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Comparing Cosmic Ray Energy Spectra Using a Bayes Factor
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Abstract: We develop a statistical method to compare energy spectra for ultra-high energy cosmic rays from different
regions of the sky in the same experiment without reliance on agreement with a theoretical model of the energy spectra.
The consistency between the two spectra is expressed in terms of a Bayes factor, defined here as the ratio of the likelihood
of the two-parent source hypothesis to the likelihood of the one-parent source hypothesis. The Bayes factor allows for the
calculation of the posterior odds ratio and correctly accounts for non-Gaussian uncertainties. An important application is
the study of the energy spectrum in a region of the sky that contains one or more strong cosmic ray accelerators. If the
sources are nearby and the flux is not subject to GZK suppression, the spectrum can potentially deviate significantly from
the all-sky spectrum.
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1 Introduction

Increased statistics from the current generation of cosmic
ray detectors will soon allow for a detailed comparison of
the shape of the cosmic ray energy spectrum as a func-
tion of the sky position. The spectrum in a region of the
sky that contains one or more strong cosmic ray sources
can potentially deviate from the all-sky spectrum. Creating
a “skymap” of spectral parameters such as spectral index
might reveal sky regions where cosmic ray accelerators are
located. If the source is closer than 80 Mpc, for example,
its flux is not expected to show a GZK suppression due to
the interaction of the cosmic rays with photons of the mi-
crowave background. Its energy spectrum at the highest
energies could potentially differ significantly from the all-
sky cosmic ray energy spectrum.
An analysis of the spectrum as a function of sky location
needs to account for the fact that measurements of the en-
ergy spectrum at the highest energies are often plagued by
20%-30% systematic uncertainties and low statistics. In the
high-energy tail, the measurements are determined by only
a few events. This means that a rigorous statistical analysis
is necessary to compare the spectra and avoid pitfalls from
the paucity of data in the high-energy tail. A straightfor-
ward two-sample χ2-test requires that the uncertainties on
the data are Gaussian. This condition is violated at high
energies, where the number of events per bin is typically
< 10. As a result, use of χ2 may inflate the significance of
the difference in spectra between regions.

We have developed a statistical method to compare cos-
mic ray energy spectra using a Bayes factor formulation
where the likelihood of the hypothesis that the two energy
spectra stem from one source (the “one-parent” hypothe-
sis) is compared to the likelihood of the hypothesis that the
spectra stem from from different sources (the “two-parent”
hypothesis).
There are several advantages to a Bayesian approach to
model selection. Most importantly, it allows for the calcu-
lation of the posterior odds ratio in favor of the two-parent
hypothesis over the one-parent hypothesis, which is the rel-
evant model selection parameter. Unlike a χ2-test, it takes
into account the alternative hypothesis, and it automatical-
ly penalizes over-fitting of the data with complex models.
In contrast to a χ2- or F -test, it allows for non-Gaussian
uncertainties in the data. In addition, the Bayesian formal-
ism allows for the marginalization of nuisance parameters
and systematic uncertainties. Marginalization provides a
convenient way to quantify our ignorance of nuisance pa-
rameters with the judicious choice of prior probability dis-
tributions.

2 Method

Let �F1 = {F1,i} and �F2 = {F2,i} be the (binned) ob-
served fluxes that are to be compared. Then the Bayes fac-
tor B21 is the likelihood ratio that the measurements arise
from two parent distributions versus a one-parent distribu-
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tion,

B21 =
P ( �F1, �F2|H2)

P ( �F1, �F2|H1)
, (1)

where H1 and H2 indicate the one- and two-parent hy-
pothesis, respectively. When the prior probabilities of the
hypotheses in question are equal, P (H1) = P (H2), the
Bayes factor is equal to the posterior odds ratio

P (H2| �F1, �F2)

P (H1| �F1, �F2)
=

P ( �F1, �F2|H2)P (H2)

P ( �F1, �F2|H1)P (H1)
= B21 . (2)

B21 derives solely from the data and describes how the data
will cause an experimenter to favor one or another hypoth-
esis after conducting an experiment, independent of prior
beliefs or prejudices regarding the two hypotheses.
The Bayes factor B21 can take on any value between 0 and
∞, depending on the strength of the evidence in favor of
the one- or two-parent hypothesis. For the interpretation of
a given value of B21, we can use the connection between
the Bayes factor and the posterior probability. If we do not
favor either model before taking data (P (H1) = P (H2)),
the posterior probability of the null (one-parent) hypothesis
can be calculated from the Bayes factor using

P (H1| �F1, �F2) =
1

1 +B21
. (3)

