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Introduction

The universe, when observed on scales much smaller than the Hubble radius, is
highly structured. Matter is concentrated in virialized objects, the biggest of them
being clusters and groups of galaxies. There is now general agreement on the fact
that small structures formed at earlier times, while bigger structures form later as
the result of the hierarchical merging of smaller objects. During a merger event,
shocks are driven by gravity in the diffuse baryonic component, which is heated up
to the observed hot temperature. The presence of this diffuse hot gas in clusters
makes them powerful X–ray thermal sources, detectable by space telescopes.

A direct evidence supporting this hierarchical view of structure formation was
recently obtained from high resolution X–ray observations of clusters performed by
the Chandra and XMM satellites. These observations have shown signatures of
ongoing mergers in a number of clusters, such as disturbed morphologies in the
brightness distribution and hot shocks in the intracluster medium (Forman et al.,
2002).

Besides mergers, the growth of structures proceeds also through the so called
secondary infall onto already formed objects (Bertschinger , 1985). In fact, clus-
ters continuously attract unbound matter in their neighbourhood and their mass
increases due to accretion of new material. The existence of such non virialized gas
outside clusters and groups of galaxies is suggested by cosmological numerical simu-
lations (Cen & Ostriker , 1999). This gas is structured in low density, relatively cold
filaments whose X–ray emission is expected to be tenuous and hardly detectable by
present day instruments. Filaments connect more dense, hot regions, forming the
so called cosmic web.

The first evidence for non–thermal emission from large scale structures came
from radio observations of the Coma cluster, which is a massive (M ∼ 1015M�),
X–ray bright (LX ∼ 1045erg/s), nearby (z ∼ 0.0231) cluster of galaxies. The first
radio map of the Coma cluster region made at 408MHz revealed the presence of a
large size (∼ 45′) diffuse source in the middle of the cluster (Large, Mathewson &
Haslam , 1959). This source, which is now considered the prototypical example of
cluster radio halos, was for the first time classified in this way by Willson (1970).
To date, radio halos are observed from several rich clusters, and the detection rate
significantly increases with X–ray luminosity, reaching ∼ 30% if only the brightest
clusters, with X–ray luminosity greater than 1045erg/s are considered (Feretti ,
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Introduction

2003).

It is now well established that the observed radio emission is truly diffuse and is
not associated with single cluster galaxies. Moreover, this emission is believed to be
non–thermal synchrotron radiation and this fact constitutes a strong evidence for
the presence of relativistic electrons and magnetic field in the intracluster medium.
Additional evidence for non–thermal activity in clusters comes from hard X–rays
(Fusco–Femiano et al., 2003) and possibly extreme UV/soft–X (Bowyer , 2003) ob-
servations, that seem to show an excess with respect to the expected thermal radi-
ation. Hard X–ray observations can be interpreted as inverse Compton scattering
off the cosmic microwave background radiation from the same population of elec-
trons responsible for the radio emission (Fusco–Femiano et al., 2003). The origin of
the UV/soft–X excess is more controversial and there is still some debate about its
thermal or non–thermal origin (Bowyer , 2003).

Even if the existence of relativistic electrons is firmly proved by observations,
the origin of these particles and the mechanisms through which they are accelerated
are still unknown. Since the majority of the acceleration mechanisms at work in
astrophysical sources accelerate protons as well, it is generally assumed that also an
hadronic cosmic ray component is present in the intracluster medium. Relativistic
protons can interact with thermal protons and produce charged pions which in turn
decay, generating relativistic electrons and positrons in the cluster volume. For
this reason, non–thermal electrons are generally referred to as primaries if they are
directly accelerated through some mechanism, or as secondaries if they are the final
products of the decay of charged mesons produced in inelastic collisions between
cosmic ray protons and thermal protons which constitute the intracluster medium.

Models explaining radio observations as synchrotron emission from secondary
electrons were proposed by Dennison (1980) and extensively studied after the dis-
covery that cosmic ray protons remain diffusively confined within the cluster volume
for cosmological times, without losing their energy (Berezinsky, Blasi & Ptuskin ,
1997; Völk, Aharonian & Breitschwerdt , 1996). This means that the present day
hadronic cosmic ray population in a cluster is the result of the pile up of all the
relativistic protons injected in the intracluster medium during the whole cluster life-
time. As a consequence, synchrotron emission from secondary electrons is expected
to be amplified. High energy gamma rays can also be produced during inelastic
proton–proton scattering, and for this reason, the expected gamma ray luminosity
from clusters of galaxies is enhanced as well. However, despite some recent claims,
gamma rays from clusters of galaxies have not been detected yet (Reimer et al.,
2003).

Harris et al. (1980) proposed that radio halos might be powered by cluster merger
events. The connection between cluster mergers and non–thermal activity in the
intracluster medium is appealing, especially on the basis of considerations about the
energy needed to power the radio halos. In fact, a very small fraction of the huge
amount of gravitational energy released during a merger is needed to be converted
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Introduction

into relativistic electrons in order to explain observations. Recently, this idea has also
received observational support from the fact that clusters hosting a radio halo seem
to show the signatures of a recent major merger event (Buote , 2001). Obviously, this
correlation is not expected in the context of models based on secondary electrons, in
which the level of radio emission depends on the whole history of cosmic ray sources
in clusters and not on recent events such as ongoing mergers.

It is well known that collisionless shock waves can accelerate particles up to
ultra–relativistic energies via the first order Fermi mechanism (Blandford & Eich-
ler , 1987). For this reason, large scale shocks associated with cluster mergers or
secondary infall of matter have been often considered to be the sources of cosmic
rays in the intracluster medium. In several earlier works, ad hoc assumptions were
made about the values of the shock Mach numbers, in order to reproduce radio ob-
servations. As we will demonstrate in the following, these assumptions are incorrect
and lead to several predictions which are in strong disagreement with a number
of observations. Moreover, models in which particles are accelerated at large scale
shocks have problems in reproducing the observational features of radio halos. The
details in the radio halo spectra cannot be explained in the context of models in-
volving secondary electrons, while primary electrons cannot explain the ∼ Mpc size
of halos due to their very short diffusion length. In an alternative and promising
approach, electrons are supposed to be continuously reaccelerated by MHD waves
injected in the intracluster medium during mergers (Jaffe , 1977; Schlickeiser et al.,
1987; Brunetti et al., 2001a). Both the extended size and spectral features of radio
halos can be well reproduced by these models.

Recently, Loeb & Waxman (2000) proposed a connection between the observed
isotropic extragalactic gamma ray background and the process of large scale struc-
ture formation. In particular, they suggested that this background might be due
to inverse Compton scattering from relativistic electrons accelerated at merger and
accretion shocks in clusters and filaments. More accurate calculations revealed that
this mechanism is too inefficient to saturate the whole observed background (Gabici
& Blasi , 2003b; Keshet et al., 2003). However, the detection of gamma rays from
single forming clusters with next generation space telescopes appears to be feasible
(Gabici & Blasi , 2004).

The aim of this work is to study the acceleration of particles during the process
of large scale structure formation and the related non–thermal emission from radio
waves to gamma rays. The thesis is structured as follows. In chapters 1 and 2
we briefly review the theory of hierarchical structure formation and diffusive shock
acceleration respectively. In chapter 3 we present a novel recipe to estimate in a
self–consistent way the Mach number of merger related shocks and we use it to
investigate the relevance of such shocks in particle acceleration. Merger shocks are
found to be weak, and consequently unable to accelerate particles with spectra flat
enough to result in appreciable non–thermal radiation.

The presented recipe is generalized in order to include strong accretion shocks in
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chapter 4, which is focused on the issue of the detectability of high energy gamma
rays from forming structures with next generation GeV and TeV telescopes. Predic-
tions seem to be very optimistic for space borne GeV telescopes such as GLAST and
AGILE, while less enthusiastic conclusions can be drawn for ground based Čherenkov
telescopes (Gabici & Blasi , 2004). We also give a more realistic estimate of the con-
tribution to the extragalactic diffuse gamma ray background from forming clusters
of galaxies, concluding that it can add up to at most 10% of the observed back-
ground (Gabici & Blasi , 2003b), at odds with the above mentioned earlier claims
(Loeb & Waxman , 2000).

In chapter 5, we consider the possibility that both radio and hard X–ray radiation
from clusters might be produced by electrons reaccelerated by Alfvénic turbulence
generated in the cluster volume during major mergers. We consider for the first
time the most general situation in which relativistic electrons, thermal protons and
relativistic protons exist within the cluster volume and their interactions with waves
are treated in a fully time dependent way.

A subjective view of the future perspectives in this field of research is outlined
in chapter 6.
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Chapter 1

Large scale structure formation

The current, successful standard cosmological model describing our universe is based
on the so–called Cosmological Principle. This Principle states that the universe is
homogeneous in the large–scale average, that is, every region has the same properties
of any other region, and isotropic, that is, the universe looks the same if we turn
our telescope towards different directions.

The validity of the isotropy hypothesis can be checked, for example, by means
of precision measurements of the angular distributions of the X–ray or microwave
background radiations or through deep galaxy counts. These measurements tell us
that the universe is very close to isotropy if observed from the Earth. Moreover, if we
reasonably think not to be in a very special place in the universe, then homogeneity
naturally follows from isotropy.

The homogeneity in the large–scale average can also be constrained by measure-
ments of the large scale fluctuations in the Cosmic Microwave Background radiation
(CMB). Large–scale departures from homogeneity, if present, would cause the ex-
pansion of the universe across the Hubble length to differ by a fractional amount δ,
measured in orthogonal directions. This would produce a quadrupole anisotropy of
the same order δ in the CMB temperature, since the CMB temperature scales with
the expansion factor. The CMB is known to be isotropic to better than one part in
104, so that the universe is expected to be very close to homogeneity on scales com-
parable with the Hubble length, with mass fluctuations of the order δM/M < 10−4.

These fluctuations become larger and larger if the smoothing radius is progres-
sively reduced and the value δM/M ∼ 1 is reached averaging over a scale which
is about one percent of the Hubble length. This is a consequence of the fact that
on small scales the universe is structured and the matter is concentrated in stars,
galaxies, clusters of galaxies or superclusters.

The observed isotropy of the CMB can also be interpreted in the following,
equivalent way: the universe was extremely uniform at recombination, with fluctu-
ations in the energy density and in the gravitational potential of roughly one part
in 105. Such small “primordial” fluctuations are generated in the early universe and
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1. Large scale structure formation

are believed to be originated by quantum fluctuations during inflation or by topo-
logical defects generated during cosmological phase transitions. Once produced,
fluctuations evolve mainly due to gravitational instability and grow, leading to the
formation of the observed large scale structures.

The matter component in the universe is dominated by non–baryonic particles,
called dark matter particles, which have not been directly observed yet. These
particles, whose existence can only be deduced by the effects of their own gravity,
play an important role during the assembly of structures. In particular, very different
scenarios are expected for different assumptions on the temperature of dark matter
at the time of its decoupling from the baryonic component.

Dark matter particles are called hot if they are relativistic at decoupling. In
this case they can smear out small scale perturbations allowing only large scale
fluctuations to evolve. As a consequence big structures form first and subsequently
fragment to originate smaller objects. Conversely, in the Cold Dark Matter model,
where the dark matter is assumed to be non–relativistic at decoupling, structure
formation starts with small scales, and big structures are assembled hierarchically
through mergers. These two opposite pictures are often referred to as “top–down”
and “bottom–up” scenarios.

In the following we will describe in more detail the process of large scale structure
formation in the framework of the Cold Dark Matter model, which successfully
reproduces several observational results.

1.1 Brief introduction to cosmology and structure

formation

1.1.1 The expanding universe

In General Relativity, an isotropic and homogeneous universe is described by the
Robertson–Walker metric:

ds2 = c2dt2 − a2(t)

[

dr2

1 − kr2
+ r2

(

dθ2 + sin2 θdφ2
)

]

(1.1)

where r,θ and φ are spherical comoving coordinates, a(t) is the cosmic scale factor
normalized to his present day value and k represents the spatial curvature, which is
0 for a flat universe and +(−)1 for a closed (open) universe.

The substitution of equation (1.1) together with the energy–momentum tensor
for a perfect fluid in the Einstein field equations yields:

(

ȧ

a

)2

+
kc

a2
=

8πG

3
ρ +

λc2

3
(1.2)

d

da
(ρa3) + 3pa2 = 0 (1.3)
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1.1. Brief introduction to cosmology and structure formation

describing respectively the dynamics of the universe and the energy–momentum con-
servation. Here ρ represents all the components (except vacuum) that contribute to
the energy density of the universe. At the present time, the dominant contribution
comes from non–relativistic matter with negligible pressure ρm. A radiation com-
ponent ρr, energetically subdominant and presently non interacting with matter, is
also present. Due to their different equation of state p = p(ρ), these components
evolve in time in a different way:

ρm ∝ a(t)3 (1.4)

ρr ∝ a(t)4 (1.5)

suggesting that their relative contribution to the total energy of the universe was
different in the past, with radiation dominating over matter at earlier epochs. The
two contributions are equal at the equipartition redshift that can be estimated to
be equal to zeq ∼ 104.

Here we are interested in the growth of primordial perturbations and in the
subsequent formation of large scale structures in the universe. Since the growth of
perturbations inside the horizon is inhibited if radiation dominates the total energy,
we will consider in the following only their evolution at redshifts well below the
equipartition value. This allows us to neglect the contribution of radiation to ρ.

Equation (1.2) can be rewritten in a more convenient form making use of the
quantities:

H(t) =
ȧ

a
(1.6)

Ωm =
ρ

ρcr
(1.7)

ΩΛ =
λc2

3H0

(1.8)

which represent the expansion rate at cosmic time t and the contribution to the
total density from matter and vacuum (or cosmological constant), both evaluated
at the present time. These contributions are normalized to the critical density:

ρcr =
3H2

0

8πG
(1.9)

defined as the present time density in the Einstein–de Sitter universe (k = 0, λ = 0).
The Hubble constant H0 represents the current value of the expansion rate.

Since strong evidence has been presented in favour of a flat space–time (De
Bernardis et al., 2000) we will use in the following k = 0, so that eq. (1.2) simplifies
to:

H(t)

H0
=
[

Ωm

a3
+ ΩΛ

]1/2

(1.10)
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1. Large scale structure formation

As already specified, we are neglecting every contribution from radiation, since we
are considering structure formation at redshifts well below the equipartition value.
Evaluating equation (1.10) at the present time, we obtain the relation:

Ωtot = Ωm + ΩΛ = 1 (1.11)

The explicit expression for the scale factor can be obtained integrating equation
(1.10) for any fixed values of the parameters (Ωm, ΩΛ). In the Einstein–de Sitter
universe the Λ–term vanishes and we get the well known result:

a(t) =
(

3H0t

2

)2/3

(1.12)

while in a flat universe with positive cosmological constant the scale factor evolves
in time as follows:

a(t) =
(

Ωm

ΩΛ

)1/3

sinh2/3

(

3H0

√
ΩΛ

2
t

)

(1.13)

To complete the picture, we need to know the values of the cosmological param-
eters. The combination of observations of distant type Ia supernovae (Riess et al.,
1998; Perlmutter et al., 1999) with CMB data (De Bernardis et al., 2000) has led to
the establishment of the so called “concordance model” with:

H0 ∼ 70km/s/Mpc , Ωm ∼ 0.3 , ΩΛ ∼ 0.7 (1.14)

These values have been broadly confirmed by the recent WMAP results (Spergel et
al., 2003).

1.1.2 Linear growth of perturbations

We study now the evolution of density fluctuations in an expanding universe. To
this purpose, it is convenient to write the mass density in the form:

ρ(r, t) = ρb(t) [1 + δ(r, t)] (1.15)

where ρb(t) is the average background density and δ(r, t) is the density contrast at
the comoving position r. As already said, we assume that the material pressure is
small if compared with the mass density, so that the background density scales as
ρb ∝ a(t)−3. Moreover, we start our analysis considering small fluctuations, δ << 1,
and neglecting non gravitational forces, such as gas pressure, on the material. Since
we are mainly interested in sub–horizon fluctuations and we are considering small
perturbations characterized by weak gravitational fields, we can adopt a Newtonian
approach. Under these conditions the fluid is described by the continuity and Euler
equations that, in comoving coordinates, can be written as follows (Peebles , 1993):

∂δ

∂t
+

1

a
∇ · [(1 + δ)u] = 0 (1.16)

∂u

∂t
+ H(t)u +

1

a
(u · ∇)u = −1

a
∇φ (1.17)
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1.1. Brief introduction to cosmology and structure formation

Here u represents the (small) peculiar velocity with respect to the expanding Hubble
flow H(t)ra(t). The fluid equations can be combined together with the Poisson’s
equation for the gravitational potential φ:

∇2φ = 4πGρba
2δ (1.18)

and linearized dropping all the terms of order uδ or u2 to obtain:

∂2δ

∂t2
+ 2H(t)

∂δ

∂t
= 4πGρbδ (1.19)

This equation can be solved independently for any generic Fourier mode δk of the
density contrast:

δk(t) =
∫

drδ(r, t)e−ik·r (1.20)

where k is the comoving wavenumber. In general the problem admits two inde-
pendent solutions, which are decaying and growing with time respectively, with the
latter dominating the density evolution. Thus, density fluctuations maintain the
same shape in comoving coordinates, and their amplitude increases with time ac-
cording to a linear growing factor δ ∝ D(t), which is usually set equal to unity at
present time.

