between them.
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1 Introduction

In the KM3 detectors deployed in the Antarctic, the o-
cean and lake, [2,3,4,5] what is the most important is to
decide the energies of high energy muons due to neutrino
interactions from the experimental and technical point of
view. In the energy determination of high energy muons,
there are two indispensable problems to be carefully ex-
amined, the first is the examination on the fluctuation of
the traversed lengths of the muons and the second is the
fluctuation on the Cherenkov light yields initiated by both
the muons themselves and their daughters’ electromagnetic
cascade showers. In the present paper, we study the range
fluctuation of high energy muons and in an another con-
tribute paper[1], we study the fluctuation in the Cherenkov
light from the electromagnetic cascade showers1.

2 The vcut procedure method and the simple
time sequential method in the treatment of
high energy muons

The Monte Carlo method is the one of the most powerful
means to study fluctuation of the problems concerned. As
far as the treatment of the range fluctuation of high energy
muons by the Monte Carlo method is concerned, there ex-
ist two independent approaches. The one is the procedure
of splitting the radiative energy loss in two terms, a contin-
uous ”soft” term for v < vcut and a stochastic ”hard” term
for (vcut < v < 1) in the fundamental equation for the
muons’ energy losses which we name tentatively vcut pro-
cedure method [6,7,8]. The other is the simple time sequen-

tial method developed by us in which the interaction points
of the muons and their dissipated energies are directly de-
termined [9,10] and, here, all possible physical processes
are treated in stochastic manner without the introduction if
cut. In the present paper, we take the minimum energy of
the muon as 1GeV.

3 The validity of the simple time sequential
method and comparison of our calculation-
s with those obtained by vcut procedure
method

Our simple time sequential method had been confirmed by
the results obtained by the analytical theory[11]. Now our
results are compared with that by Lipari and Stanev[6] in
Figure 1 and that of Klimushin et al.[8] in Figure 2. The
agreement between our results and those by the vcut pro-
cedure method are well, taking into account of the some
differences in the cross sections concerned.

4 Individual behavior of the muon for 1 EeV

In our method, we exactly simulate the whole history of in-
dividual muon, namely, we know where the muon interact
with matter, know what kind of the interaction (bremm-
strahlung or direct electron pair or photonuclear interac-
tion) occur and know how much energy is dissipated for
the muons concerned. In Figures 3 to 5, we give the muon

1. As for the induced photons in water, it will be discussed in
an another contributed paper[1].
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Figure 1: The comparison of our survival probabilities with
those by Lipari and Stanev [6]. Curves labels correspond
to following set of primary energies: (1)1TeV, (2)10TeV,
(3)102TeV, (4)103TeV, (5)104TeV, (6)105TeV, (7)106TeV.
The continuous lines show our results and symbols are read
out from the graph by Lipari and Stanev.
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Figure 2: The comparison of our survival probabilities with
those by Klimushin et al [7] The continuous lines are ob-
tained by us, while symbols are readout from those by K-
limushin et al for primary energies from 1013 eV to 3×1016

eV. The numerical figures attached each curve denote the
threshold energy is 10 TeV. Curves labels correspond to
following set of depths: (1)1.15km, (2)3.45km, (3)8.05km,
(4)12.65km, (5)17.25km, (6)21.39km.

with shortest range, one with the average like range and
one with the longest range. Here, the average like range
denotes the most nearest range among the total sampling
the muon. In this case, the shortest range is 8.27 kilo me-
ters, while the longest range 54.8 kilo meters. We should
say there is big fluctuation in the range distribution for 1018

eV muon.
In these figures, the abscissa denotes the depth from the
starting point, and the ordinate denote the ratio of the
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Figure 6: The range distributions for different primary en-
ergies from 1012 eV to 1018 eV.

muon’s energy at the given depth to primary energy. The
colors of ”needles” denote the kinds of the interactions
(bremsstrahlung (red), direct pair production (green), and
photo nuclear interaction (blue) and the lengths of the nee-
dles denote the ratio of the dissipated energies due to the
specified interaction to primary energy, the line graphs in
the figure denote the ratio of the muon’s energy to prima-
ry energy at the depths. In vcut procedure method, usually
they adopt vcut = 10−3 to 10−5. Consequently, they cannot
consider discrete energy dissipation as shown in the figures
whose v is smaller than vcut.
In Table1, we give more detailed information around the
number of the specified interactions and the correspond-
ing energy losses in the case of shortest ranges, ones with
the average like ranges and ones with the longest ranges.
In Tablel 2, we give the ratios of the dissipated energies
due the specified interactions to the primary energies in the
cases of the shortest ranges, average-like ranges and the
longest ranges. <average> denote the arithmetic average
among total sampling of the event (500 sampling), while
[average-like] are not <average>, but muons whose real
range (individual) in the nearest to their average values.
It is clear from these tables that the muons with the shortest
ranges are turned to lose their energy by the bremsstrahlung
(the so called ”catastrophic” energy loss, while the muon
with the longest loses their energies by repeating a large
number of interactions of direct electron pair production
with rather small energies (rather ”continuous”). In Table
3, we give the range distributions for 1012 eV to 1018 eV.
These range distributions above 1014 eV may be well ap-
proximated by the Gaussian distribution whose the average
and the standard deviation is given in Table 3.

