
32ND INTERNATIONAL COSMIC RAY CONFERENCE, BEIJING 2011

Sensitivity of the correlation between the depth of shower maximum and the muon shower size
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Abstract: The composition of ultra-high energy cosmic rays is an important issue in astroparticle physics research,
and additional experimental results are required for further progress. Here we investigate what can be learned from the
statistical correlation r between the depth of shower maximum and the muon shower size, when these observables are
measured simultaneously for a set of air showers. We find that, assuming realistic measurement uncertainties, the value
of r can provide a measure of the spread of masses in the primary beam. Particularly, one can differentiate between a
well-mixed composition (i.e., a beam that contains large fractions of both light and heavy primaries) and a relatively pure
composition (i.e., a beam that contains species all of a similar mass). The number of events required for a statistically
significant differentiation is ∼ 200. This differentiation, though diluted, is maintained to a significant extent in the
presence of uncertainties in the phenomenology of high energy hadronic interactions. Testing whether the beam is pure
or well-mixed is well motivated by recent measurements of the depth of shower maximum.
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1 Introduction

The composition of ultra-high energy (UHE) cosmic rays
is a key question in astroparticle physics research. The
current experimental situation is rather unclear, and addi-
tional independent experimental results related to compo-
sition appear mandatory for further progress.
The muon shower size Nμ is known to be well correlated
to the mass of the primary cosmic ray, and a measurement
of Nμ would generally be independent of the measurement
of the depth of shower maximum Xmax [1]. In this way,
it is natural to pursue the use of Nμ in composition stud-
ies. However, because of significant model uncertainties,
obtaining robust composition information from Nμ is not
straightforward. To briefly demonstrate the problem, con-
sider that the difference between the EPOS [2, 3] and Sibyll
2.1 [4] hadronic interaction models with regard to the av-
erage muon shower size 〈Nμ〉 for 1019 eV proton showers
is ∼ 40%. For comparison, the expected difference be-
tween proton and iron showers with regard to 〈Nμ〉 is also
∼ 40%. Thus, at present, it is quite difficult to make a
reliable inference from an observed value of 〈Nμ〉 to the
average nuclear mass. This does not mean that all useful
composition information contained in the Nμ observable is
muddled by model uncertainties, but care must be taken as
to what inferences to draw.
Here we investigate what can be learned from the statisti-
cal correlation between the two observables Xmax and Nμ

assuming a set of events where both quantities are mea-
sured simultaneously. To our knowledge, this has not been
studied in detail in the literature. We find that the correla-
tion between Xmax and Nμ can provide a measure of the
spread of masses in the primary beam. Particularly, one
can differentiate between a well-mixed composition (i.e.,
a beam with large fractions of both light and heavy pri-
maries) and a relatively pure composition (i.e., a beam that
contains species all of a similar mass). This differentiation
remains significant and meaningful, even though diluted, in
the presence of model uncertainties. Moreover, a transition
of composition (e.g., from light to heavy) will show up as a
characteristic change of the correlation with energy. Thus,
while not providing an absolute measure of the composi-
tion, we find the correlation between Xmax and Nμ to be
a fairly robust measure of significant characteristics of the
UHE cosmic ray composition.

2 The Xmax and Nμ shower observables

For our discussion here, we assume that Xmax and Nμ are
measured with different detection systems, such that the
measurement errors are not correlated. For example, Xmax

could be measured with an array of telescopes that detect
the fluorescence and/or Cherenkov light created by the air
shower, and Nμ could be measured by an array of muon
detectors deployed at ground level.
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Figure 1: Xmax - Nμ distribution for proton showers and iron showers with an energy of 1019 eV and a zenith angle of
45◦. Figure (a) is for an ideal detector (i.e., zero measurement uncertainty). Figure (b) is for a realistic detector.

