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Abstract: The measured decrease of the abundance ratio of secondary to primary Galactic cosmic-ray
nuclei is explained by the steep increase of the cosmic-ray parallel meanfree path with magnetic rigidity
that results from the weakly nonlinear transport theory of cosmic rays inthe turbulent Galactic magnetic
fields. Because the ratio of fluctuating to ordered magnetic fields in the Galaxy is large, this nonlinear
transport theory has to be favored over the traditional quasi-linear theory. Our explanation provides an
alternative to Galactic transport theories of cosmic rays with significant distributed stochastic acceleration.

Introduction

The observed ratio of secondary to primary cosmic
ray nuclei indicates that primary cosmic rays at rel-
ativistic energies penetrate a total column density
of matterX = n0τv during their residence timeτ
in the Galaxy, wheren0 is the average density of
the interstellar gas andv is the cosmic ray velocity.
For diffusive propagation the mean residence time
τ can be expressed by the system size (thickness
of Galactic disk)L and the parallel spatial diffu-
sion coefficientκ‖ asτ = L2/κ‖, so that

X(R) =
n0vL2

κ‖(R)
=

3n0L
2

λ‖(R)
∝ λ−1

‖ (1)

where we used the parallel mean free pathλ‖ =
3κ‖/v. The measured decrease of the abundance
ratio of secondary to primary cosmic ray nu-
clei as B/C and N/O at kinetic energies above 1
GeV/nucleon, implies a variation of the total col-
umn density as a function of rigidityR as (Swordy
et al. 1990)

X(R) = 6.9 (R/[20GV/nucleon])
−a g cm−2

(2)
with

a = 0.6 ± 0.1. (3)

The rigidity dependence and therefore the parame-
tera is controlled by the rigidity dependence of the
inverse parallel mean free pathX ∝ λ−1

‖ .

Thus, an important goal of theoretical research is
the explanation of

λ‖ ∝ R0.6±0.1. (4)

In plain diffusion or leaky-box transport models
without distributed stochastic acceleration the im-
plied value ofa = 0.6 is not in accord with the
prediction of the quasilinear theory (e.g. Schlick-
eiser & Miller 1998, Schlickeiser 2002) with a Kol-
mogorov power spectrum of magnetic fluctuations
g(k) ∝ k−5/3:

λQLT
‖ ∝ R1/3 (5)

For this reason models with distributed stochas-
tic acceleration have been favored (e.g. Jones et
al. 2001) despite the disagreement of the im-
plied weak energy dependence of the secondary-
to-primary ratios at energies≥ 20 GeV/nucleon
with the high-energy HEAO-3 data by Binns et al.
(1981) on the sub-Fe/Fe ratio.

It is the purpose of this article to offer an alter-
native explanation of the rigidity dependence of
the secondary-to-primary ratio. We demonstrate
that the increase of the cosmic ray spatial diffu-
sion coefficient at relativistic rigiditiesλ‖ ∝ R0.6
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results from the improved weakly nonlinear the-
ory (WNLT) of Galactic cosmic rays in the par-
tially turbulent Galactic magnetic field with a Kol-
mogorov power spectrum of magnetic fluctuations.

The previously used quasilinear approach to the
transport of cosmic rays in a partially random mag-
netic field ~B + δ ~B is a first-order perturbation cal-
culation in the ratioqL = (δB/B0)

2 and requires
smallness of this ratioqL ¿ 1 to be applicable.
However, estimates of interstellar magnetic field
fluctuations (Minter & Spangler 1996, Beck et al.
1999) from Faraday rotation measure fluctuations
and radio polarization studies indicate rather large
values between0.1 ≤ qL < 0.65. For such large
turbulence values nonlinear transport effects be-
come important in calculating cosmic ray diffusion
coefficients. The WNLT of cosmic ray transport
accounts for such nonlinearities and has been suc-
cessfully applied to the transport of solar cosmic
rays in the interplanetary magnetic field that has an
even higher value ofqL = 1 (Shalchi et al. 2004).

The Weakly Nonlinear Theory

Recently proposed numerical test particle simu-
lations (Qin 2002, see also Minnie 2002) have
shown that nonlinear effects are important if the
parallel mean free path is calculated (see Fig. 1).
Therefore, a nonlinear theory for cosmic ray trans-
port was derived to describe particle transport in
agreement with simulations. The WNLT (weakly
nonlinear theory) of Shalchi et al. (2004) is based
on the quasilinear formulation but nonlinear effects
were included. By the formal replacement

πδ
(

k‖v‖ + nΩ
)

→
D⊥k2

⊥ + ω

(D⊥k2
⊥ + ω)

2
+

(

k‖v‖ + nΩ
)2

(6)

with

ω =

{

2Dµµ

1−µ2 for perpendicular diffusion
0 for pitch-angle diffusion.

(7)

we can substitute the sharp delta function of quasi-
linear theory (QLT, Jokipii 1966) by the Breit-
Wigner resonance function of WNLT. Resonance-
broadening in WNLT arises from pitch-angle dif-
fusion, described by the Fokker-Planck coefficient
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Figure 1: WNLT-results (solid line) in compari-
son with QLT-results (dashed line) and simulations
(Qin 2002, dots) for the parallel mean free path.
Results are for20% slab/80% 2D geometry and he-
liospheric parameters. As illustrated, WNLT can
reproduce the test particle simulations. For com-
parison we have also shown the QLT-result for pure
slab geometry (dotted line).