It is easy to show that in the Einstein–de Sitter model the growing factor is
simply proportional to the scale factor:

D(t) ∝ a(t) ∝ t2/3 (1.21)

while in a flat universe with non vanishing Λ, the time evolution is described by
(Kitayama , 1997):

D(t) ∝
√

1 +
2

y3

∫ y

0
du
(

u

2 + u3

)3/2

(1.22)

y = 21/3
(

1

Ωm
− 1

)1/3

a(t) (1.23)

The linear growth of fluctuations can be modified at small scales by dissipative
processes (free streaming, Silk damping) or by pressure effects (Jeans mass effects),
which can affect the density evolution in different ways and with different relative
weight depending on the nature of dark matter (Peacock , 1999). All the relevant
physics is embedded in the transfer function defined as the ratio of the present day
amplitude of the fluctuations to its value at a given time t:

Tk =
δk(t0)

δk(t)D(t)
(1.24)

The behaviour of Tk has been investigated by means of numerical simulations and
for a Cold Dark Matter dominated universe the total modification of the fluctuation
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1. Large scale structure formation

amplitudes with respect to its primordial shape is described by the following fitting
formula (Bardeen et al., 1986):

Tk =
ln(1 + 2.34q)

2.34q

[

1 + 3.89q + (16.1q)2 + (5.46q)3 + (6.71q)4
]−1/4

(1.25)

where q = k/(hΓMpc), h = H0/(100km/s/Mpc) and Γ is the shape parameter
(Peacock & Dodds , 1994):

Γ = Ωmh
(

TCMB,0

2.7K

)−2

e−ΩB(1+
√

2h
Ωm

) (1.26)

which takes into account the non vanishing value of the baryon density ΩB.
If we assume the density fluctuation field to be random and Gaussian, all its

properties are described by its power spectrum:

Pk(t) = 〈|δk(t)|2〉 (1.27)

whose primordial functional form can be obtained from theory. Conventional infla-
tionary models predict a power law shape for the primordial power spectrum with
slope close to unity:

Pk(ti) ∝ k (1.28)

This spectrum is known in the literature as the Harrison–Zel’dovich spectrum, and
its time evolution is described by equation (1.24).

The only missing ingredient to complete the whole picture is the normalization
of the power spectrum. To this purpose it is useful to consider the density field
smoothed over a window function W (r), set equal to 1 within a sphere of radius R,
and 0 elsewhere (spherical top–hat filter). The smoothed field:

δ̄(r, t) =
∫

dr′δ(r′)W (|r− r′|) (1.29)

follows a Gaussian distribution as well, with mass variance:

σ2(M, t) =
1

(2π)3

∫

dkP (k, t)Ŵ 2(k) (1.30)

(1.31)

where M = (4π)/3R3ρb is the mass enclosed in the smoothing volume and Ŵ (k) is
the Fourier transform of the smoothing function:

Ŵ (k) =
3

(kR)3
[sin(kR) − kR cos(kR)] (1.32)

The normalization of the present day power spectrum is conventionally specified by
the biasing factor:

b = σ−1
8 = σ−1(R = 8h−1Mpc, t0) (1.33)
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1.1. Brief introduction to cosmology and structure formation

whose value b ∼ 1.1 can be estimated using, for example, CMB data sets (Spergel
et al., 2003).

The current mass variance relative to a primordial Harrison–Zel’dovich power
spectrum can be well fitted by (Kitayama , 1997):

σ ∝
[

1 + 2.208mp − 0.7668m2p + 0.7949m3p
]− 2

9p (1.34)

with p = 0.0873 and m = M(Γh)3/(Ωmh2)/1012M�. The above approximation can
be used in the range 10−7 ∼< m ∼< 105.

1.1.3 Non–linear evolution of fluctuations: spherical model

In the previous section we have shown how small density perturbations evolve in the
linear regime. The density contrast δ grows in time till its value approaches unity.
At this point we can no longer use the linear theory and we have to consider the
fully non–linear situation. To this purpose, we can consider an idealized model in
which perturbations are supposed to be overdense spherical regions enclosing a mass
M . The mass distribution inside the sphere is not important. In fact, the spherical
symmetry and the absence of shell–crossing ensure that each sphere will evolve as
a uniform sphere containing the same mass. The time evolution of the sphere in
proper coordinates is described by the Newtonian equation of motion, modified in
order to take into account the dynamical effects of the cosmological constant:

d2r

dt2
= H2

0ΩΛr − GM

r2
(1.35)

In an Einstein–de Sitter universe the Λ–term vanishes and the solution can be written
in the parametric form:

r = A(1 − cos θ) (1.36)

t = B(θ − sin θ) (1.37)

with A3 = GMB2. Expanding up to order θ5 we obtain for small values of t:

r ∼ A

2

(

6t

B

)2/3
[

1 − 1

20

(

6t

B

)2/3
]

(1.38)

while for the density perturbation we get:

δ(< r, t) ∼ 3

20

(

6t

B

)2/3

∝ a(t) (1.39)

which is exactly the same result we obtained from linear theory. The further evolu-
tion of the sphere proceeds according to equation (1.39) until δ reaches unity, then
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1. Large scale structure formation

the density contrast grows faster than the linear prediction. The expansion velocity
gradually slows down and vanishes for θ = π and t = πB, when the sphere reaches
the turnaround radius. At this point the density contrast is δ = 9π2/16 ∼ 5.55,
higher than the linear prediction δ ∼ 1.06. The sphere starts to contract and, if
only gravity is considered, it eventually collapses into a singularity at θ = 2π. In a
more realistic description, the system undergoes a dissipative process called violent
relaxation before reaching the singularity (Lyndel–Bell , 1967). As a consequence,
the kinetic energy of the infalling material is converted into random motions and
the system virializes. The virialization happens when the gravitational energy is (in
modulus) twice the kinetic energy and this allows us to estimate the virial radius as
a function of the turnaround radius rta:

rv =
rta

2
(1.40)

This expression also remains valid in an approximate way for other cosmological
models (Lahav et al., 1991).

The overdensity of a virialized structure can be estimated assuming that the time
needed in order to have equilibrium is the collapse time corresponding to θ = 2π.
Under these assumptions the ratio between the average density inside the virial
radius and the background density is:

∆c =
ρ̄v(tv)

ρb(tv)
= 18π2 ∼ 178 (1.41)

Another useful quantity is the density contrast linearly extrapolated to the col-
lapse time, defined as the density contrast that the sphere would have at tv according
to the linear theory. For an Einstein–de Sitter universe such an extrapolation yields:

δc =
3

20
(12π)2/3 ∼ 1.69 (1.42)

Following the same procedure, it is possible to derive these results for a flat, non–
vanishing Λ universe. The following expressions for the overdensity and the density
contrast extrapolated to the collapse time are taken from the work by Nakamura &
Suto (1997):

∆c =
(

rta

rv

)3 2wv

χ
(1.43)

∼ 18π2(1 + 0.4093w0.9052
v ) (1.44)

δc =
3

5
F
(

1

3
, 1,

11

6
,−wv

)

(

2wv

χ

)1/3 (

1 +
χ

2

)

(1.45)

∼ 3(12π)2/3

20
(1 + 0.0123log10Ωv) (1.46)
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1.2. Press–Schechter approach: hierarchical structure formation

wv =
1

Ωv
− 1 (1.47)

χ =
ΩΛH2

0r
3
ta

GM
(1.48)

where F is the hypergeometric function of type (2,1) and Ωv is the density parameter
evaluated at the virialization redshift zv:

Ωv =
Ωm(1 + zv)

3

Ωm(1 + zv)3 + ΩΛ

(1.49)

1.2 Press–Schechter approach: hierarchical struc-

ture formation

1.2.1 Comoving number density of dark matter halos

As seen in the previous section, it is difficult to follow analytically the non–linear
evolution of density perturbations except for simple, idealized situations. However,
in spite of these difficulties, a number of attempts have been made in order to
describe the hierarchical assembly of non–linear structures in the universe in a simple
and analytical way. Most notably, starting from the assumption of Gaussianity of the
density perturbation field and adopting the critical overdensity for collapse derived
in the spherical model presented in §1.1.3, Press & Schechter (1974) proposed a
prescription to estimate the mass function of virialized object as a function of cosmic
time.

This can be done considering the initial density field smoothed over a spherical
region with volume V containing a mass M = V ρb. The condition for an object of
mass M to collapse at a given time t is that the linearly extrapolated overdensity of
the region enclosing that mass exceeds the threshold value δc(t). Since the smoothed
field is assumed to be Gaussian with mass variance σ2(M, t) given by equation (1.30),
the probability that a given point lies in a region with δ > δc is:

P (δ(t) > δc(t)|M) =
1

2

[

1 − erf

(

δc(t)√
2σ(M, t)

)]

(1.50)

Press and Schechter identified this probability with the probability that a given
point belongs to a collapsed system of mass greater than M . This can be understood
in the following way: suppose to smooth out the density field over a certain region
containing a given mass M . Every point characterized by a linear overdensity greater
than δc will have δ = δc if some greater smoothing volume is adopted. This bigger
volume obviously satisfies the condition for collapse and encloses a mass greater than
M . As a consequence, the considered point is counted as part of this more massive
object. This is equivalent to say that, at a fixed time, all the existing objects have
just reached the critical collapse overdensity δc.

13



1. Large scale structure formation

The problem with this approach is that only half of the total mass of the u-
niverse is taken into account. Several discussions of this problem can be found in
the literature, and a possible way out was proposed, among others, by Peacock &
Heavens (1990) and (Bond et al., 1991) which modified the original approach by
taking into account in a proper way the underdense regions. However, we will adopt
here a more pragmatic approach and simply multiply the probability by a factor
of 2, postponing the discussion of the problem to the next section. After this ad
hoc assumption, we can finally write the expression for the fraction of the universe
condensed into objects having mass greater than M :

F (> M, t) = 1 − erf

(

δc(t)√
2σ(M, t)

)

(1.51)

It is interesting to note that we can replace δc(t) and σ(M, t) in equation (1.51) with
their values extrapolated to an arbitrary reference epoch tref , since they both scale
as D(tref). In the following, we use the values extrapolated to the present time,
denoted by δc0(t) and σ(M).

The comoving number density of collapsed dark matter halos as a function of
mass and cosmic time can be evaluated differentiating equation (1.51):

dn

dM
(M, t) =

ρ0

M

∣

∣

∣

∣

∣

dF (> M, t)

dM

∣

∣

∣

∣

∣

(1.52)

where ρ0 is the current background density. Written in an explicit form, equation
(1.52) becomes (Press & Schechter , 1974):

dn

dM
(M, t) =

√

2

π

ρ0

M

δc0(t)

σ2(M)

∣

∣

∣

∣

∣

dσ(M)

dM

∣

∣

∣

∣

∣

exp

[

− δ2
c0(t)

2σ2(M)

]

(1.53)

Halo mass functions for different redshifts are plotted in figure (1.1), where a flat
cosmology with Ωm = 0.3 is assumed. The figure well illustrates the hierarchical
nature of clustering, showing that small structures form first while bigger structures
form at lower redshifts. The position of the exponential cutoff represents the mass
of the biggest bound structures at a given time. This mass increases with time
and at present it has a value roughly equal to 1015M�, which is the typical mass
of a rich cluster of galaxies. Thus, according with this picture, rich clusters are
the biggest virialized structures in the universe and they have been assembled in
relatively recent epochs. This assembly proceeds through subsequent mergers of
smaller subunits and can be directly observed in the local universe. In fact, both
X–ray (Forman et al., 2002) and optical (Solanes, Salvador–Solé & Gonzáles–Casado
, 1999) observations of nearby rich clusters show clear signatures of recent merger
events in a large fraction of objects, suggesting an high merger rate (∼> 1 per Hubble
time) for clusters.
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1.2. Press–Schechter approach: hierarchical structure formation

Figure 1.1: Comoving number density of dark matter halos according to equation
1.53. Different curves refer to different redshifts, as indicated. We consider here a
flat, Λ–dominated universe with h = 0.7, ΩB = 0.045, b = 1.11 and TCMB,0 = 2.726.

In the next section, following Lacey & Cole (1993), we will use the Press–
Schechter mass function derived above to compute the halo merger rate as a function
of halo masses and time. A Monte Carlo method for constructing a simulated merger
history of a cluster with a given present mass will be described as well.

1.2.2 The cloud in cloud problem

In the derivation of the halo mass function, Press and Schechter introduced in a
somewhat arbitrary way a factor of two in order to account for the entire mass
of the universe. As said above, this factor can be justified if underdense regions
are properly taken into account (Peacock & Heavens , 1990; Bond et al., 1991).
This can be done with the help of figure 1.2, where the density perturbation field
extrapolated to the present time is shown, smoothed over spheres of comoving radius
R. The perturbation field obviously vanishes if smoothed over a sphere with R → ∞
and develops fluctuations of increasing amplitude when smoothed over progressively
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1. Large scale structure formation

Figure 1.2: Value of the density perturbation field extrapolated to the present time
and smoothed on a comoving scale R. The field has been sampled at a given point for
different values of R. The two horizontal dotted lines refer to two different thresholds
for collapse at different times δc0(t1) and δc0(t2).

smaller regions. Decreasing the smoothing radius R corresponds to add a new shell in
k–space. Since we are dealing with a Gaussian field, k components are independent
from each other, and the trajectory in figure 1.2 is simply a random walk. As a
consequence, if δ = δc0 for a given smoothing radius, then the trajectory will evolve
above or below the threshold with the same probability. So, it is easy to imagine a
trajectory crossing the threshold more than once. If this is the case, according to
the standard Press–Schechter prescription, a given point could be considered part
of a collapsed system while it should be ascribed to a more massive halo. This is
the so called “cloud in cloud problem” which can be easily solved considering only
the first upcrossing of the trajectory. The mass of the halo is then equal to the mass
enclosed by the largest smoothing sphere for which δ = δc0.

More quantitatively, we can proceed as follows: consider a point which has just
reached the threshold δc0. Its subsequent behaviour will be completely symmetric,
that is: the probability to find the point above or below the threshold for any
smaller values of R is the same. Moreover, all the points which are above the
threshold correspond to trajectories which crossed the threshold at a higher value of
R. Due to the symmetry of random walk, all these trajectories will have a symmetric
counterpart with respect to δc0. So, it is possible to estimate the probability that the
threshold has never been crossed simply subtracting from the total distribution all
the points which have a symmetric counterpart above the threshold. This probability

16



1.2. Press–Schechter approach: hierarchical structure formation

is usually called survival probability and it is given by:

dPs

dδ
=

1√
2πσ

[

exp

(

− δ2

2σ2

)

− exp

(

−(δ − 2δc0)
2

2σ2

)]

(1.54)

while the probability that the threshold has been crossed at least once is:

1 − Ps = 1 − erf

(

δc0√
2σ

)

(1.55)

This probability differs by a factor of two from equation (1.50), providing a justi-
fication for the ad hoc correction factor introduced by Press and Schechter in their
seminal work.

1.2.3 Building the merger tree of a cluster

The random–walk model, developed in the previous section to solve the cloud in
cloud problem, can be extended to derive the conditional multiplicity function. This
function denotes the probability that a point enclosed in a halo with mass M1 at
a given time t1, resided at a previous time t2 in a system with mass M2. To this
purpose, we have to consider once again the smoothed field extrapolated to the
present time and two thresholds, δc0(t1) and δc0(t2). The problem is how to calculate
the conditional probability that the second has not been crossed at M2 under the
condition that the first has been crossed at M1. Once evaluated the conditional
probability, it is easy to derive the integral distribution function. The procedure
is very similar to the derivation of equations (1.54) and (1.55), the only difference
being that in this situation the source of the trajectories is shifted to the point
(R1, δc0(t1)). This lead to the expression:

F (> M2|M1) = 1 − erf





δc0(t1) − δc0(t2)
√

2(σ2(M1) − σ2(M2)



 (1.56)

which is simply equation (1.55) after the replacements σ2 → σ2(M1) − σ2(M2) and
δc0 → δc0(t1) − δc0(t2).