We assume that both measurement techniques are em-
ployed on the same set of showers. As in Ref. [1], we de-
fine Xmax to be the atmospheric depth where the energy
deposit is maximum. We define Nμ to be the number of
muons above 1 GeV that reach ground level. Our results
are not strongly affected by this choice of an energy cut.
It is typical for the muon shower size to be quoted as the
number of muons per unit area at a certain distance from the
shower axis, with the distance being optimized for a partic-
ular detector (e.g., [5, 6]). Such a muon density observable
is highly correlated with Nμ. We use Nμ because it is the
more general shower observable (i.e., the specification of a
certain shower distance is not required).
The muon shower size must also be specified at a certain at-
mospheric depth. Here, we assume for simplicity that Nμ

is measured at a constant slant depth of 1200 g/cm2, which
is well past the range of Xmax observed by the Auger Ob-
servatory [1]. We checked that the main findings of this
study do not depend on the specific choice of the observa-
tion level of Nμ, as long as Nμ is observed past shower
maximum. We take the zenith angle of the showers to
be a constant 45◦, which corresponds to a slant depth of
∼ 1200 g/cm2 if the muon detector is located ∼ 1400 m
above sea level. In reality, there would be a distribution of
zenith angles (or equivalently, of slant depths). In this case,
the dependence of Nμ on zenith angle should be removed
by normalizing each Nμ measurement to a central zenith
angle using a parametrized function derived from the com-
plete Nμ data set.
We define the correlation factor r for a set of showers to be
the linear correlation between the observed values of Xmax

and Nμ

r =
cov(Xmax, Nμ)

σ(Xmax)σ(Nμ)
, (1)

where cov and σ denote the covariance and standard devi-
ation operators, respectively. Per this definition, a constant
offset or multiplicative factor in the measurement of Xmax

or Nμ does not affect the calculation of r.

3 Analysis

3.1 Ideal Detector

Let us first consider the case where the detectors are ideal,
i.e., the detectors have zero measurement uncertainty. In
Fig. 1a, we show a scatter plot of Xmax and Nμ values for
air showers initiated by protons and iron nuclei with energy
of 1019 eV (1000 events each). The showers were simu-
lated with the Conex [7, 8] air shower simulation package
using the QGSJET-01 [9] high energy interaction model.
With the consideration of an ideal detector, protons and
iron nuclei are well separated on the Nμ-Xmax plane. For
the proton distribution, the correlation factor is rp = 0.0.
For the iron distribution, rFe = 0.7. For the union of the
two sets, rp+Fe = −0.51.
The main result we want to elucidate is the following. For
composition mixtures that contain large fractions of two or
more chemical species that are well separated in mass num-
ber (i.e., significant fractions of both light and heavy nuclei
– a well-mixed composition), the value of r will be signifi-
cantly negative. This is in contrast to when the composition
is comprised of only one chemical species, for which case
the value of r is near zero or positive.
Note that the result that r is negative for well-mixed com-
positions depends mainly on the relative separation be-
tween protons and heavy nuclei with regard to the two
shower observables. For the same initial conditions, Xmax

is ∼ 100 g/cm2 deeper for proton showers than for iron
showers, and Nμ is∼ 40% greater for iron showers than for
proton showers. Both of these expectations are not strongly
dependent on the details of the high energy hadronic in-
teractions. In this way, the connection between a nega-
tive value of r and the composition mixture is not strongly
model dependent.
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Figure 2: Correlation factor r versus the Nμ measurement uncertainty for three different pure compositions and one
well-mixed composition, a proton-iron mixture. The proton-iron mixture is 50% protons and 50% iron nuclei.

3.2 Realistic detector

We take our nominal Xmax measurement uncertainty to be
20 g/cm2. This is similar to the measurement uncertainty
of Xmax with the fluorescence detector of the Pierre Auger
Observatory [1]. We take our nominal Nμ measurement
uncertainty to be 20%. This is similar to the resolution of
the muon density observable ρμ used with the Yakutsk [5]
detector arrays. The AMIGA [6] detector array is expected
to have a similar resolution.
In Fig. 1b, we show a scatter plot of Xmax and Nμ values,
which includes our nominal measurement uncertainties. As
before, the distributions are for air showers initiated by pro-
tons and iron nuclei with an energy of 1019 eV.
In contrast to the ideal detector consideration, protons and
iron nuclei are not well separated in Fig. 1b. For the proton
distribution, the value of r remains rp = 0.0. For the iron
distribution, the value of r decreases, rFe = 0.1. For the
union of the two sets, the value of r increases, rp+Fe =
−0.32.
Because Xmax and Nμ are measured with independent de-
tectors, the effect of measurement uncertainty is to de-
correlate the observables. That is, the values of r are closer
to zero than in the case of the ideal detector. However, the
main observation from before remains valid: the value of r
can discriminate between a well-mixed composition and a
pure composition.
The discrimination power of r holds also for data sets
smaller than the one shown in Fig. 1. For example, for
a data set of 200 events, the 1-sigma statistical uncertainty
on r is ∼ 0.07. For this case, rp and rp+Fe are separated
by nearly 5-sigma.