Dµµ and perpendicular diffusion, described by the
Fokker-Planck coefficientD⊥. Thus, we have a
coupled system of nonlinear Fokker-Planck coeffi-
cients within WNLT:

Dµµ = Dµµ(Dµµ, D⊥)

D⊥ = D⊥(Dµµ, D⊥) (8)

The formulas for these two Fokker-Planck coef-
ficients are given in Shalchi et al. (2004). This
system can be solved numerically and the parallel
mean free path can be calculated by applying the
standard relation (see e.g. Schlickeiser 2002)

λ‖ =
3

v
κ‖ =

3v

8

∫ +1

−1

dµ
(1 − µ2)2

Dµµ(µ)
(9)

In the current article we consider a so-called
slab/2D composite model to generate a quasi three-
dimensional model for the turbulence geometry. In
this model the turbulent fields are assumed to have
the form

δBi(~x) = δBslab
i (z) + δB2D

i (x, y). (10)

The slab/2D composite model allows a simplifica-
tion of all theoretical calculations and this model
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was also considered in most test particle simula-
tions. Furthermore, we consider a simple mag-
netostatic model where we neglect electric fields,
plasma wave effects, and dynamical turbulence ef-
fects. The wave spectrum which we apply in this
article has the formg(k) ∼ (1+k2l2)−ν where we
used the bendover scalel and the spectral index of
the inertial range2ν = 5/3.

As illustrated in Fig. 1 the WNLT is able to repro-
duce simulated parallel mean free paths. There-
fore, it is self-evident to apply this nonlinear ap-
proach onto transport of Galactic cosmic rays.

Explanation of the secondary-to-
primary ratio

Fig. 2 shows the parallel mean free pathλ‖/lslab

as a function of the dimensionless rigidityR =
RL/lslab calculated with WNLT in comparison
with QLT results. The inverse parallel mean free
path lslab/λ‖ is proportional to the secondary to
primary abundance ratio at relativisitic rigidities.
The dimensionless rigidity can be related to the ki-
netic energy by

Ekin =
√

E2
0 + (αR)2 − E0 (11)

with E0 = mc2 and

α =| q | B0lslab. (12)

Hereq is the charge of the particle andB0 is the
magnetic background field (meanfield). For our
calculation we used the parameters which should
be appropriate for the interstellar medium (see ta-
ble 1). For such values the parameterα defined
in Eq. (12) becomes for electrons and protons
α ≈ 2.4 · 106GeV . With the definition

R0 :=
E0

α
(13)

we have for relativistic particlesR À R0. For
protons we findR0 ≈ 0.4 · 10−6. As explained
in Shalchi & Schlickeiser (2005) the results of the
current article are only valid forR0 < R < 1 or
in terms of the kinetic energyE0 < Ekin < 2.4 ·
106GeV .

The valuea = 0.6±0.1 in Eq. (2) can by explained
theoretically by the WNLT. Therefore we come
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Figure 2: The parallel mean free path devided by
the slab-bendover-scaleλ‖/lslab as a function of
R = RL/lslab (RL =Larmor-radius,lslab =slab
bendover scale). We have shown WNLT-results
(solid line), QLT-results (dashed line) and aR0.6-
fit (dotted line).

to the conclusion that within a nonlinear transport
theory the abundance ratio of secondary to pri-
mary cosmic ray nuclei can be explained, which
thus provides evidence for the presence of nonlin-
ear transport of Galactic cosmic rays.

Summary and conclusion

In the current article we applied the recently pro-
posed weakly nonlinear theory (WNLT) of cosmic
ray transport to examine the rigidity dependence
of the parallel mean free path. This is interest-
ing and important because the rigidity dependence
controlls the abundance ratio of secondary to pri-
mary cosmic ray nuclei as B/C and N/O at kinetic
energies above 1 GeV / nucleon. Within quasi-
linear theory (QLT) with the rigidity dependence
λ‖ ∝ R1/3 models with distributed stochastic ac-
celeration have been favored. As noted in recent
test particle simulations QLT should not be valid
for realistic turbulence parameters (e.g. non-slab
models). Therefore, an improved transport theory
has been derived (WNLT, Shalchi et al. 2004).
Here we demonstrated that this new theory pro-
vides a different rigidity dependence of the paral-
lel mean free path, namelyλ‖ ∝ R0.6. Therefore
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Parameter Symbol Value

Inertial range spectral index 2ν 5/3
Slab bendover scale lslab 2 · 1018cm
2D bendover scale l2D 0.1 · lslab

Mean field B0 0.4nT
Slab / 2D ratio δB2

slab/δB2
2D 0.25

Turbulence strength δB2/B2
0 0.5

Table 1: The turbulence parameters which were used for our calculations of the cosmic ray parallel mean
free path. These values should be appropriate for the interstellar medium.

we come to the conclusion that within a nonlinear
transport theory the abundance ratio of secondary
to primary cosmic ray nuclei can be explained,
which thus provides evidence for the presence of
nonlinear transport of galactic cosmic rays.
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