The differential conditional probability is then:

P (M2, t2|M1, t1) =
dF (> M2|M1)

dM1
(1.57)

and the merger rate at which clusters of mass M1 merge at a given time t2 is written
as a function of the final mass M2:

R(M1, M2, t2) =

(

dP (M2|M1)

dt1

)

t1→t2

(1.58)
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1. Large scale structure formation

where P (M2|M1) is given by the conditional probability definition:

P (M2|M1) =
P (M1|M2)P (M2)

P (M1)
(1.59)

The full expression for the merger rate at a generic time t is (Lacey & Cole , 1993):

R(M1, M2, t)dM2 =

√

2

π

∣

∣

∣

∣

∣

dδc0(t)

dt

∣

∣

∣

∣

∣

1

σ2(M2)

∣

∣

∣

∣

∣

dσ(M2)

dM2

∣

∣

∣

∣

∣

(

1 − σ2(M2)

σ2(M1)

)−3/2

×

× exp

[

−δc0(t)
2

2

(

1

σ2(M2)
− 1

σ2(M1)

)]

dM2 (1.60)

We can use this formalism to simulate one of the possible realizations of a cluster
merger tree. It is convenient to determine it moving backward in time, starting
with a halo with a given present mass. It would be also possible to proceed in the
opposite way, starting with a set of subclusters at an early epoch and evolving them
till present time. However, we are interested here in rich clusters, which are rare
in the universe and, as a consequence, this latter method results inefficient, since it
requires to follow the evolution of several sets of subclusters, the majority of which
will never result in a massive objects at present time.

The conditional probability P (M1, t1|M2, t2) can be written explicitly as follows
(Lacey & Cole , 1993):

P (M1, t1|M2, t2) =
1√
2π

M2

M1

δc0(t1) − δc0(t2)

(σ2(M1) − σ2(M2))3/2

∣

∣

∣

∣

∣

dσ2(M1)

dM1

∣

∣

∣

∣

∣

×

× exp

[

− (δc0(t1) − δc0(t2))
2

2(σ2(M1) − σ2(M2))

]

dM1 (1.61)

This expression can be simplified by replacing the mass and time variables with the
functions S = σ2(M) and ω = δc(t). Note that S and ω decrease while M and t
increase. Let K(∆S, ∆ω)d∆S be the probability of a change ∆S in a temporal step
∆ω, then equation (1.61) becomes:

K(∆S, ∆ω)d∆S =
1√
2π

∆ω

(∆S)3/2
exp

[

−(∆ω)2

2∆S

]

d∆S (1.62)

where ∆S = σ2(M1) − σ2(M2) and ∆ω = δc(t1) − δc(t2). A merger tree can be
constructed starting with a cluster with present mass M0 and going backward in
time according to a positive time step ∆ω. The increase in S can be randomly
generated sampling the distribution (1.62). The halo mass at time t(ω+∆ω) < t(ω)
is simply given by M(S + ∆S) < M(S), and the change in mass can be ascribed to
one or more merger events. The time step ∆ω also determines the mass resolution:
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1.2. Press–Schechter approach: hierarchical structure formation

Figure 1.3: Merger history of a cluster with a present mass of 1015M�. The mass
(y–axis) suffers major jumps in big merger events. Time is on the x–axis. Figure
from Gabici & Blasi (2003).

in fact, a single merger of mass ∆M << M can be resolved if the condition (∆ω)2 ∼<
|d lnσ2/d lnM |(∆M/M)S is satisfied (Lacey & Cole , 1993).

Salvador–Solé, Solanes & Manrique (1998) introduced a new parameter ∆m =
[(M2 − M1)/M1]crit, defined as a peculiar value of the captured mass that sepa-
rates the accretion events from merger events. Events in which a cluster of mass
M1 captures a dark matter halo with mass smaller than ∆mM1 are considered as
continuous mass accretion, while events in which the collected mass is larger than
∆mM1 are defined as mergers. The value of ∆mM1 is somewhat arbitrary, but its
physical meaning can be grasped in terms of modification of the potential well of
a cluster, following a merger. A major merger is expected to appreciably change
the dark matter distribution in the resulting cluster, while only small perturbations
are expected in small mergers, which are then interpreted as events more similar to
accretion than to real mergers.

Adopting this effective description of the merger and accretion events, it is easy to
use the formalism developed by Lacey & Cole (1993) to construct simulated merger
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1. Large scale structure formation

trees for a cluster with a given mass at the present time. Although useful from
a computational point of view, this strategy of establishing a boundary between
mergers and accretion events does not correspond to any real physical difference
between the two types of events; therefore, in the following we will adopt the name
”merger” for both regimes, provided that there is no ambiguity or risk of confusion.

In Figure 1.3 we plotted a possible realization of the merger tree for a cluster
with present mass equal to 1015M� and ∆m = 0.6. The history has been followed
back in time up to redshift z = 3. The big jumps in the cluster mass correspond
to merger events, while smaller jumps correspond to what Salvador–Solé, Solanes &
Manrique (1998) defined as accretion events. During merger events, the trajectory
in the t − M diagram splits into branches of progressively smaller masses and this
originates the tree.

1.3 Secondary infall onto a gravitationally bound

object: the Bertschinger approach

In the previous section we introduced the parameter ∆m to distinguish between
major merger events and continuous accretion. As already stated, even though this
distinction may be useful in several contexts, it still remains somewhat arbitrary for
our purposes. Moreover, in the older literature, the concept of continuous accretion
onto a collapsed object was discussed in detail (Gunn & Gott , 1972; Bertschinger ,
1985), but it had a rather different meaning: once a non–linear object has formed, it
will continue to attract matter and consequently its mass will grow by accretion of
new material. Since mass falls onto an already formed object, this smooth accretion
is often referred in the literature as secondary infall.

We summarize here the results obtained by Bertschinger (1985) for an accreting
halo in an Einstein–de Sitter universe.

Consider a spherical region with a uniform overdensity δi << 1 at a cosmic
time ti. The perturbation will grow in time according with linear theory until the
turnaround time, which marks the transition to the non–linear regime. At this time,
the matter initially inside Ri ceases expanding altogether and starts to collapse.
Shells initially located at radii larger than Ri invert their motion at later times.
The evolution of the perturbation after the collapse depends on the collisional or
collisionless nature of the matter and on boundary conditions, such as the presence
of a black hole in the center.

Since we are interested here in clusters of galaxies, the relevant situation involves
an Ω << 1 collisional gas moving in the potential well generated by the dark matter
component, for which Ω ∼ 1. After the turnaround time, the system is expected to
approach a self–similar form and thus to become independent from initial conditions.
The reason for expecting self–similarity is that in an Einstein–de Sitter universe there
is no preferred time, since the functional form of the scale factor is a power law in
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1.3. Secondary infall onto a gravitationally bound object

time. Moreover, density perturbations grow in time according to the scale factor
as well, and they become non–linear when the overdensity is a fixed fraction of the
background density (see §1.1.3). So, if there are no characteristic length scales in
the primordial fluctuations, it is clear that the infall will approach a self–similar
form.

We consider first the evolution of a dark matter fluid element which was located
at a radius ri > Ri at the initial time. In absence of non gravitational forces, each
fluid element is subjected to the Newton’s law:

d2r

dt2
= −GM(< r)

r2
(1.63)

whose solution was already derived in §1.1.3. From equations (1.38) and (1.39) it is
possible to obtain the expressions for the initial radius:

ri =
A

2

(

6ti
B

)2/3

(1.64)

and for the initial overdensity:

δi(< r) =
3

20

(

6ti
B

)2/3

(1.65)

The turnaround radius and time follow from equation (1.36) with θ = π and can be
expressed in terms of the initial radius and time:

rta =
3

5

ri

δi
(1.66)

tta = 6
(

20

3
δi

)−3/2

ti (1.67)

Here we consider spherical and uniform initial overdensities, so that δi ∝ r−3
i . Com-

bining this scaling with equations (1.66) we get (Bertschinger , 1985):

rta(t) = rita

(

t

tita

)8/9

(1.68)

where the subscript ita refers to the turnaround of the shell that was at Ri at the
initial time ti. The same scaling is expected for the virial radius, simply defined as
half of the turnaround radius.

After the turnaround, the mass shells start to collapse. During this phase, even
a small deviation from spherical symmetry is amplified, shell crossing occurs and the
system is expected to virialize through violent relaxation (Lyndel–Bell , 1967). The
size of the collapsed halo at a given time is equal to the virial radius rv(tv) = rta(tv)/2
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and the density within rv is a fixed multiple of the background density ρ ∝ t2v, so
that the density profile approaches the self–similar form:

ρ(r) ∝ r−9/4 (1.69)

Bertschinger (1985) considered also a baryonic gas component with ΩB << 1
moving in the potential well generated by the dark matter. He presented his results
in terms of the dimensionless quantity λ = r/rta(t). Both dark matter and baryonic
components were found to have the same density distribution given by equation
(1.69). The main difference is the existence of a spherical shock that forms in the
baryionic component due to the collision of the infalling gas with the self generated
core. The shock is located at a fixed fraction of the turnaround radius, λs = 0.347,
and propagates outwards according to the scaling rs ∝ t8/9. The total mass inside
a given radius can be expressed as a function of the dimensionless mass m(λ),
tabulated in (Bertschinger , 1985):

Mtot(r, t) =
4

3
πρbr

3
tam(λ) (1.70)

At the virial radius we have λ = .5, which correspond to a value for the dimensionless
mass equal to m(0.5) = 4.06 (Bertschinger , 1985).

As said in §1.1.3, the region inside the turnaround radius is characterized by an
overdensity equal to 9π2/16. This is also the value of m(1), which represents the
dimensionless mass inside the turnaround radius. This allows us to write a more
practical expression for the turnaround radius at a given epoch (Gunn & Gott ,
1972):

rta(t) =

(

8GMtat
2

π2

)1/3

(1.71)

where Mta is the mass inside rta.
Since we will be interested in the following in rich clusters of galaxies, we give

here some numerical examples specific to this situation. Masses of clusters are
generally estimated from the distribution of their X–ray emitting gas if this gas
can be considered close to hydrostatic equilibrium (Sarazin , 1988), or through
observations of gravitationally lensed background galaxies (Refregier , 2003). These
observations tell us that the biggest nearby clusters have masses inside the virial
radius of the order of ∼> 1015M�. The total mass inside the turnaround radius is of
the same order of magnitude, being only a factor of m(1)/m(0.5) = 1.37 greater. So,
using equation (1.71) and assuming an Hubble constant equal to H0 = 70km/s/Mpc
we can estimate the turnaround radius to be roughly equal to ∼ 7.6Mpc. The virial
radius will be half of this value ∼ 3.8Mpc, while the accretion shock will be located
λsrta = 2.6Mpc away from the center.
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Chapter 2

Diffusive shock acceleration:

linear theory

It is now commonly believed that particle acceleration can take place at collisionless
shock surfaces and this process is often invoked as an explanation for the majority
of the non–thermal phenomena observed in astrophysical objects. Since several
excellent reviews on this topic can be found in the recent literature (Blandford &
Eichler , 1987; Drury , 1983; Gaisser , 1990; Jones , 1994), we give here only a brief
overview of the most relevant results which will be useful for the understanding of
the following developments of this work. In this chapter, we consider only linear
shock acceleration theory, neglecting the backreaction of the accelerated particles
onto the shock structure. A more satisfactory approach will be described in chapter
6, where the pressure of the cosmic ray component will be included self–consistently
in the calculations.

2.1 Stochastic acceleration:

second order Fermi mechanism

Before describing in detail how particles can be accelerated at shocks, it is useful to
describe briefly another acceleration mechanism, namely, stochastic or second–order
Fermi acceleration. The idea is that particles both gain or lose energy in random
elementary interactions, but they gain energy in average. If the average energy gain
is proportional to the energy of the particle, ∆E = χE, after n interactions the
particle energy is:

En = E0(1 + χ)n (2.1)

where E0 is the initial energy of the particles injected in the accelerator. Equation
(2.1) can be rewritten to give us the number of interactions needed to reach a fixed
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energy E:

n =
ln
(

E
E0

)

ln(1 + χ)
(2.2)

We also assume that every particle has a finite probability Pesc to escape from the
acceleration region at each interaction, so that the probability of remaining in the
accelerator after n interactions is (1 − Pesc)

n. Thus, the fraction of particles with
energy greater than E will be proportional to:

N(> E) ∝
∞
∑

m=n

(1 − Pesc)
m =

(1 − Pesc)
n

Pesc
(2.3)

Substitution of equation (2.2) into (2.3) gives the power law spectrum:

N(> E) ∝ 1

Pesc

(

E

E0

)−δ

(2.4)

where:

δ = − ln (1 − Pesc)

ln (1 + χ)
(2.5)

If both Pesc and χ are much lower than unity, then δ ∼ Pesc/χ. Note that the power
law shape of the particle spectrum is a consequence of the fact that we implicitly
assumed Pesc to be independent from particle energy.

In a seminal paper, Fermi (1949) proposed a stochastic acceleration mechanism
to explain the observed spectrum of galactic cosmic rays. He modelled the turbulent
interstellar medium as an ensemble of moving magnetized clouds and considered
the interactions between a particle and a moving cloud. These interactions are
collisionless, in the sense that particles simply diffuse in the cloud magnetic field
without colliding with other particles. In the cloud rest frame no work is done on
the particle, which is moving in a static magnetic field, so that the interaction can
be simply treated as an elastic scattering.

Consider now a single interaction between a particle with energy E1 and a cloud
with Lorentz factor γ and velocity β. For simplicity, the particle is assumed to be
already sufficiently relativistic, so that we can assume in the following E ∼ pc. In
the cloud frame the particle has a total energy:

E ′
1 = γE1(1 − β cos θ1) (2.6)

where θ1 is the angle between the cloud and the particle velocities and primes denote
quantities measured in the cloud frame. After the interaction the particle maintains
the same energy, E ′

2 = E ′
1, and it is scattered in a direction defined by an angle θ′2.

We can now transform this energy back to the lab frame obtaining:

E2 = γE ′
2(1 + β cos θ′2) (2.7)
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The change in energy after a generic interaction can be written combining equations
(2.6) and (2.7):

∆E

E1

=
1 − β cos θ1 + β cos θ′2 − β2 cos θ1θ

′
2

1 − β2
− 1 (2.8)

In order to calculate the average energy gain per interaction, we have to average this
expression over cos θ′1 and cos θ2. Particles are scattered isotropically in the cloud
frame, so that 〈cos θ′2〉 = 0. On the other hand, the probability of having a collision
between a cloud and a particle is proportional to their relative velocity:

dn

d cos θ1

=
1 − β cos θ1

2
(2.9)

−1 ≤ cos θ1 ≤ 1

and the average over this probability distribution is 〈cos θ1〉 = −β/3. Thus, the
average energy gain per interaction is:

∆E

E
=

1 + 1
3
β2

1 − β2
∼ 4

3
β2 (2.10)

which is proportional to the velocity squared, from which the name second order
Fermi acceleration. The result derived above holds as long as clouds are not rela-
tivistic, namely, β << 1. In this situation, particles gain on average a very small
amount of energy per interaction, and a long time is needed to accelerate them up
to very high energies.

2.2 Acceleration of particles at shock fronts:

first order Fermi mechanism

The original idea by Fermi can be opportunely modified and applied to the case
of a shock wave, resulting in a more efficient acceleration mechanism (Bell , 1978a;
Blandford & Ostriker , 1978).

2.2.1 The Bell approach

In order to study the acceleration of particles at collisionless shocks, Bell (1978a)
proposed an approach in which the behaviour of each particle is followed. He con-
sidered a parallel, plane and non relativistic shock wave and discussed only those
particles whose energy is high enough for their Larmor radii to be much greater
than the shock thickness, usually assumed to be equal to the Larmor radius of ther-
mal protons. These particles can cross freely from a side to another of the shock
surface and their velocity distribution is assumed to be isotropic in both upstream
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2. Diffusive shock acceleration: linear theory

and downstream regions. Such an isotropization can be physically motivated by the
presence of irregularities in the magnetic field structure that can efficiently scatter
particles on both sides of the shock.