As an example, a Bayes factor B21 = 10−2 indicates that
the posterior probability of the one-parent hypothesis given
the data is 99%; and B21 = 102 indicates that the posterior
probability is 0.99%.
In the derivation of B21, the observed counts in each energy
bin �F1 and �F2 are compared to the expected values �f1 =
{f1,i} and �f2 = {f2,i}, given a particular hypothesis. The
expectations �f1 and �f2 are expressed in terms of the total
expected counts {ηi} and a set of weights {wi} such that

f1,i = wiηi, f2,i = (1− wi)ηi . (4)

The weights have values between 0 and 1 and the counts
can take on any positive value. Since the expected fluxes
�f1 and �f2 are unknown, we marginalize these parameters
in the Bayes factor. We treat the error in the flux as Poisso-
nian.
We derive B21 for two different cases. In method A, we
compare both shape and absolute flux of the spectra. This
method depends on knowledge of the relative exposure of
the two data sets. In the one-parent hypothesis, the weights
are simply the known relative exposure for the two data
sets. In the two-parent hypothesis, we marginalize over the
weights, as the flux in the two regions could be different.
The Bayes factor can then written as [1]

lnBA
21 =

N∑

i=1

[
ln(Γ(F1,i + 1))

+ ln(Γ(F2,i + 1))

− ln(Γ(F1,i + F2,i + 2))

−F1,i ln(wi)−F2,i ln(1− wi)
]
, (5)

where N is the number of bins.
Method B is similar except that we remove the dependence
on the known relative exposure and compare the spectra us-
ing no absolute scale; instead, we marginalize the relative
weight (the scaling factor) of the spectra in the one-parent
case. The lack of dependence on the relative exposure al-
lows one to compare the shape of the spectra without com-
paring the absolute flux. This is useful in cases where the
relative exposure between data sets is not known with suffi-
cient accuracy, or when the absolute flux is not considered
relevant in the comparison. Whereas the two-parent case
remains the same as in the first method, the one-parent case
needs to be modified. We now allow the (unknown) weight-
s wi to float, but not from bin to bin. Rather, we want the
weight to act as a normalization factor to allow the spectra
to scale together over all bins at once. The weights wi are
therefore not bin-dependent and can be described by a sin-
gle weight w = wi which is allowed to float between 0 and
1. In this case, the Bayes factor can be written as [1]

lnBB
21 =

N∑

i=1

[
ln(Γ(F1,i + 1)) + ln(Γ(F2,i + 1))

− ln(Γ(F1,i + F2,i + 2))
]

+ ln(Γ(N1 +N2 + 2))− ln(Γ(N1 + 1))

− ln(Γ(N2 + 1)) . (6)

3 Example

Several examples for the sensitivity of the method are giv-
en in [1]. Here, we highlight an example with an impor-
tant application. We compare two simulated spectra where
one is a single power law and the other is a broken pow-
er law. If we assume that the spectral index of the second
data set is identical to the index of the first data set for ener-
gies below some break energy Ebr and different at energies
above Ebr, this example describes a scenario where a GZK
suppression is present in one data set, but not in the other.
This could potentially be the case for the comparison of the
energy spectrum in the vicinity of a strong nearby source
of ultra-high energy cosmic rays to the all-sky cosmic ray
spectrum.
The two data sets to be compared will typically be unequal
in size, since a small sky region around the source position
is compared to the rest of the sky. In this example, the total
number of events Ntot is therefore distributed unequally:
the single power law, representing the source region, con-
tains (as an example) 5 % of all events, whereas the broken
power law, representing the all-sky cosmic ray flux, con-
tains 95 % of all events. The first data set is a single power
law with spectral index γ1 = 2.59. The second data set
is a broken power law with the same index γ1 from the
lowest energy bin log(E/eV) = 18.61 to the break energy
log(Ebr/eV) = 19.46, and a steeper index γ2 = 4.3 above
Ebr. This shape corresponds to the most recently published
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Figure 1: Bayes factor as a function of lower energy thresh-
old Emin for a comparison between a single power law and
broken power law for method A (top) and B (bottom). The
total number of events in both sets is Ntot = 14519. The
analysis is performed for a large number of random imple-
mentations of the two data sets. The solid lines indicate
the median and the shaded area the 68 % percentile. The
horizontal line indicates a Bayes factor B21 = 100. The
vertical line indicates the position of the breakpoint in the
broken power law at log(Ebr/eV) = 19.46.