3.3 Effects of measurement resolution and model
uncertainties

The ability of r to discriminate between composition mix-
tures is dependent on the measurement uncertainties. In
Fig. 2, we show the value of r for different composition
scenarios versus the measurement uncertainty of the Nμ

observable, keeping the Xmax uncertainty at 20 g/cm2.
The results are for 1019 eV showers. Fig. 2a is calcu-
lated with the QGSJET-01 interaction model, while Fig.
2b is calculated with the Sibyll 2.1 interaction model. Out
of the four models considered in this paper – QGSJET-01,
QGSJET II-03 [10], Sibyll 2.1, and EPOS – QGSJET-01
and Sibyll 2.1 give the minimum and maximum values of
rp+Fe, respectively.
Fig. 2 demonstrates that the separation between a pure
composition and a well-mixed composition is significant
over a broad range of Nμ measurement uncertainties. This
figure also demonstrates how the value of r depends on the
interaction model used in the simulation. As also discussed
below, the model uncertainty reduces the discrimination
power of r, but useful constraints are still possible. For
instance, with our nominal measurement uncertainties and
for a data set of 200 events, an observation of r < −0.25
will favor a well-mixed composition independent of inter-
action models.

3.4 Sensitivity to different composition mixtures

In Fig. 3, we show the correlation factor for several dif-
ferent composition mixtures calculated with our nominal
measurement uncertainties. In Fig. 3a, the calculations
were performed with the QGSJET-01 interaction model,
while in Fig. 3b the calculations were performed with the
Sibyll 2.1 interaction model. In most cases, these two mod-
els bracket the values of r calculated with the QGSJET
II-03 and EPOS models. We plot r as a function of
RMS(ln(A)) =

√
var(ln(A)), where A is the mass number
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Figure 3: Correlation factor r for several different composition mixtures versus RMS(ln(A)).

of the cosmic rays present in the beam and var is the vari-
ance operator. The quantity RMS(ln(A)) is a measure of the
purity of the beam (i.e., a pure beam will have RMS(ln(A))
= 0, and a mixed beam will have RMS(ln(A)) > 0).
We show four different pure beams: p, He, C, and Fe; four
different bi-species beams: p & C, p & Fe, He & Fe, and
C & Fe; and one quad-species beam: p & He & C & Fe.
For each bi-species beam, we plot three different mixture
ratios: 80%-20%, 50%-50%, and 10%-90%, where the first
percentage is the fraction of the light component. For the
quad-species beam, we test the case where all four species
are present in equal measure.
Over a wide variety of mixtures, the correlation be-
tween r and RMS(ln(A)) is quite strong: r decreases as
RMS(ln(A)) increases. The most negative value of r occurs
when the mixture is dominated by nearly equal portions of
proton and iron nuclei.
From an inspection of Fig. 3, we see that an observation
of r < −0.25 would indicate a well-mixed beam, i.e.,
RMS(ln(A)) � 1.3. In turn, an observation of r > −0.05
would indicate a fairly pure beam, i.e., RMS(ln(A)) � 0.7.

4 Conclusions

We have studied in detail the sensitivity of the correlation
factor r between Xmax and Nμ to qualities of the UHE
cosmic ray composition. The correlation factor incorpo-
rates the muon shower size observable Nμ and, therefore,
provides composition information that complements elon-
gation rate analysis. While not providing a direct indication
of the average nuclear mass, the value of r is sensitive to
whether the UHE cosmic ray beam is pure or well-mixed.
Testing whether the beam is pure or well-mixed is well
motivated by recent measurements of the depth of shower
maximum. The discrimination power of r is affected by
model uncertainties; however, it is possible to make useful
constraints independent of the interaction models.
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