Consider the fluid flow in the rest frame in which the shock is at rest and let β1 =
u1/c be the supersonic velocity of the fluid in the upstream region and β2 = u2/c <
β1 the downstream velocity. Now move to the upstream rest frame. In this frame,
the velocity distribution of high energy particles is isotropic and a particle crossing
the shock will encounter gas moving towards the shock with a velocity βr = β1 −
β2. The same situation occurs in the downstream rest frame: the particle velocity
distribution is isotropic and a particle crossing the shock front from downstream to
upstream will encounter gas having the velocity βr. The similarity with the second
order Fermi process resides in the fact that each back and forth shock crossing is
similar to a particle–cloud interaction. However, this time the distribution of cos θ1

and cos θ′s is simply the projection of an isotropic distribution onto the shock plane:

dn

d cos θ
= 2 cos θ (2.11)

This distribution has to be averaged over the range 0 ≤ cos θ ≤ 1 and −1 ≤ cos θ ≤ 0
for particles crossing the shock from downstream to upstream and vice versa. It is
easy to show that in this case 〈cos θ′2〉 = 2/3 and 〈cos θ1〉 = −2/3 and equation (2.8)
becomes:

∆E

E
=

1 + 4
3
βr + 4

9
β2

r

1 − β2
r

− 1 ∼ 4

3
βr =

4

3

u1 − u2

c
(2.12)

This process is more efficient than the original Fermi mechanism because in this case
the average energy gain per interaction is proportional to the relative velocity of the
plasma flow. This is a consequence of the fact that during collisions with clouds,
particles can both gain and loose energy, while when they cross back and forth a
shock they always gain energy. This mechanism is often referred as first order Fermi
acceleration, because the average energy increment in one interaction scales linearly
with velocity.

The escape probability can be estimated in the following way: the rate at which
particles are crossing and recrossing the shock is:

∫ 1

0
d cos θ

∫ 2π

0
dφ

ρcr

4π
c cos θ =

cρcr

4
(2.13)

where ρcr is the density of high energy particles at the shock. Due to advection,
of the cρcr/4 particles that cross the shock from upstream to downstream per unit
time, ρcru2 escape, while the rest diffuse back upstream. The ratio between these
two rates is the escape probability, Pesc = 4u2/c, which also determines the slope of
the differential energy spectrum of accelerated particles n(E) ∝ E−α (see equation
2.5 and following discussion):

α = δ + 1 =
Pesc
(

∆E
E

) =
3

u1

u2
− 1

+ 1 =
r + 2

r − 1
(2.14)
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whit the compression factor r = u1/u2 related to the shock Mach number trough
the well known relation (Landau & Lifshitz , 1982):

r =
u1

u2
=

ρ2

ρ1
=

(γ + 1)M2

(γ − 1)M2 + 2
(2.15)

where γ is the adiabatic index, equal to 5/3 for a perfect gas. Equation (2.14) can
now be written in a more convenient form:

α = 2
M2 + 1

M2 − 1
(2.16)

from which it is clear that for strong shocks the slope approaches the asymptotic
value α = 2.

2.2.2 The particle transport equation

The same results obtained above can also be derived adopting a different approach,
based on the solution of the transport equation for particles at a shock (Blandford
& Ostriker , 1978). For a plane shock wave propagating in the negative x direction
this equation can be written in the following form (Lagage & Cesarsky , 1983):

∂f

∂t
+ ui

∂f

∂x
=

∂

∂x

(

Di
∂f

∂x

)

− 1

3
p
∂f

∂p
∆uδ(x) + Q0δ(x) (2.17)

where p is the particle momentum, 4π
∫

p2f(x, p)dp represents the cosmic ray number
density, i is 1 (2) when x < 0 (x > 0), Di is the diffusion coefficient and Q0(p)
represents the injection of particles in the accelerator, assumed to occur only at the
shock position. The integration of equation (2.17) around the shock between x = 0−

and x = 0+ yields:

D1

[

∂f

∂x

]

1

= −1

3
p
∂f0

∂p
∆u + Q0 (2.18)

where f0(p) = f(0, p), and it was made use of the homogeneity condition for the
distribution function downstream: [D∂f/∂x]2 = 0. In order to take into account
the boundary condition at upstream infinity, [∂f/∂x]−∞ = 0, it is convenient to
integrate equation (2.17) between x = −∞ and x = 0 obtaining:

D1

[

∂f

∂x

]

1

= u1 (f0 − f−∞) (2.19)

The solution at x = 0 can be easily calculated combining together equations (2.18)
and (2.19):

f0(p) = qp−q
∫ p

0
dp′p′q−1

[

Q0(p
′)

u1

+ f−∞(p′)

]

(2.20)
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with:

q =
3u1

∆u
=

3r

r − 1
(2.21)

Consider first the situation in which there are not seed particles at upstream
infinity, so that f−∞ = 0. For a monochromatic injection Q0(p) ∝ δ(p − p0) the
particle distribution function is simply a power law in momentum:

p2f0(p) ∝ p2−q M→∞−→ p−2 (2.22)

Note that this is exactly the same result obtained above adopting the Bell approach.

2.2.3 Reacceleration of seed particles

The situation is different if relativistic particles are already present in the unper-
turbed upstream medium. These seed particles are reacclerated by the shock wave
(Bell , 1978b; Lagage & Cesarsky , 1983) and their original distribution function
f−∞(p) changes according to:

f(p) = qp−q
∫ p

0
dp′p′q−1f−∞(p′) (2.23)

It is possible to investigate the effects of shock reacceleration by considering
particles originally accelerated at a shock front which have subsequently passed
through another shock. If the shocks are characterized by two compression factors
r1 and r2, then they can accelerate particle with spectra which are power lows in
momentum with slopes q1 and q2 given by equation (2.21). Since we are interested
in reacceleration, we neglect here those particles injected at the second shock. It is
easy to show that, if q1 6= q2, the final spectrum of the particles is:

f(p) ∝
(

p

p0

)−α2





(

p

p0

)α2−α1

− 1



 (2.24)

where p0 is the injection momentum. The distribution function f(p) vanishes at
p = p0, while at high energies it has an asymptotic power law shape, with slope
equal to the one corresponding to the stronger shock. The total energy in accelerated
particles also increases at each reacceleration step. This effect is greater for strong
shocks, that can increase the total energy of roughly one order of magnitude (Bell ,
1978b), while it is much less important for weak shocks.

28



Chapter 3

Extended Press–Schechter

formalism and particle

acceleration: a novel approach

Diffuse synchrotron radio emission is observed from a growing number of rich clusters
of galaxies, revealing the presence of ultra–relativistic electrons in the intracluster
medium. Understanding the origin of these particles is still an open issue. However,
both observations and theoretical considerations seem to suggest a close connection
between the non–thermal activity observed from the intracluster medium and major
merger events that lead to the formation of rich clusters.

The huge amount of gravitational energy released during mergers is converted
into thermal energy through shock waves, which are the main responsible for the
heating of the intracluster medium. A small fraction of the particles crossing these
shocks may be energized via first order Fermi mechanism up to ultra–relativistic
energies and, for this reason, merger shocks are considered amongst the most im-
portant sources of cosmic rays in clusters.

In this chapter we present a new, semi–analytical approach to study the accel-
eration of particles at shocks that form during the formation of large scale struc-
tures in the universe. Our method combines the effective description of hierarchical
clustering made by Press and Schechter, with the linear theory of diffusive shock
acceleration. The link between these two pieces of physics is provided by a recipe
that allows us to estimate in a self–consistent way the Mach number of the merger
related shocks. Our goal is to evaluate the relevance of merger shocks in the ac-
celeration of the particles responsible for the non–thermal emission observed from
several rich clusters of galaxies.

We anticipate here that the most important result is the fact that shocks related
to major mergers are found to be only mildly supersonic, having Mach numbers
typically equal to ∼ 1.5. As a consequence, the spectra of the accelerated particles
are very steep, and consequently unlikely to result in appreciable non–thermal emis-
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3. Extended Press–Schechter formalism and particle acceleration: a novel approach

sion. Only shocks that form during minor mergers are strong enough to accelerate
particles with flat spectra.

3.1 Non–thermal emission from clusters of galax-

ies: observations and models

Rich clusters of galaxies are strong X–ray sources with luminosities typically in
the range LX ∼ 1043 − 1045erg/s. The X–ray emission is well explained as thermal
Bremsstrahlung radiation of the very hot (T ∼ 108K), low–density (ne ∼ 10−3cm−3),
highly ionized intracluster electron gas.

It is now well established that magnetic field and relativistic particles are present
in the intracluster medium. The main evidence for this fact comes from radio
observations, that reveal the presence of large–scale diffuse and unpolarized radio
halos in ∼ 30% of the X–ray brightest clusters (Feretti , 2003). This emission is not
associated with single cluster galaxies and it is interpreted as synchrotron radiation
from ∼ GeV electrons gyrating in the intracluster magnetic field. The observed
radio spectra are typically steep, with spectral index α ∼> 1. Moreover, in a few
cases, the evidence for a radial spectral steepening has been claimed (Giovannini et
al., 1993; Feretti et al., 2004).

The first halo was detected in the Coma cluster (Willson , 1970) and is considered
now the prototype of this class of radio sources. When observed at 1.4GHz, it is

∼> 1.5Mpc wide and its total radio luminosity is νLν ∼ 1040erg/s (Deiss et al., 1997).
By assuming energy equipartition between magnetic field and relativistic particles,
a magnetic field value equal to 0.5µG can be derived (Giovannini et al., 1993).

Non–thermal emission is also observed from a number of rich clusters of galaxies
as an excess over the thermal emission in the hard–X (Fusco–Femiano et al., 2004)
and possibly in the soft–X ray/UV (Bowyer , 2003) bands. For the Coma cluster, the
detected fluxes in these bands correspond to source luminosities equal to ∼ 1043erg/s
(Fusco–Femiano et al., 2004) and ∼ 1042erg/s (Bowyer, Berghöfer & Korpela ,
1999) respectively. While it is known that radiative processes related to relativistic
electrons are responsible for this radiation, the sites and nature of the acceleration
of such particles are not known.

Several models have been proposed in order to explain radio observations, based
on acceleration of electrons at shock surfacers that naturally form during merger
events (Roettiger, Burns & Stone , 1999; Sarazin , 1999; Takizawa & Naito , 2000;
Fujita & Sarazin , 2001) or models in which electrons are secondary products of
hadronic interactions (Dennison , 1980; Colafrancesco & Blasi , 1998; Blasi & Co-
lafrancesco , 1999; Dolag & Ensslin , 2000) and finally models in which electrons
are continuously reenergized by turbulence (Schlickeiser et al., 1987; Brunetti et al.,
2001a; Ohno, Takizawa & Shibata , 2002).

Hard X–ray and EUV radiation in excess of the thermal emission may be gen-
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erated by inverse Compton scattering of relativistic electrons off the photons of
the cosmic microwave background radiation. When applied to the Coma cluster,
these models require values of the volume averaged magnetic field of order ∼ 0.1µG
(Fusco–Femiano et al., 1999), which are much smaller than those measured through
Faraday rotation, which are typically of several µG (Clarke, Kronberg & Böringer ,
2001). This conclusion can be possibly avoided only by constructing models in which
a cutoff in the electron spectrum is tuned up in order to reduce the corresponding
synchrotron emission. In these cases the magnetic field can be as high as 0.3−0.4µG
(Brunetti et al., 2001a). In the case of a secondary origin for the radiating electrons,
the small magnetic fields imply a large cosmic ray content in the intracluster gas.
In the case of the Coma cluster, the gamma ray upper limit found by Sreekumar
et al. (1996) is exceeded by the gamma ray flux from the decay of neutral pions, as
shown by Blasi & Colafrancesco (1999).

The hard X–ray excess might also be the result of Bremsstrahlung emission from
a population of thermal electrons whose distribution function is slightly different
from a Maxwell–Boltzmann distribution (Ensslin, Lieu & Biermann , 1999; Blasi ,
2000; Dogiel , 2000; Sarazin & Kempner , 2000). A tail might in fact be induced in
the Maxwell–Boltzmann distribution by the presence of MHD waves that resonate
with part of the thermal electrons (Blasi , 2000). This model requires an energy input
comparable with the energy budget of a cluster merger, and implies a substantial
heating of the intracluster gas (this was shown by Blasi (2000) by solving the full
Fokker–Planck equations, including Coulomb scattering). If the process lasts for
too long a time (larger than a few hundred million years) the cluster is heated to a
temperature well in excess of the observed ones, and the model fails. In this case
the arguments presented by Petrosian (2001) apply.

The presence of tails in the Maxwell–Boltzmann electron distribution can be
tested through observations of the Sunyaev–Zeldovich (SZ) effect, as proposed by
Blasi, Olinto & Stebbins (2000) (see Ensslin & Kaiser (2000) for a general discussion
of the SZ effect including nonthermal effects). Clearly, by simply observing radio
radiation and hard X–ray radiation from clusters, it is extremely difficult, if not
impossible to discriminate among classes of models. The study of the SZ effect
allows one to partly break the degeneracy. An even more powerful tool is represented
by gamma ray astronomy. Some of the models in the literature predict gamma
ray emission to some extent, while others (this is the case of nonthermal tails in
the Maxwell–Boltzmann distribution) do not make precise predictions about the
gamma ray emission, and in fact do not require it. Clusters of galaxies are among
the targets for observations by the GLAST satellite and the new generation ground
based Čherenkov arrays. These observations will open a new window onto the non–
thermal processes occurring in the intracluster gas, and will allow one to understand
the origin of the observed radiation at lower frequency.

31



3. Extended Press–Schechter formalism and particle acceleration: a novel approach

3.1.1 Cosmic ray confinement in the intracluster medium

It was first realized by Berezinsky, Blasi & Ptuskin (1997) and Völk, Aharonian
& Breitschwerdt (1996) that cosmic rays are diffusively confined in the cluster
volume for cosmological times. This finding is of great importance for a better
understanding of the non–thermal activity in clusters of galaxies and deserves a
quantitative description.

The propagation of particles in the intracluster medium can be described by
means of an energy dependent diffusion coefficient D(E). The minimum possible
diffusion coefficient along the field lines can be estimated assuming that particles
are scattered by magnetic field irregularities with a mean free path comparable with
their Larmor radius RL. This situation is known as Böhm diffusion, and the related
diffusion coefficient is given by:

DB(E) =
1

3
RL(E)c ∝ E (3.1)

where the particle velocity is set equal to c, since we are interested here in relativistic
particles.

More generally, the functional form and normalization of D(E) can be derived
from the magnetic field spatial structure according to:

D(E) =
1

3
RL(E)c

B2

8π
∫∞
1/RL

dkP (k)
(3.2)

where P (k) is the spectrum of the magnetic field irregularities. If a Kolmogorov
spectrum is assumed:

P (k) = P0k
−5/3 (3.3)

the diffusion coefficient has a weaker dependence on energy: D(E) ∝ E1/3. The
normalization constant P0 can be obtained from the condition:

∫ ∞

1/lmax

dkP (k) ∼ B2

8π
(3.4)

where lmax is the size of the largest eddy in the magnetic field. For typical intracluster
medium conditions the diffusion coefficient can be written in the form (Blasi , 2001):

D(E) =











3.3 × 1022
(

B
1µG

)−1
E(GeV )cm2/s Bohm

2.3 × 1029
(

B
1µG

)1/3 (
lmax

20kpc

)2/3
E(GeV )1/3cm2/s Kolmogorov

(3.5)

Following Berezinsky, Blasi & Ptuskin (1997), we can use these expressions to
estimate the escape time for a relativistic particles with energy E from a Coma–like
cluster with mass ∼ 1015M� and virial radius Rcl ∼ 3Mpc:

τesc ∼
R2

cl

6D(E)
=
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=











1.4 × 1010
(

Rcl

3Mpc

)2 (
B

1µG

)

E(GeV )−1Gyr Bohm

2.0 × 103
(

Rcl

3Mpc

)2 (
B

1µG

)−1/3 (
lmax

20kpc

)−2/3
E(GeV )−1/3Gyr Kolmogorov

(3.6)

All the particles having escape times longer than the cluster life time remain trapped
within the cluster volume.

The cluster life time can be assumed to be roughly equal to the Hubble time
tH ∼ 13Gyr, so that the maximum particle energy for which the confinement is
effective is:

Emax
conf ∼











109
(

Rcl

3Mpc

)2 (
B

1µG

)

GeV Bohm

4 × 106
(

Rcl

3Mpc

)6 (
B

1µG

)−1 (
lmax

20kpc

)−2
GeV Kolmogorov

(3.7)

It is clear that the determination of this maximum energy strongly depends on the
diffusion coefficient, which is rather uncertain. However, equation (3.7) tells us
that the bulk of the cosmic rays remains confined in the intracluster medium for
cosmological times, regardless of the assumptions made on the diffusion coefficient.