spectrum measured by the Pierre Auger Observatory [2],
which is based on a data set with 14519 events.
The Bayes factor as a function of the lower energy thresh-
old is shown in Fig. 1, with Ntot = 14519, for method A
(upper plot) and method B (lower plot). We also show the
results for a data set with three times the number of events
(Fig. 2) to illustrate the improvement expected for larger
data sets.
The analysis indicates that with the current statistics, only
method A can discriminate between the two spectral shapes
with a Bayes factor exceeding 100. For this method, which
compares the spectra in shape and in absolute flux, the
maximum Bayes factor occurs at about log(Emin/eV) =
19.6, slightly above log(Ebr/eV) = 19.46. This behavior
is expected, as the spectra below the break agree and there-
fore do not contribute to the Bayes factor. After the max-
imum is reached, the Bayes factor decreases with Emin as
the data sets become smaller and can no longer be distin-
guished due to low statistics. For method B, which com-
pares shape only, the Bayes factor reaches its maximum at
a lower energy, around log(Emin/eV) = 19.2, indicating
that more data is necessary for method B to reach the max-
imum of discrimination power.
The Bayes factor increases with the size of the data set.
For data sets of three times the published size, it reaches
peak values of 1010 and 105 for method A and B, respec-
tively. The data recorded with the fully-operational Pierre
Auger Observatory should reach this size within three to
four years.
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Figure 2: Same as Fig. 1, but for Ntot = 43557.

In reality, the region around the source will contain not on-
ly source events, but also background events whose energy
distribution follows the all-sky energy spectrum. The frac-
tion of background events in the source bin is difficult to
predict as the source flux is not known. To study the effec-
t, we repeat the previous analysis assuming that a fraction
of the events in the source bin are background, which we
will refer to as the contamination level. A contamination
level of 0 means that all events in the source bin are source
events, and a contamination level of 1 means that all events
are background events. Fig. 3 shows the maximum Bayes
factor (scanned over Emin) as a function of contamination
level for Ntot = 14519, assuming that the source region
contains 5 % of all events. Again, we also show the results
for a data set three times as large (Fig. 4).
The figures indicate that with current Auger statistics,
method A can potentially differentiate spectra at a level of
B21 > 100 if the contamination level is less than 25 %,
whereas method B cannot differentiate the spectra for any
level of contamination. For three times the current data,
method A can differentiate the spectra for contamination
levels less than 57 %, and method B for contamination lev-
els of 28 %. The difference in the discrimination power of
the two methods is quite substantial, indicating the advan-
tage provided by an accurate knowledge of the exposure to
the source region.

4 Comparison to a Two-Sample χ2-Test

One of the major advantages of the Bayesian method is that
it assumes Poisson uncertainties in all bins. To illustrate
how important this aspect is in the study of cosmic ray
spectra, we compare the performance of the Bayes factor
analysis to a straightforward two-sample χ2 test. The χ2

test statistic is

χ2 =
1

n1n2

m∑

i=1

(n2n1i − n1n2i)
2

n1i + n2i
, (7)
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Figure 3: Peak Bayes factor as a function of the contam-
ination fraction of a single power law source by the all-
sky background broken power law spectrum for method
A (top) and B (bottom). The total number of events is
Ntot = 14519. The analysis is performed for a large
number of random implementations of the two data sets.
The solid lines indicate the median and the shaded area the
68 % percentile. The horizontal line indicates a Bayes fac-
tor B21 = 100. The vertical line indicates the contamina-
tion fraction for which the median of the peak Bayes factor
starts to exceed 100.
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Figure 4: Same as Fig. 3, but for Ntot = 43557.

where n1i and n2i are the counts for spectrum 1 and 2 in
bin i, n1 and n2 are the total number of events in data set
1 and 2, and m is the number of bins [3]. The statistic in
Eq. 7 has approximately a χ2

m−1 distribution for samples
of sufficient size. We test here whether this requirement is
met in the example described in Section 3. Fig. 5 shows the
actual distribution of the test statistic in Eq. 7 and a theoret-
ical χ2

m−1 distribution for data sets of two different sizes.
The plots show that even for data sets ten times the size of
the current Auger event sample (top), the statistics are not
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Figure 5: Distribution of the χ2-test statistic from Eq. 7
(histogram) and the theoretical χ2 distribution (solid line)
for a data set ten times (top) and 100 times (bottom) the
size of the most recently published Auger data set.

sufficient in the high-energy tail of the spectrum. Only for
a data set 100 times the size of the Auger set (bottom) is the
actual distribution identical to the prediction. As a result,
for realistic data set sizes, the use of χ2 inflates the signif-
icance of the difference between the sets, and the χ2 test
cannot be applied. The Bayes factor, which assumes Pois-
son uncertainties in all bins, is not affected by this problem
and is therefore the appropriate statistical test for compar-
isons of energy spectra at the highest energies.
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