5 Conclusion

As far as the dissipated energies due to muons are con-
cerned , the results obtained by the simple time sequential
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Figure 3: The transition for energy loss due to specified interactions as the function of the depth for the 1018 eV muon
with shortest range.
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Figure 4: The similar graph to Figure 3 for 1018 eV with the average-like range.

Table 1: The details of the characteristics on the muons with the shortest range, the average like range, the longest range
and the average range.

Range Energy loss Number of Energy loss Number of Energy loss Number of
Ep = 1012eV [km] by brems interaction by direct pair interaction by nuclear interaction

<Average> 2.39×100 1.09×1011 4.67×100 1.70×1011 2.39×102 4.43×1010 3.37×100

Shortest 6.23×10−2 9.81×1011 2 4.73×108 4 3.99×108 1
Average-like 2.51×100 1.17×1011 3 1.44×1011 232 1.37×1011 4

Longest 9.29×100 6.09×1010 8 1.44×1011 288 1.66×109 2

Ep = 1015eV

<Average> 1.72×101 3.38×1014 4.64×101 4.96×1014 6.56×103 1.61×1014 5.31×101

Shortest 1.68×100 8.59×1014 5 8.87×1013 628 5.20×1013 4
Average-like 1.73×101 4.23×1014 35 4.75×1014 6363 9.67×1013 56

Longest 3.16×101 1.82×1014 70 7.50×1014 10981 5.84×1013 91

Ep = 1018eV

<Average> 3.17×101 3.24×1017 1.04×102 4.59×1017 2.48×104 2.17×1017 1.66×102

Shortest 8.27×100 7.04×1017 33 2.91×1017 7285 4.77×1015 40
Average-like 3.19×101 3.76×1017 95 3.51×1017 22395 1.64×1017 173

Longest 5.48×101 7.52×1016 190 7.61×1017 45367 2.73×1017 299

method is the same value as those obtained by the vcut pro-
cedure method shown as in Figures 1 and 2, because the
introduction of vcut into the fundamental equation never
change the total quantity of the dissipated energy.

However, when we treat the Cherenkov light yields due to
muons concerned, the discrepancy on the Cherenkov light
yields between two method is expected to become clear.
The first, how to dissipate energies into the Cherenkov part
are quite different in both method and consequently, the
transition curves for Cherenkov light yields by our method
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Figure 5: The similar graph to Figure 3 for 1018 eV with the longest range.

Table 2: The ratios of dissipated energies from
bremsstrahlung, direct electron pair production and photo
nuclear interaction to the total energy loss.

Ep = 1012eV Brems Direct Pair Nuclear
<Average> 3.37×10−1 5.26×10−1 1.37×10−1

Shortest 9.99×10−1 4.81×10−4 4.06×10−4

Average-like 2.94×10−1 3.62×10−1 3.44×10−1

Longest 2.95×10−1 6.97×10−1 8.04×10−3

Ep = 1015eV
<Average> 3.40×10−1 4.98×10−1 1.62×10−1

Shortest 8.59×10−1 8.87×10−2 5.20×10−2

Average-like 4.25×10−1 4.78×10−1 9.72×10−2

Longest 1.84×10−1 7.57×10−1 5.90×10−2

Ep = 1018eV
<Average> 3.24×10−1 4.59×10−1 2.17×10−1

Shortest 7.04×10−1 2.91×10−1 4.77×10−3

Average-like 4.22×10−1 3.94×10−1 1.84×10−1

Longest 6.78×10−2 6.86×10−1 2.46×10−1

Table 3: The average values, the standard deviations and
the relative variance of the range distributions of muons
with 1011 eV to 1018 eV.

Ep [eV] < R > [km] σ [km] σ/ < R >

1011 4.75×10−1 2.39×10−1 5.03×10−1

1012 2.51 5.32×10−1 2.12×10−1

1013 7.18 1.97 2.74×10−1

1014 1.23×101 3.35 2.72×10−1

1015 1.73×101 4.35 2.51×10−1

1016 2.22×101 5.16 2.32×10−1

1017 2.70×101 5.86 2.17×10−1

1018 3.19×101 6.52 2.04×10−1

may give different values from those by the vcut procedure
method.
The second, the muons may be produced by neutrino in-
teraction, with different energies. Different energy muons
are treated inconsistent manner, because of the constant of
vcut. Namely, how to produce the Cherenkov light yield
have inconsistency in it.

The third, neutrinos, parents of the muons, have spec-
trum. This spectrum greatly increases the uncertainty in
the Cherenkov light yields.
In conclusion, the Cherenkov light yields obtained by the
simple time sequential method may give considerable dif-
ferent results from those by the vcut procedure method.
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