This argument is of special importance for particles which are not affected by
energy losses. For cosmic ray protons propagating in the intracluster medium, the
main channel of energy losses is provided by inelastic scattering with thermal pro-
tons. The inclusive cross section for the reaction considered is σpp = 3.2× 10−26cm2

and the energy loss time for typical intracluster medium conditions is:

τ p
loss =

1

ngasσppc
∼ 34

(

ngas

10−3

)−1

Gyr (3.8)

which is longer than the Hubble time, leading to the important conclusion that
protons are unaffected by energy losses. It follows that all the relativistic protons
injected in the intracluster medium during the whole cluster lifetime remain con-
fined and accumulate there. Thus, the cosmic ray energy density in a cluster is an
increasing function of time (Berezinsky, Blasi & Ptuskin , 1997; Völk, Aharonian &
Breitschwerdt , 1996)

This fact has important consequences for the expected non–thermal emission
from clusters. In fact, due to confinement, the probability of having inelastic proton–
proton scattering is enhanced. The process is efficient enough to the continuous
production of neutral and charged pions, which in turn decay into gamma rays,
electrons and positrons (secondary electrons) through the decay chain:

pp → π0 + π+ + π− + anything

π0 → γγ

π± → µ±νµ µ± → e±νµνe

The gamma ray production rate due to neutral pion decay and the synchrotron
emission from secondary electrons are amplified as well.
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The situation is very different for relativistic electrons, that lose their energy via
inverse Compton scattering on short time scales (Rybiki & Lightman , 1979):

τ e
loss =

E

4
3
σT c

(

E
mec2

)2
Ucmb

∼ 1E(GeV )−1Gyr (3.9)

where Ucmb is the energy density in the cosmic microwave background and the other
symbols have their usual meanings. If the intracluster magnetic field is greater
than ∼ 3µG, synchrotron losses become dominant and the energy loss time is even
shorter. GeV electrons gyrating in a µG magnetic field emit synchrotron radiation
in the radio band and, during one energy loss time, they can diffuse over a distance:

ldiff (E) =
√

6D(E)τ e
loss (3.10)

which ranges from tens of parsecs to tens of kiloparsecs, depending on the assump-
tions made on the diffusion coefficient. For these reason primary electrons cannot
diffuse away from the sites where they are produced and are unlikely to be respon-
sible of the observed ∼ Mpc size diffuse radio emission in clusters.

3.1.2 Non–thermal emission and cluster mergers

As stressed above, there is at present no compelling evidence in favor of any of the
proposed acceleration sites for the non–thermal particles in clusters. Nevertheless,
energetic events in the history of a cluster represent good candidates, and cluster
mergers, that build up the cluster itself hierarchically, fit the description. In fact,
during mergers, clusters collide at velocities v ∼< 2000km/s, releasing a huge amount
of gravitational energy roughly equal to:

Em ∼ GM1M2

d
= 1.4 × 1064

(

M

5 × 1014M�

)2 (
d

1.5Mpc

)−1

erg (3.11)

where a major merger between two rich clusters with typical mass 5 × 1014M� is
considered. The duration of the merger event is tm ∼ d/v ∼ 109yr, so that the rate
of energy release is Lm = Em/tm ∼ 2 × 1047erg/s. This means that only a very
small fraction of the total energy involved in a merger event needs to be converted
into relativistic particles in order to explain observations. Moreover, a possible
observational evidence for a correlation between major merger and radio halos has
recently been found by Buote (2001). In particular, the correlation exists between
the radio emission at 1.4GHz and the degree of departure from virialization in the
shape of clusters, interpreted as a consequence of a recent or ongoing merger that
visibly changed the dark matter distribution in the cluster core.

It seems therefore reasonable to associate the existence of non–thermal particles
to some process occurring during these mergers. This argument, first proposed by
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Harris et al. (1980), is made stronger by the fact that mergers are also thought to be
responsible for the heating of the intracluster gas. In fact, shocks that are formed
in the baryon components of the merging clusters are able to convert part of the
gravitational energy of the system into thermal energy of the gas, as shown by direct
observations (Markevitch, Vikhlinin & Forman , 2003). It has been claimed that if
these shocks are strong enough, they can efficiently accelerate particles by first order
Fermi acceleration (Fujita & Sarazin , 2001; Miniati et al., 2001a,b; Blasi , 2000).

The consequences of these shocks on the non–thermal content of clusters of
galaxies may be dramatic, and deserve to be considered in detail. Both electrons
and protons (or nuclei) are accelerated at the shock surfaces during mergers, but the
dynamics of these two components is extremely different: high energy electrons have
a radiative lifetime much shorter than the age of the cluster, so that they rapidly
radiate most of their energy away. On the other hand, protons lose only a small
fraction of their energy during the lifetime of the cluster, and their diffusion time
out of the cluster are even larger, so that they are stored in clusters for cosmological
times (Berezinsky, Blasi & Ptuskin , 1997; Völk, Aharonian & Breitschwerdt , 1996).
In other words, while for high energy electrons only the recent merger events are
important to generate nonthermal radiation that we can observe, in order to deter-
mine the proton population of a cluster (that can generate secondary electrons) we
need to take into account the all history of the cluster.

3.2 Merger trees and strength of the shocks in

the intracluster medium

As seen in chapter 1, the hierarchical growth of clusters can be described semi–
analytically in the framework of the so–called extended Press–Schechter formalism
(Press & Schechter , 1974; Lacey & Cole , 1993). Merger trees for clusters with a
given present mass can be built by means of Monte Carlo simulations. This formal-
ism was extensively used in the past to investigate the intracluster medium heating
and other thermal properties of clusters (Cavaliere, Menci & Tozzi , 1999; Randall,
Sarazin & Ricker , 2002). We suggest here that this approach can be effectively
generalized in order to describe the acceleration of particles at merger shocks and
the consequent implications for cluster non–thermal emission. The novelty in our
proposal resides in the combination of the Press–Schechter formalism with a recipe
which allows us to estimate in a self–consistent manner the Mach number of each
merger related shock. This new approach can be used as a powerful tool to investi-
gate the non–thermal aspect of structure formation and to make predictions about
the number of objects showing non–thermal activity at a given frequency, from radio
waves to gamma rays.
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3.2.1 Shocks during cluster mergers

During the merger of two clusters of galaxies, the baryonic component, feeling the
gravitational potential created mainly by the dark matter component, is forced to
move supersonically and shock waves are generated in the intracluster medium.

In this section we describe in more detail the physical properties of such shocks,
with special attention for their Mach numbers and compression factors. To this
purpose we use an approach introduced in its original version by Takizawa (1999).
We assume to have two clusters, as completely virialized structures, at temperatures
T1 and T2, and with masses M1 and M2 (here the masses are the total masses,
dominated by the dark matter components). The virial radius of each cluster can
be written as follows

rvir,i =

(

3Mi

4π∆cΩmρcr(1 + zf,i)3

)
1

3

=

(

GMi

100ΩmH2
0 (1 + zf,i)3

)
1

3

, (3.12)

where i = 1, 2, ρcr = 1.88 × 10−29h2g cm−3 is the current value of the critical
density of the universe, zf,i is the redshift of formation of the i–th cluster, ∆c ∼
200 is the density contrast for the formation of the cluster and Ωm is the matter
density fraction. In the right hand side of the equation we used the fact that
ρcr = 3H2

0/8πG, where H0 is the Hubble constant. The formation redshift zf is
on average a decreasing function of the mass, meaning that smaller clusters are
formed at larger redshifts, consistently with the hierarchical scenario of structure
formation. There are intrinsic fluctuations in the value of zf from cluster to cluster
at fixed mass, due to the stochastic nature of the merger tree.

The relative velocity of the two merging clusters, Vr, can be easily calculated
from energy conservation:

− GM1M2

rvir,1 + rvir,2

+
1

2
MrV

2
r = −GM1M2

2R12

, (3.13)

where Mr = M1M2/(M1 +M2) is the reduced mass and R12 is the turnaround radius
of the system, where the two subclusters are supposed to have zero relative velocity.
In fact the final value of the relative velocity at the merger is quite insensitive to the
exact initial condition of the two subclusters. In an Einstein–De Sitter cosmology
this spatial scale equals twice the virial radius of the system. Therefore, using eq.
(3.12), we get:

R12 = 2
(

M1 + M2

M1

)1/3 1 + zf,1

1 + zf
rvir,1. (3.14)

where zf is the formation redshift of the cluster with mass M1 +M2. This expression
remains valid in approximate way also for other cosmological models (Lahav et al.,
1991). The sound speed of the i–th cluster is given by

c2
s,i = γg(γg − 1)

GMi

2rvir,i
, (3.15)
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where we used the virial theorem to relate the gas temperature to the mass and
virial radius of the cluster. The adiabatic index of the gas is γg = 5/3. The Mach
number of each cluster can be written as follows (Gabici & Blasi , 2003):

M2
1 =

4(1 + η)

γ(γ − 1)





1

1 +
1+zf,1

1+zf,2
η1/3

− 1

4
1+zf,1

1+zf
(1 + η)1/3





M2
2 = η−2/3 1 + zf,1

1 + zf,2
M2

1, (3.16)

where η = M2/M1 < 1. The procedure illustrated above can be applied to a generic
couple of merging clusters, and in particular it can be applied to a generic merger
event in the history of a cluster with fixed mass at the present time. The merger
history (and indeed many realizations of the history) for a cluster can be simulated
as discussed in §1.2.3. In particular, for a cluster with mass M0 at the present time
we simulate 500 realizations of the merger tree and calculate the Mach numbers
associated with the merger events. A value ∆m = 0.05 is assumed. Note that this
value is much lower than in Fujita & Sarazin (2001). This simply implies that we
follow the histories of very small halos of dark matter, rather than the big ones only.
The results of our calculations of the Mach numbers are plotted in figure 3.1.

The striking feature of this plot is that for major mergers, involving clusters with
comparable masses (η ∼ 1), the Mach numbers of the shocks are of order unity. In
other words the shocks are only moderately supersonic. In order to achieve Mach
numbers of order of 3 − 4 it is needed to consider mergers between clusters with
very different masses (η ∼ 0.05), which, in the language of Salvador–Solé, Solanes &
Manrique (1998) and Fujita & Sarazin (2001) would not be considered as mergers
but rather as continuous accretion. These events are the only ones that produce
strong shocks, and this is of crucial importance for the acceleration of suprathermal
particles, as discussed below. In figure 3.2 we plotted histograms representing the
frequency of shocks with given Mach number. It is easy to see that the greatest
part of the merger shocks are weak, with a peak in Mach number at about 1.4. This
result is in some contradiction with the Mach number distribution found by Miniati
et al. (2000), which is a bimodal distribution with one peak at Mach numbers of
∼ 1000, and one at Mach numbers of ∼ 5. While the former peak cannot be
obtained within our approach, because it is caused by shocks in the cold outskirts of
clusters, not directly related to merger events, the latter shocks should be the same
as those described in our paper. In fact, they are located, according to Miniati et al.
(2000), within 0.5h−1 Mpc from the cluster center, namely in the virialized region,
so that the arguments presented here do apply. It is worth noticing in passing that
the simulations of Miniati et al. (2000) have an intrinsic cutoff at Mach numbers
smaller than

√
3, so that the peak we find at 1.5 is out of the available range. It

is also worth noticing that the spatial resolution achieved in these simulations is of
0.315h−1 Mpc, very close to the size of the region (0.5h−1 Mpc) where the shocks
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Figure 3.1: Distribution of the Mach numbers of merger related shocks as a function
of the mass ratio of the merging subclusters. The upper strip is the distribution
of Mach numbers in the smaller cluster, while the lower strip refers to the bigger
cluster.

need to be identified. Moreover, the simulated region is a cubic box of comoving size
50h−1 (Miniati et al., 2000), which is too small to contain rich clusters, which are
very rare objects. In fact, only groups and small clusters with temperatures in the
range 0.3 − 3KeV are simulated by Miniati et al. (2000). It is worth noticing that
groups might have very different merger rates with respect to rich clusters and, for
this reason, it is not clear if the properties of the shocks found in mergers between
relatively small clusters can be extrapolated to the case of more massive objects.

Recent numerical simulations (Ryu et al., 2003) seem to find more weak shocks
than in Miniati et al. (2000), in closer agreement with our findings. The weakest
shocks identified by Ryu et al. (2003) have a Mach number ∼ 1.5, very close to the
value corresponding to the peak of the Mach number distribution obtained from
our semi–analytical approach. On the other hand, the numerical simulations of
Ryu et al. (2003) also find a class of high Mach number shocks that are related to
gravitationally unbound structures, not included in our semi–analytical calculations.
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Figure 3.2: Differential (left panel) and integral (right panel) distribution of the
Mach numbers of merger related shocks.

It follows that a more rigorous comparison between the results of simulations and
analytical calculations is needed (Gabici & Blasi, in preparation).

The presence of the shocks at very large Mach numbers in the intergalactic medi-
um well outside virialized structures like clusters of galaxies can be expected simply
on the basis of the propagation of shocks moving with speed typically 108cm/s in a
cold medium, with say T ∼ 104K. These shocks can accelerate particles efficiently:
if these particles are electrons, their radiation is expected to be concentrated around
the shocks, and well outside the intracluster medium. If the accelerated particles
are protons, they are expected to be advected inside the cluster by the accretion
flow, where their inelastic collisions can generate secondary radiation.

3.2.2 The effects of a local overdensity

The simple method introduced in our paper in order to evaluate the Mach number
of merger related shocks suffers of the limitation of being applicable only to binary
mergers. The cases in which a cluster is merging with another cluster in a deeper
gravitational potential well generated by a collection of nearby structures cannot be
treated in the context of this method.

In this case, the relative velocity between the two clusters, and also the related
shock Mach numbers may be larger (or smaller) than those estimated here. Although
a rigorous evaluation of the probability of occurrence of this kind of situations cannot
be carried out in the context of our simple approach, convincing arguments can be
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provided to support the results discussed in the previous sections. Let us assume
that our two clusters, with mass M1 and M2, are merging in a volume of average
size Rsm where the overdensity if 1 + δ (δ = 0 corresponds to matter density equal
to the mean value). Clearly the overdense region must contain more mass than that
associated with the two clusters, therefore for a top–hat overdensity at z = 0 we can
write:

4

3
πR3

smρcrΩm(1 + δ) = ξ(M1 + M2), (3.17)

where ξ > 1 is a measure of the mass in the overdense region in excess of M1 + M2.
In numbers, using Ωm = 0.3, this condition becomes:

(1 + δ) = 2ξM15R
−3
10 , (3.18)

where M15 is M1 + M2 in units of 1015 solar masses and Rsm = 10 Mpc R10 h−1.
If the clusters are affected by the potential well of an overdense region with

total mass Mtot, the maximum relative speed that they can acquire is vmax ≈
2
√

GMtot/Rsm. Note that this would be the relative speed of the two clusters if
they merged at the center of the overdense region and with a head–on collision,
therefore any other (more likely) configuration would imply a relative velocity s-
maller than vmax. In particular, the presence of the local overdensity might even
cause a slow down of the two merging clusters, rather than a larger relative velocity.
In numbers

vmax = 1.1 × 108ξ1/2M
1/2
15 R

−1/2
10 cm/s.

Using the usual expression for the sound speed in a cluster with mass Mi we also
get

cs = 8.8 × 107M
1/3
i,15 cm/s.

Therefore the maximum Mach number that can be achieved in the i-th cluster is

Mi,max = 1.25ξ1/2R
−1/2
10 M

1/2
15 M

−1/3
i,15 . (3.19)

As stressed in the previous sections, the Mach numbers which may be relevant for
particle acceleration are M > 3, which implies the following condition on ξ:

ξ > 5.8M−1
15 M

2/3
i,15R10, (3.20)

that, when introduced in equation (3.18) gives:

(1 + δ) > 11.6R−2
10 M

2/3
i,15. (3.21)

Similar results may be obtained using the velocity distribution of dark matter halos
as calculated in semi–analytical models (Sheth & Diaferio , 2001) and transforming
this distribution into a pairwise velocity distribution, by adopting a suitable recipe.

The probability to have an overdensity 1 + δ in a region of size Rsm has the
functional shape of a log–normal distribution, as calculated by Kayo, Taruya &
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Mi,15 R10 (1 + δ) P (δ)
1 0.8 18.1 7 × 10−5

1 1 11.6 9 × 10−5

1 1.2 8.1 10−4

0.5 0.8 11.4 5 × 10−4

0.5 1 7.3 10−3

0.5 1.2 5.1 2 × 10−3

0.1 0.8 3.9 2 × 10−2

0.1 1 2.5 5 × 10−2

0.1 1.2 1.7 0.12

Table 3.1: Overdensity δ necessary for a cluster of mass Mi,15 to achieve a Mach
number at least 3 in the collision with another cluster. Different smoothing radii R10

are considered. The probability P (δ) of having the needed overdensity is reported.

Suto (2001). Equation (3.21) gives the overdensity 1 + δ necessary for a cluster of
mass Mi to achieve a Mach number at least 3 in the collision with another cluster
in the same overdense region. In the table below we report the probabilities P (δ)
as a function of Mi, evaluated following Kayo, Taruya & Suto (2001) for different
sizes of the overdense region. These numbers must be interpreted as upper limits
to the probability that a cluster of mass Mi develops a merger shock with Mach
number larger than three, since the probabilities refer to the configuration in which
the relative velocity between the two clusters is maximized. For rich clusters, with
masses larger than 5×1014 solar masses (corresponding to X–ray luminosities LX >
4× 1044erg/s) the probability that the presence of a local overdensity may generate
Mach numbers relevant for the nonthermal activity has been estimated to be ∼ 10−3

or smaller, suggesting that our two body approximation is reasonable, in particular
for the massive clusters that are typically observed to have nonthermal activity. For
smaller clusters, the probabilities become higher, indicating that the distribution of
Mach numbers might have a larger spread compared with that illustrated in figure
3.1. Note however that for small clusters, even the two body approximation gives
relatively high Mach numbers, provided the merger occurs with a bigger cluster,
simply as a result of a lower temperature and a correspondingly lower sound speed.

Motivated by this argument, in the following we will continue to consider only
binary mergers.

3.2.3 X–Ray observation of shock waves in the intracluster

medium

Observationally, the strength of merger related shocks has been measured from high
resolution X–ray images that allow one to evaluate the temperatures on the two
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sides of a shock. One instance is provided by Cygnus A (z = 0.057), where two
subclusters with comparable masses (η ∼ 1) are merging. ASCA observations of
this cluster have been used by Markevitch, Sarazin & Vikhlinin (1999) to determine
the temperature upstream (T1 = 4± 1 keV) and downstream (T2 = 8+2

−1 keV) of the
shock, so that the compression factor r at the same shock can be determined from
the Rankine-Hugoniot relations:

1

r
=

[

4
(

T2

T1
− 1

)2

+
T2

T1

]1/2

− 2
(

T2

T1
− 1

)

. (3.22)

Numerically we obtain r ∼ 2.2 − 2.4, corresponding to a Mach number M ∼ 2,
roughly consistent with our predictions in figure 3.1. Other cases of current merg-
er events provide further examples of moderately supersonic relative motion of the
merging clusters (Krivonos et al., 2003; Markevitch et al., 2002; Markevitch & Vikl-
hinin , 2001). None of the observed shocks seems to have Mach numbers around
∼ 5, which appears in agreement with our findings. If the peak in Mach numbers
were at ∼ 5 it would be statistically unfavourable to observe only Mach numbers
smaller that this value.

3.3 Particle acceleration at merger shocks and re-

lated non–thermal emission

3.3.1 Particle spectra and related non–thermal emission

A shock with compression factor r and Mach number M can accelerate particles to
a power law in momentum p2f(p) ∝ p−α, with slope α related to the Mach number
and compression factor by the following expressions:

α =
r + 2

r − 1
= 2

M2 + 1

M2 − 1
. (3.23)

The distribution function of the accelerated particles is normalized here by:

4π
∫ pmax

pmin

dpE(p)p2f(p) = ηshockρu2 (3.24)

where E(p) =
√

p2 + m2 and m is the mass of the accelerated particles, ηshock is
an efficiency of acceleration, ρ and u are the density and speed respectively of the
fluid crossing the shock surface. The minimum and maximum momenta (pmin and
pmax) of the accelerated particles are determined by the properties of the shock. In
particular, pmax is the result of the balance between the acceleration rate and either
the energy loss rate or the rate of escape from the acceleration region. Less clear
is how to evaluate pmin; the minimum momentum of the particles involved in the
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acceleration process depends on the microphysics of the shock, which is very poorly
known. Fortunately, most of the physical observables usually depend very weakly
on pmin.

The basic points introduced above can be simply applied to the case of shocks
originated in cluster mergers, where the approximate values of the parameters are
known. In the following, we use these parameters to estimate the maximum energies
attainable for electrons and protons as accelerated particles. The acceleration time,
as a function of the particle energy E can be written as

τacc(E) =
3

u1 − u2

D(E)
[

1

u1

+
1

u2

]

=
3D(E)

v2

r(r + 1)

r − 1
, (3.25)

valid for any choice of the diffusion coefficient D(E), for which we consider two
possible models. First we use the expression proposed in (Blasi & Colafrancesco ,
1999):

D(E) = 2.3 × 1029B−1/3
µ L

2/3
20 E(GeV )1/3cm2/s, (3.26)

where Bµ is the magnetic field in microgauss and L20 is the largest scale in the mag-
netic field power spectrum in units of 20 kpc. Here we assumed that the magnetic
field is described by a Kolmogorov power spectrum.

In this case the acceleration time becomes:

τacc(E) ≈ 6.9 × 1013B−1/3
µ L

2/3
20 E(GeV )1/3v−2

8 g(r) s, (3.27)

where v8 = v
108cm/s

and g(r) = r(r + 1)/(r − 1) and v = u1.

For electrons, energy losses are dominated by inverse Compton scattering off the
photons of the cosmic microwave background, provided the magnetic field is smaller
than ∼ 3µG. The maximum energy of accelerated electrons is obtained by requiring
τacc < τloss:

Ee
max ≈ 118L

−1/2
20 B1/4

µ v
3/2
8 g(r)−3/4 GeV. (3.28)

The relation between the compression ratio r and the Mach number is

r =
8
3
M2

2
3
M2 + 2

, (3.29)

valid for an ideal monoatomic gas. Here M is the Mach number of the unshocked
gas, moving with speed v8.

For protons, energy losses are usually not relevant and the maximum energy is
clearly determined by the finite time duration of the merger event. Therefore the
maximum energy for protons will be defined by the condition τacc < tmerger, which
gives

Ep
max ≈ 9 × 107L−2

20 Bµv6
8g(r)−1/2 GeV, (3.30)
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for tmerger ∼ 109 years. As a second possibility for the diffusion coefficient we assume
Bohm diffusion, well motivated for the case of strong turbulence. In this case:

D(E) = 3.3 × 1022E/Bµ cm2/s. (3.31)

For electrons we obtain:

Ee
max ≈ 6.3 × 104B1/2

µ v8g(r)−1/2 GeV, (3.32)

while for protons
Ep

max ≈ 3 × 109Bµv
2
8g(r)−1 GeV. (3.33)

If Ep
max becomes larger than ∼ 1010 GeV, energy losses due to proton pair production

and photopion production on the photons of the microwave background become
important and limit the maximum energy to less that a few 1010 GeV (Kang, Rachen
& Biermann , 1997).

The relative abundance of electrons and protons at injection is an unknown
quantity. Theoretically, there are plausibility arguments for having a small e/p
ratio, related to the microphysics of shock acceleration: protons resonate with Alfvén
waves on a wide range of momenta, so that they can be efficiently extracted from
the thermal distribution and injected into the acceleration engine. For electrons this
is much harder. Low energy electrons do not interact with Alfvén waves and some
other modes need to be excited (for instance whistlers) and sustained against their
strong damping. A detailed discussion of the electron injection at non relativistic
shocks can be found in McClements et al. (1997) and Levinson (1994) and references
therein.

Another issue that contributes to the suppression of the injection of the electron
component in a shock is the finite thickness of the shock, comparable with the
Larmor radius of thermal protons (Bell , 1978a,b). Electrons can be injected in
the shock accelerator only if their Larmor radius is larger than the thickness of the
shock. For a proton temperature of ∼ 8 keV, only electrons with energy larger
than ∼ 5 − 10 MeV can be injected in the acceleration box. This energy is much
larger than the typical electron temperature in the intracluster medium. The value
of 5MeV can be adopted as a sort of low energy cutoff in the injection spectrum of
electrons.

For each of these binary mergers, we evaluate the duration of the merger and
the relative volumes that take part in it.

A prescription on how to define these two quantities is required since they affect
the amount of energy injected in the cluster in the form of relativistic particles.
Acceleration occurs at each one of the two shocks formed as a result of the merger.
Once the relative velocity is calculated from equation (3.13), the duration of the
merger event is defined as

τmer ≈
rvir,1

Vr
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Figure 3.3: Time–integrated average proton spectra resulting from all the mergers
in a cluster. The three curves are obtained for ∆m = 0.05 (solid line), ∆m = 0.1
(dotted line) and ∆m = 0.6 (dashed line).

where rvir,1 is defined as the virial radius of the bigger cluster.

It is extremely important to keep in mind that the radiation from electrons
directly accelerated at a shock is, in first approximation, solely dominated by the
last merger events that the cluster suffered; on the other hand, for protons and
the consequent secondary products, it is mandatory to study the full history of
the cluster and account for all the shocks that traversed the cluster volume. Both
acceleration of new particles and re–energization of previously accelerated particles
need to be taken into account, as explained in §2.2.3.

Observations may be explained by a population of electrons (primaries or sec-
ondaries) injected in the cluster with a power law spectrum having a slope around
2.3−2.4 (see for instance Blasi (2000)). In the discussion below we will refer exclu-
sively to injection spectra, without explicitly accounting for the obvious steepening
by one power in energy in the equilibrium spectrum of the radiating electrons (ener-
gy losses are dominated by inverse Compton scattering and synchrotron emission in
the energy range of interest). In other words, if the injection spectrum of electrons
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Figure 3.4: Slope of the time–integrated proton spectra resulting from all the mergers
in a cluster. The three curves are obtained for ∆m = 0.05 (solid line), ∆m = 0.1
(dotted line) and ∆m = 0.6 (dashed line)

(as primaries or as secondary products of hadronic interactions) is (locally) a power
law with slope 2.3− 2.4, the corresponding equilibrium spectra will have local slope
3.3 − 3.4.

In the following we distinguish the two cases of primary electrons (directly ac-
celerated at the shocks) and secondary electrons, whose spectrum at energies above
a few GeV approximately reproduces the spectrum of the parent protons. We start
with the case of secondary electrons, concentrating our attention upon the spectrum
of the accelerated protons. We stress again that merger related shocks accelerate
new protons and reaccelerate protons which were already confined in the parent
clusters from previous times. The efficiency for particle acceleration at each shock
is taken as a constant equal to 10%. For simplicity we assume that the accelerated
particles are all confined in the cluster volume, although this may not be true at the
highest energies for large diffusion coefficients. It seems however a good approxima-
tion for protons with the energies that we are interested in. The spectra that result
from our calculations are plotted in figure 3.3. These curves are obtained averaging
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Figure 3.5: Slope of the time-integrated proton spectra resulting from all the mergers
in a cluster for ∆m = 0.05 at different proton energies: 10 GeV (solid line), 100
GeV (dotted line) and 1 TeV (dashed line).

the spectra of 500 clusters, each one followed in its merger history back in time to
redshift z = 3. We consider the three cases ∆m = 0.6 (dashed line), ∆m = 0.1
(dotted line) and ∆m = 0.05 (solid line).

It is clear that at high energy it is crucial to account for small mergers, since they
are responsible for flatter spectra. In fact the flatter regions are also due to some
level of reacceleration of pre-existing protons, confined in the intracluster volume. If
only major mergers are considered (∆m = 0.6), the resulting spectrum is too steep
to be of any relevance for the generation of the observed nonthermal radiation.

In figure 3.4 we plot the distribution of spectral slopes (α in equation (3.23)) for
different choices of the threshold in mass ratio for mergers. Since the spectra are
not power laws (see figure 3.3) it is convenient to plot the slopes at fixed energy,
say 10 GeV (it is worth to recall that protons with this energy typically generate
electrons of few GeV, which are the ones relevant for the production of radio halos).
When major mergers are considered (∆m = 0.6), the typical slopes of the spectra
of accelerated particles peak around 4.4, too steep to be relevant for nonthermal
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Figure 3.6: Distribution of Mach numbers for the mergers occurred in the last one
billion years for a cluster with present mass 1015 solar masses. The dashed line
indicates the Mach number that corresponds to shocks able to accelerate electrons
with a spectrum E−2.4. The histogram is obtained from 500 different realizations of
the cluster merger tree.

radiation in clusters. When mergers between clusters with very different masses are
considered, the situation improves, but still, even for ∆m = 0.05, the spectra remain
too steep. An important point is that flat spectra, if any, are not obtained in major
mergers but rather in those mergers that according to Fujita & Sarazin (2001)
qualify as accretion events. Shocks related to major mergers are not strong enough
to account for the observed spectra. The spread in the values of α in figure 3.4
reflects the fluctuations in the Mach numbers in figure 3.1, due to the distribution
of formation redshifts in the simulation and to the stochasticity of the merger tree.
Even accounting for these fluctuations, the strength of the shocks appears to be
insufficient to generate the required spectra of accelerated particles.

In figure 3.5 we also plot the slope of the proton spectrum for ∆m = 0.05,
at three energies, 10 GeV (solid line), 100 GeV (dotted line) and 1 TeV (dashed
line). It is clear that the spectrum flattens at high energies, which is again in some
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disagreement with observations of radio halos, which seem to suggest a steepening
of the radio spectrum towards its higher frequency end.

We now consider the acceleration of primary electrons as responsible for non–
thermal radiation in clusters of galaxies. In this case, only recent mergers, occurred
within about one billion years may be related to the observed radiation, due to the
short lifetimes of relativistic electrons. Therefore, we simulate the merger tree of
clusters with fixed present mass, limiting the simulations to one billion years far
into the past. In fact, even one billion years is a time appreciably longer than the
time for losses of relativistic electrons, so that our predictions have to be considered
as optimistic. Mergers and related shocks have been treated as discussed in the
previous sections.

Of the 500 clusters with mass 1015 solar masses that we simulated the merger
tree of, about 30% suffered a merger during the last billion years. In figure 3.6 we
plotted the Mach numbers of the shocks generated in the clusters that suffered at
least one merger (actually it is rare to have more than one merger during the last
billion years). The dashed line represents the value of the Mach number that would
correspond to a slope of the accelerated electrons equal to 2.4, required to explain
observations. Only 20% of the shocks have Mach numbers fulfilling this condition, so
that in the end, about 6% of the 500 simulated 1015 solar masses clusters of galaxies
have suffered a merger than may have generated non–thermal activity with Coma–
like spectrum. However, due to the short diffusion length of relativistic electrons, the
radio emission should be observable only close to the shock surfaces. Thus, primary
electrons accelerated at merger shocks cannot generate radio emission on Mpc scale,
but might produce sources whose morphology could resemble the so–called radio
relics, observed in a number of X–ray bright clusters (Ensslin , 2003).
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Chapter 4

Gamma ray emission during large

scale structure formation

As seen in the previous chapter, shocks are driven by gravity during the process
of large scale structure formation. Diffusive acceleration takes place at these shock
surfaces and particles can be energized up to ultrarelativistic energies. These high
energy particles are expected to produce gamma ray photons through their inter-
actions with the intergalactic gas and with the background radiation fields. In this
chapter, after a brief overview on gamma ray astronomy, we discuss the possibility
of detecting forming clusters of galaxies at gamma ray energies with next generation
instruments. Besides merger shocks, already considered in the previous chapter, we
include in the present analysis also accretion shocks, which are expected to form at
the cluster periphery due to continuum infall of material (see §1.3). Our predictions
are specialized to the cases of the GLAST and AGILE satellites, for which a few tens
of objects are expected to be detected. The capability of ground based Čherenkov
telescopes to detect TeV photons from nearby forming clusters is also discussed. Fi-
nally, we evaluate the contribution of structure formation to the extragalactic diffuse
gamma ray background, concluding that it adds up to at most 10% of the observed
one.

4.1 Gamma ray astrophysics: a brief overview

The first complete survey of the gamma ray sky in the energy range from about
30 MeV to 30 GeV was performed by the EGRET telescope, on board of the
Compton Gamma Ray Observatory (Nolan et al., 1992). The most evident feature
in the all sky map is the presence of a strong diffuse emission coming from the
galactic plane. This emission is the result of the interaction between galactic cosmic
rays and matter or radiation fields.

Both relativistic protons and electrons can contribute to the diffuse emission.
Galactic cosmic ray protons having mass mp and kinetic energy greater than the
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threshold value:

E − mpc
2 = 2mπ0c2 +

(

mπ0

2mp

)

mπ0c2 ∼ 280MeV (4.1)

can interact with the protons of the interstellar gas and produce neutral pions, which
in turn decay into gamma ray photons:

pp → π0 + anything (4.2)

π0 → γγ

The resulting gamma ray spectrum shows a peak corresponding to the energy
1/2mπ0c2, while at higher energies the spectral shape is the same of the parent
cosmic ray population, which is ∝ E−2.75 for galactic cosmic rays (Dermer , 1986).
Close to the peak energy, π0 decay is the main contributor to the total emission
from the galactic plane, while inverse Compton scattering from cosmic ray electrons
dominates elsewhere (Moskalenko, Strong & Reimer , 2004).

The photon spectrum due to inverse Compton scattering can be easily calculated
when the product of the electron Lorentz factor γ and the typical energy of the
background photons ε is much lower than mpc

2. If this condition is satisfied, we
can adopt the Thomson cross section σT to describe the scattering. Moreover, if
εEγ << (mpc

2)2 the energy of the γ–ray produced is on the average:

Eγ =
4

3
γ2ε (4.3)

Within the assumption that cosmic ray electrons have an energy distribution of
the form I(E) = KE−α, it is straightforward to calculate the spectrum of the
upscattered photons, which is given by (Stecker , 1974):

q(Eγ) = 4πnphσT

∫

dE KE−α δ
(

Eγ −
4

3
εγ2

)

∝ E
−α+1

2
γ (4.4)

where nph is the number density of target photons and we have made the delta
function approximation for the differential cross section:

σ(Eγ|ε, E) ∼ σT δ
(

Eγ −
4

3
εγ2

)

(4.5)

In the Galaxy, CMB and optical/IR photons from stars contribute to nph while
cosmic ray electrons have a power law spectrum with α ∼ 3. So, the galactic
gamma ray spectrum due to inverse Compton scattering is expected to be equal to
q(Eγ) ∝ E−2

γ , which at high energies is flatter than the proton related component.
Neutral pion decay and inverse Compton scattering are the most important mech-

anisms for gamma ray production not only in the Galaxy, but also in several as-
trophysical objects, including clusters of galaxies and shocks related to the process
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of large scale structure formation, which are the subject of our research. Other
less important contributions come from electron Bremsstrahlung and inverse Comp-
ton scattering of secondary electrons produced during the inelastic proton–proton
interactions between cosmic rays and interstellar matter.

Apart from the galactic emission, EGRET detected ∼ 300 point sources, roughly
half of which still need to be identified with objects observed at other wavelengths.
The identification of these sources is one of the most important open problems of
gamma ray astronomy. We are interested here in the high latitude, presumably
extragalactic sources. In this case, the majority of the identified sources are active
galaxies belonging to the blazar class (Hartman et al., 1999). Despite the fact
that several candidates have been proposed to explain the origin of the unidentified
sources, including radio galaxies (Torres , 2004), clusters of galaxies (see next section
for a detailed discussion) and high latitude molecular clouds (Walker, Mori & Ohishi
, 2003), it is impossible to date to make firm claims on their nature.

Another important issue concerns the exact determination of the spectrum and
flux level of the isotropic extragalactic background. This component can be revealed
by subtracting the galactic contribution from the total gamma ray map. Thus,
results depend much onto the adopted model of the Galactic background, which
is not yet firmly established. Sreekumar et al. (1998) used the relation between
the model predicted Galactic emission and the total diffuse emission to estimate
the extragalactic background as the extrapolation to zero Galactic contribution.
They considered photon energies in the range 100MeV − 30GeV and obtained a
featureless power law spectrum containing roughly equal energy flux per decade in
photon energy at the level of ∼ 1keV/(cm2 s sr).

Faint, undetected gamma ray blazars have been considered for a long time to be
the main contributors to the extragalactic background (Padovani et al., 1993; Setti
& Woltjer , 1994). Even if there is now a general consensus that blazars should
contribute to the observed diffuse emission, it is not yet clear whether they can
saturate it (Comastri, Di Girolamo & Setti , 1996; Stecker & Salamon , 1996) or not
(Mucke & Pohl , 2000; Mukherjee & Chiang , 1999).

However, due to the uncertainty in the determination of the Galactic contribu-
tion at high latitude, very different scenarios might also be possible. In fact, Dar &
De Rújula (2001) have proposed that observations can be also explained as the re-
sult of a population of relativistic electrons upscattering the microwave and starlight
radiation to gamma ray energies through inverse Compton scattering. These elec-
trons, located in the Galactic halo, would not be correctly accounted for in standard
models of cosmic ray propagation in the Galaxy. As we will see in the following, also
forming structure in the universe have been proposed to be the sources of the diffuse
extragalactic background (Loeb & Waxman , 2000). This issue, together with the
possibility to detect forming clusters in gamma rays, will be discussed in great detail
in the next sections.
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4.2 Gamma rays from large scale structures in

the universe: review of past theoretical and

observational results

As seen in §3.1, radio observations of galaxy clusters tell us that relativistic elec-
trons, and presumably protons, are present in the intracluster medium (Feretti ,
2003). From X–ray observations we also know that clusters contain a considerable
amount of baryons in the form of a hot and diffuse gas (Sarazin , 1988). These two
observational facts led Dennison (1980) to propose that clusters might be gamma
ray sources, due to the inelastic interactions between cosmic ray protons and protons
in the intergalactic medium (see equation 4.2).

Dar & Shaviv (1995) considered the same emission mechanism and, within the
assumption of universality of the cosmic ray spectrum, proposed that the whole ex-
tragalactic diffuse gamma ray background could be originated in groups and clusters
of galaxies. Some problems were identified in these calculations and discussed by
Stecker & Salamon (1996b) and Berezinsky, Blasi & Ptuskin (1997). Moreover,
Berezinsky, Blasi & Ptuskin (1997) made the important discovery that the hadronic
cosmic ray component is confined within the cluster volume for cosmological times.
This is a fact that needs to be taken into account for a correct determination of the
expected gamma ray emissivity from clusters (Berezinsky, Blasi & Ptuskin (1997)
and see §3.1.1 for a quantitative discussion of the issue).

A more realistic calculation of the extragalactic background due to clusters was
carried out in (Colafrancesco & Blasi , 1998), where the authors concluded that
not more than a few percent of the observed background of gamma rays could be
accounted for in terms of hadronic interactions in clusters of galaxies. Colafrancesco
& Blasi (1998) also estimated the gamma ray fluxes for single, nearby and rich
clusters, finding these fluxes to be all below the EGRET sensitivity.

More recently, Loeb & Waxman (2000) have reproposed a connection between
the extragalactic gamma ray background and clusters of galaxies. More correctly
the connection should exist between the diffuse background and the process of hi-
erarchical large scale structure formation. The claim is that the whole background
can be explained in terms of inverse Compton scattering of ultrarelativistic electron-
s accelerated at shocks related to the process of structure formation. Shocks form
naturally in the intracluster medium during the merger of two halos that generate
a new bigger structure.

Following this earlier optimistic claim, Totani & Kitayama (2000) and Wax-
man & Loeb (2000) used an approach based on the Press–Schechter formalism (see
§1.2) to predict the existence of a connection between forming clusters of galax-
ies and unidentified high latitude EGRET sources. This prediction seemed to be
supported by some preliminary observational evidences for a temptative association
between unidentified high latitude EGRET sources and Abell clusters (or cluster

54



4.3. Detectability of clusters with space telescopes

pairs) (Colafrancesco , 2002; Kawasaky & Totani , 2002). Moreover, a statistical
detection of gamma ray emission from clusters of galaxies was claimed by Scharf
& Mukherjee (2002). The statistical significance and physical plausibility of such
an association was strongly questioned by Reimer et al. (2003). The authors, after
an accurate analysis of the EGRET data for a complete sample of objects, reached
the important conclusion that we still have to await the first observational evidence
for the high–energy gamma–ray emission of galaxy clusters. Only upper limits for
the gamma ray fluxes from nearby and X–ray bright clusters can be given (Reimer
, 1999; Reimer et al., 2003).

4.3 Detectability of gamma rays from

forming clusters of galaxies with

space–borne gamma ray telescopes

As discussed in many previous papers, gamma rays can be generated in clusters of
galaxies mainly through the following physical processes:

1. inverse Compton scattering of electrons accelerated at merger and accretion
shocks or injected in the intracluster medium by AGNs or normal/starburst
galaxies;

2. decay of neutral pions produced in inelastic pp collisions;

3. inverse Compton scattering of secondary electrons from the decay of charged
pions produced in inelastic pp collisions;

4. Bremsstrahlung emission of relativistic primary and secondary electrons;

with the first two mechanisms dominating the total emission (Blasi , 2001).
Due to cosmic ray confinement, protons are stored in the intracluster medium for

cosmological times, and in principle can produce secondary products continuously
(Berezinsky, Blasi & Ptuskin , 1997; Colafrancesco & Blasi , 1998), namely with no
time correlation with phenomena like mergers of two clusters. While this process
is of great importance and can be responsible for appreciable gamma ray emission,
it is also quite uncertain because the amount of protons diffusively stored in the
intracluster medium is determined by the history of the cluster (see §3.1.1). In the
following we discuss only three of the elements that contribute to this uncertainty:

Mergers as accelerators
Different clusters have different merger histories, namely different merger trees.

As stressed above, most mergers produce weak shocks, unable to efficiently energize
cosmic ray particles. Depending on the cluster, there may be several strong shocks
formed when mergers between clusters with very different masses take place. The
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energy density in protons trapped within the cluster that will eventually result
from several merger events occurring during its history depends on the number
and strength of the shocks that accelerated those protons. Since there are only a
few strong shocks per merger tree, the spectrum of accelerated protons at the high
energies relevant for gamma ray emission can vary a lot for different clusters.

Mergers as re-accelerators

While most electrons accelerated during a merger lose most of their energy before
the next merger event, protons are simply stored in the intracluster medium and
each new merger related shock re-energizes the particles trapped until that time,
besides accelerating new particles. Again, the merger history affects this component
in a crucial way. Moreover, the spectrum of the re-energized particles depends on
the spectrum of the protons accelerated and re-energized by previous mergers. The
spectrum of the re-accelerated particles also depends upon the minimum energy
that the protons possess. These effects may change the spectrum of the accelerated
particles trapped in the intracluster medium even by orders of magnitude, in partic-
ular at the highest energies, where the spectrum depends crucially on the amount
of energy that crossed the few strong shocks developed during the merger history
of the cluster. A corresponding uncertainty affects the secondary products of cos-
mic ray interactions in the intracluster medium, namely gamma rays and electrons
(positrons).

Additional sources

The storage properties that clusters of galaxies exhibit for the proton component
make them very sensitive to all nonthermal events occurring within the cluster.
In particular, acceleration processes in radio galaxies in cluster cores pollute the
intracluster medium with accelerated protons which have no connection with shocks
related to structure formation.

All these uncertainties can be seen as pieces of physics of the cosmic ray acceler-
ation in clusters of galaxies that require further investigation. In the present work
on the other hand we adopt a conservative attitude and restrict our attention to
the gamma ray emission that is solely the result of inverse Compton scattering of
relativistic electrons, accelerated at merger and accretion shocks, against photons
of the CMB radiation. Any contribution to the gamma ray emission from proton
interactions can only increase the gamma ray fluxes derived below.

4.3.1 Shock acceleration during structure formation

Shocks related to structure formation may serve as cosmic ray accelerators. In this
section we estimate the maximum energy achievable by electrons accelerated in one
of these shocks.

The acceleration time, necessary to energize a particle to energy E is given by
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(Lagage & Cesarsky , 1983):

τacc(E) =
3

u1 − u2

[

D1(E)

u1
+

D2(E)

u2

]

, (4.6)

where u1 and D1(E) (u2 and D2(E)) are the fluid speed and diffusion coefficient of
the particles upstream (downstream). From the physical point of view, τacc is the
sum of the residence times of particles upstream (index 1) and downstream (index
2). For well behaved diffusion coefficients, larger magnetic field strengths correspond
to lower values of the diffusion coefficient, namely particles diffuse more slowly when
the magnetic field is larger. This immediately suggests that the diffusion coefficient
upstream is larger than the same quantity (at the same particle energy) downstream,
so the residence time of the particles upstream is larger than the residence time in
the downstream region. The acceleration time can therefore be approximated as
follows:

τacc(E) ≈ 3D1(E)r

u2
1(r − 1)

=
4D1(E)

u2
1

{

M2

M2 − 1

}

, (4.7)

where we introduced the compression factor r = u1/u2 and we used the relation
between r and the Mach number M, r = 4M2/(M2 + 3). It is worth noticing that
the acceleration time depends in first approximation only on quantities that refer to
the upstream fluid, where the magnetic field has not been affected yet by the pas-
sage of the shock, and preserves therefore its pre-shock structure. One may argue
that the diffusion coefficient is dominated by the scattering of particles on magnetic
field fluctuation lengths comparable to the Larmor radius of the particles. In this
case, a reasonable approximation could be to assume a Böhm diffusion coefficient,
in the form D2(E) ≈ (1/3)cE/eB2. It is likely that these fluctuations are in fact
created by the accelerated particles themselves. In the upstream region however it
is possible that the diffusion coefficient is determined by the magnetic field struc-
ture pre-existing the shock transit. In principle the momentum and magnetic field
dependence of the two fields upstream and downstream may be different.

For simplicity and convenience we assume here that the diffusion coefficient on
both sides is Böhm-like. Moreover, since the term in brackets in equation (4.7)
varies between 1.8 and 1 when the Mach number changes between 1.5 and infinity,
we neglect this term for the purpose of estimating the acceleration time, therefore
the acceleration time becomes:

τacc ≈ 0.3B−1
µ E(GeV )

(

u1

108cm/s

)−2

years. (4.8)

We stress again here that the magnetic field Bµ = (B/µG) and velocity u1 refer
to the unshocked medium. Here we focus our attention on electrons. Their ener-
gy losses are dominated by inverse Compton scattering, with loss rate (Rybiki &
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Lightman , 1979):
(

−dE

dt

)

ICS

=
4

3
σT cUCMBγ2 (4.9)

and time scale:

τICS =
E

(

−dE
dt

) = 109 E(GeV )−1 years, (4.10)

where UCMB is the energy density in the CMB radiation and γ is the electron Lorentz
factor. Equating the acceleration and losses time scales we obtain an estimate of
the maximum energy of accelerated electrons in case of Böhm diffusion:

Emax ≈ 57 B1/2
µ

(

u1

108cm/s

)

TeV. (4.11)

For electron energies up to ∼ 400 TeV the inverse Compton scattering off the CM-
B photons occurs in the Thomson regime, therefore the maximum energy of the
radiated photons is simply:

Eγ,max =
4

3

(

E

mec2

)2

εCMB ≈ 7.5 Bµ

(

u1

108cm/s

)2

TeV. (4.12)

As shown by Blasi (2001) and Gabici & Blasi (2003b, 2004), if the diffusion
coefficient in the unshocked medium is not Böhm-like, then the maximum energy of
the electrons may be appreciably lower than found in equation (4.11), and insufficient
to upscatter the CMB photons to gamma ray energies. In the following we assume
that the maximum energy is well defined by equation (4.11).

The value of the magnetic field to adopt in our calculations depends crucially on
whether we are describing particle acceleration at merger related shocks, or at accre-
tion shocks. The former have relatively low Mach numbers (Gabici & Blasi , 2003)
and occur in the virialized regions of clusters of galaxies, where the magnetic field
is expected to be in the µG range. Accretion shocks propagate in a cold unshocked
medium (Bertschinger , 1985; Gabici & Blasi , 2003b), where the magnetic field is
expected to set at the cosmological value, for which only upper limits are available.
The field in the intracluster medium could be the result of magnetic pollution from
sources within the cluster (Kronberg, Lesch & Hopp , 1999), being therefore unrelat-
ed to the magnetic field in the intergalactic medium outside clusters. Alternatively,
the intracluster magnetic field could result from the compression of the external
field, if the latter is of cosmological origin. The energy of the photons radiated by
the accelerated electrons through inverse Compton scattering is above Eγ whenev-
er the magnetic field Bµ is larger than 1.3 × 10−3(u1/108cm/s)−2(Eγ/10GeV ) µG.
This bound is certainly satisfied by the intracluster magnetic field, not necessarily
by the poorly known field in the intergalactic medium outside clusters, for which
upper limits of 10−9 − 10−11 G have been found, depending on the field structure
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(Blasi, Burles & Olinto , 1999). On the other hand this constraint has to be taken
with caution for the case of accretion shocks, because in a more realistic situation,
as suggested by numerical simulations, high Mach number shocks are located close
to filaments (Miniati et al., 2000), where a substantial compression of cosmological
fields might have occurred. We assume in the following that the electrons accelerat-
ed at both merger and accretion shocks are energetic enough to radiate gamma ray
photons up to the ∼ TeV region.

The energy distribution of the accelerated particles per unit time is a power law
in energy of the form q(E) ∝ E−α, with slope α given by α = 2(M2 + 1)/(M2 − 1)
where M is the relevant Mach number. Electrons accelerated at large scale shocks
are injected in the intergalactic medium, where they loose their energy mainly via
inverse Compton scattering on a timescale which is much shorter than the lifetime
of the shock. As a consequence, the balance between energy losses and continu-
ous injection of newly accelerated particles, drives the electrons toward their time
independent equilibrium distribution, with a spectrum one power steeper than the
injected one. The number of photons emitted per unit energy and unit time can be
easily calculated by:

neq(Eγ) = q(E)τICS

(

−dE

dt

)

dE

dEγ

1

Eγ
∝ E

−α
2
−1

γ (4.13)

where Eγ is the gamma ray photon energy.

4.3.2 Source counts for merging and accreting clusters

We consider first merger shocks whose strength is a function of the masses of the
clusters involved in the merger, and more specifically of the ratio of the masses (see
§3.2). As discussed above, merger shocks are often weak, following the distribution
given in figure 3.2. Flat electron spectra, necessary to generate an appreciable gam-
ma ray emission above 100 MeV, are obtained at strong shocks that form only during
mergers between clusters with very different masses. In the approach presented by
Gabici & Blasi (2003) and reviewed in chapter 3, at each merger event two shocks
are generated, propagating in each one of the merging clusters. The Mach numbers
M of both shocks can be calculated from the relative velocity of the clusters and if
the sound speed in each cluster is known. This allows us to estimate the spectral
slope of the accelerated particles.

The rate at which energy is channelled into nonthermal electrons in merger re-
lated shocks can be evaluated as

Lmer
e = η

1

2
%b,iv

3Si (4.14)

where %b,i is the baryonic density of the i − th cluster, Si is the surface of the
shock that propagates in the i − th cluster and v is the merger relative velocity.
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The gamma ray luminosity due to inverse Compton scattering of the accelerated
electrons is calculated according with equation (4.13).

The number of observable merging clusters is (Gabici & Blasi , 2004):

Nmer(Flim) =
∫ ∞

0
dz

dV

dz

∫ ∞

Mmin

dM1n(M1, z)×

×
∫ M1

Mmin

dM2R(M1, M1 + M2, z)∆tmerϑ[Flim − Fγ(M1, M2, z)], (4.15)

where n(M, z) and R(M1, M1+M2, z) are the Press–Schechter mass distribution and
the merger rate given in §§1.2.1,1.2.3, Flim is the telescope sensitivity, Fγ(M1, M2, z)
is the gamma ray flux we receive when a cluster with mass M1 merges with a cluster
with mass M2 at a redshift z, ∆tmer = R2/v is the duration of the merger event,
Mmin = 1013M� is the typical mass for galaxy groups and ϑ is the Heaviside step
function.

We consider here also the accretion shocks, forming at the cluster periphery due
to the secondary infall of matter onto an already formed object (Bertschinger , 1985).
For simplicity, let us assume that the shock is located exactly at the virial radius Rv

and that the velocity of the accreting matter at the shock is the free fall velocity.
The accretion shock, by definition, propagates in a cold (non–virialized) medium,
therefore its Mach number may be very high, although the typical speed of the shock
is of the same same order of magnitude as the merger speed of two clusters. The
exact value of the Mach number depends on the temperature of the medium before
entering the overdense virialized region. If we take for such temperature the range of
values T = 104 − 106K, and a typical shock speed of ∼ 108cm/s, the corresponding
Mach numbers range between 10 and 100. These Mach numbers, being much larger
than unity, correspond to spectra of accelerated particles which are ∼ E−2, with a
cutoff at the maximum energy. If the intergalactic medium were pre–heated before
the gravitational collapse, these Mach numbers could be lower (Totani & Inoue ,
2002).

The energy per unit time converted at the shock into nonthermal electrons can
be written as

Lacc
e = η

1

2
%b (1 + z)3 v3

ff 4π R2
v ∝ M5/3 (4.16)

where ηe is the shock acceleration efficiency for electrons, fixed here at 5%, vff =
(2GM/Rv)

1/2 is the free fall velocity of the gas at the virial radius Rv and %b =
Ωbρcr is the present mean baryonic density of the universe, if Ωb = 0.045 is the
baryon fraction and ρcr is the critical density. The secondary infall just described
is a simplification of the mass flow through large scale shocks in the filamentary
structures seen in N–body simulations. Although the geometry is different, the
total energy crossing the shock per unit time and per unit surface should not be
very different from the same quantity calculated for spherical inflow.
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Figure 4.1: Number of accreting (solid line) and merging (dashed line) clusters with
gamma ray flux greater than F . The vertical lines represent the GLAST, AGILE
and EGRET sensitivity for point sources.

It is important to keep in mind that the accretion of gas onto the cluster only
contributes a small fraction (∼ 10%) of the total final mass, which is instead mainly
built up through mergers with other massive clusters.

The differential gamma ray luminosity, expressed in photons per unit energy per
unit time, is easily calculated as inverse Compton scattering of the CMB photons,
and is proportional to Lacc

e given above. It follows that, for a given redshift, the
gamma ray luminosity is a growing function of the cluster mass, so that the number
of accreting objects observable by a gamma ray telescope with sensitivity Flim can
be written as follows (Gabici & Blasi , 2004):

Nacc(Flim) =
∫ ∞

0
dz

dV

dz

∫ ∞

M(Flim,z)
dMn(M, z) , (4.17)

where dV is the comoving volume in the redshift region between z and z + dz,
n(M, z) is given by equation (1.53) and M(Flim, z) is the mass of a cluster accreting
at redshift z whose flux is Flim.
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The aim of this section is to determine the log N − log S distribution of clusters
of galaxies as gamma ray sources, for the cases of mergers and accretion. The results
of our calculations are shown in figure 4.1 in the form of number of clusters with
gamma ray emission at energies in excess of 100 MeV larger than some value F on
the x-axis: the solid and dashed lines refer to accretion and mergers respectively.
The vertical lines correspond to the GLAST, AGILE and EGRET sensitivities for
point sources, as indicated in the plot.

The fact that the two curves in figure 4.1 overlap almost exactly is the result
of a combination of many factors: each merger is on average much more luminous
that accretion, because the energy involved is larger and the time during which it is
released is shorter (∼ 109 years for a merger versus the cluster lifetime for accretion).
On the other hand, most of the times the merger event does not result into gamma
ray emission, because the shocks involved are too weak. The slight deviation from
a power law at low fluxes in figure 4.1 is the consequence of the cosmological effects
in a non-euclidean geometry. The change of slope appears at larger fluxes for the
mergers (dashed line) than for accretion. This is a result of the larger luminosity
per merger that allows one to detect a bright merger from larger distances but also
the consequence of the strong evolution in the merger luminosity. This latter effect
is easy to explain: for a minimum cluster mass of ∼ 1013M�, the flat spectra are
obtained only when a merger occurs with a cluster of mass ∼ 1015M�; these clusters
are already on the tail of the Press–Schechter distribution at the present cosmic
time, while they had not been formed yet at much earlier times. Despite the larger
luminosity of the mergers (on average), it is interesting to notice that the gamma
ray emission for the merger case is limited to the merger period or shortly after,
while the gamma ray emission associated to accretion is continuous, although less
intense.

Our calculations show that ∼ 50 clusters should be detected in gamma rays above
100 MeV by GLAST, equally distributed between merging and accreting clusters.
AGILE on the other hand should be able to detect ∼ 10− 20 objects. Moreover, we
predict that no cluster should have been detected by EGRET, in perfect agreement
with observations (Reimer et al., 2003).

The results summarized in figure 4.1 are compared with the sensitivity of E-
GRET, GLAST and AGILE as obtained for point sources. This seems justified
at least for gamma rays with energy around 100 MeV: the gamma ray emission
region in clusters is approximately a few degrees wide and the point spread func-
tion of GLAST at 100 MeV is ∼ 4o, while it reduces to 0.1o at 10 GeV (see
http://www-glast.slac.stanford.edu/software/IS/glast lat performance.htm). Simi-
lar arguments hold even for the AGILE angular resolution (details can be found at
http://agile.mi.iasf.cnr.it/Homepage/performances 3.shtml).
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4.4 The diffuse gamma ray background from large

scale structure formation

The superposition of the emission from single clusters results in a diffuse background.
Using the formalism developed above, we can now estimate the contribution from
forming clusters to the extragalactic diffuse background radiation. For merging
clusters, the flux of gamma radiation (in units of phot cm−2s−1sr−1GeV−1) is then
given by (Gabici & Blasi , 2003b):

Iγ(Eγ) =
c

4πH0

∫ zmax

0
dz

1

S(z)

∫ ∞

0
dM n(M, z)×

×
∫ M

0
dM ′ R(M, M + M ′, z)Qγ(Eγ(1 + z), M, M ′)∆tmer(M, M ′), (4.18)

where S(z) =
√

Ωm(1 + z)3 + ΩΛ, R(M, M + M ′, z) is the merger rate between

clusters of masses M and M ′ at redshift z, and ∆tmer(M, M ′) is the duration of
the merger between two clusters with given masses M and M ′, as defined in Gabici
& Blasi (2003). For each merger between two clusters with mass M and M ′,
Qγ(Eγ(1 + z), M, M ′) is the rate of gamma ray production from the accelerated
electrons.

The diffuse flux from accreting clusters can be estimated in a similar way (Gabici
& Blasi , 2003b):

I(Eγ) =
c

4πH0

∫ zmax

0
dz

1

S(z)

∫ ∞

0
dMn(M, z)Qγ(Eγ(1 + z), M, z). (4.19)

where Qγ(Eγ, M, z) is the gamma ray production rate in phot s−1 GeV−1.
The diffuse flux of gamma radiation from mergers (dashed line) and from ac-

cretion (dotted line) is plotted in figure 4.2, where an acceleration efficiency (for
electrons) of 5% is assumed. The observed background is the shaded region (S-
reekumar et al., 1998). In the same figure we plot for comparison the predictions
by Loeb & Waxman (2000) (solid line), who also adopted an acceleration efficiency
equal to 5%. The meaning of the dash-dotted line will be explained below.

Three conclusions are evident:
1) the flux of gamma radiation from both mergers and accretion is a factor ∼ 10

smaller than the observed background and smaller than the flux predicted by Loeb
& Waxman (2000) and Totani & Kitayama (2000), by the same factor. The
discrepancies with these previous estimates will be discussed in detail in the next
section. An acceleration efficiency of the order of 50% should be adopted in order
to reproduce observations. This would be unreasonable for electrons as accelerated
particles, and would violate our initial assumption of shock acceleration in the linear
regime (no backreaction of the accelerated particles on the shock);
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Figure 4.2: Diffuse gamma ray emission from structure formation. The shaded area
is the result EGRET observations. The dashed line is the result of our calculations
for mergers while the dotted line is the flux of gamma rays from accretion. The
dash-dotted line assumes a minimum mass of the merging halos of 1013M�.

2) the gamma ray diffuse flux from mergers is at the same level as that due to
accretion (secondary infall);

3) all predicted spectra are approximately power laws with slopes between 2 and
2.1.

The flux of diffuse gamma rays due to accretion (secondary infall) has a spectrum
which is exactly E−2 because the Mach number of the accretion shock is always much
larger than unity. It is somewhat surprising that the diffuse gamma ray background
contributed by electrons accelerated at the accretion shock is comparable with that
produced in merger events (the latter, as stressed above, is dominated by mergers
between clusters with M ′/M � 1, that in some literature are indeed defined as
accretion events). In this respect however some additional discussion is required: for
a cluster with mass 1014M� a mass ratio M ′/M ∼ 10−2 corresponds to a substructure
with mass 1012M�, comparable with the mass of our galaxy. This clearly does not
make physical sense. Galaxies move within the intracluster medium without their
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4.5. Comparison with other theoretical results

medium being shocked. It is more likely that a bow shock is formed in front of
the galaxy, due to the internal pressure of the galactic medium (Stevens, Acreman
& Ponman , 1999). Actually simulations show that large galaxies penetrating the
intracluster medium of a rich cluster can even be completely stripped of their gas
content (Stevens, Acreman & Ponman , 1999). This suggests that a low mass
cutoff should be imposed in the calculation of the gamma ray diffuse background
from cluster mergers. The dash-dotted line in figure 4.2 has been obtained by
considering only structures with virial masses larger than 1013M�, corresponding
to galaxy groups. The diffuse background of gamma rays is a factor ∼ 10 smaller
in this case and is slightly steeper in spectrum. This happens because the main
contribution comes from mergers between clusters with masses Mmin = 1013M�
and M = Mmin/10−2 ≈ 1015M�. Clusters with masses as large as 1015M� are
already on the tail of the Press-Shechter distribution even at z = 0, therefore the
corresponding contribution to the diffuse background is suppressed. On this basis,
the dash-dotted line in figure 4.2 is the most realistic estimate of merger shocks to
the diffuse gamma ray background, amounting to ∼ 1% of the observed one. This
result agrees with the estimate given by Berrington & Dermer (2003). On the other
hand the strong shocks associated to accretion of matter onto a cluster may generate
a gamma ray background as large as that plotted as a dotted line in figure 4.2, and
this contribution remains at the level of ∼ 10% of the observed background. This
may be considered as the most realistic prediction of the contribution of clusters of
galaxies to the diffuse extragalactic gamma ray background.

4.5 Comparison with other theoretical results

Since our findings are somewhat different from at least some previous results of
other authors, some comments and comparisons are required. The most important
point in our approach is the fact that the Mach number of the shocks is estimated
in a self–consistent way, as explained in §3.2 (Gabici & Blasi , 2003). The correct
estimate of the shock Mach number is of crucial importance if one is interested in
the gamma ray emission from forming structures. This can be better clarified by
using figure 4.3. The upper panel shows the average normalized energy flux per unit
time through the merger related shocks of a cluster with mass 1015M� (solid line),
1014M� (dotted line) and 1013M� (dashed line) at redshift z = 0, as a function
of the mass of the merging subcluster (here M ′/M ≤ 1 is the ratio between the
masses of the two subclusters). The curves represent the energy flux contributed by
mergers with mass ratio larger than M ′/M . The energy flux sums up to ∼ 70−80%
of the total for subcluster masses larger than ∼ 0.1M . This implies that the energy
flux that crosses the shocks formed during mergers of the cluster with mass M and
subclusters with masses smaller than 0.1M is rather small (20 − 30%). In other
words, the energy flux is dominated by major mergers.
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4. Gamma ray emission during large scale structure formation

Figure 4.3: Upper panel: normalized energy flux per unit time through the merger
related shocks of a cluster with mass 1015M� (solid line), 1014M� (dotted line) and
1013M� (dashed line) at redshift z = 0 with clusters with mass larger than M ′/M .
Middle panel: Same as above for a cluster of mass 1014M� at redshifts z = 0 (solid
line), z = 0.5 (dotted line) and z = 1 (dashed line). Lower panel: normalized energy
flux through the merger related shocks that contribute to the gamma ray emission
above 100 MeV, for the same halos as in the upper panel.

In the second panel of figure 4.3 the energy flux is plotted for a cluster of fixed
mass of 1014M� at three redshifts, z = 0 (solid line), z = 0.5 (dotted line) and z = 1
(dashed line). The same conclusions explained above hold here.

The third panel is the most interesting: it represents the normalized energy flux
through the merger related shocks that contribute to the diffuse gamma ray emission
above 100 MeV, for clusters of masses as labelled in the upper panel, at z = 0. It
is immediately clear that most of the contribution to the gamma ray emission is
provided by mergers with small mass ratios, M ′/M ≤ 10−2, namely the ones having
the largest Mach numbers (see Fig. 3.1).

Summarizing, while most of the energy flows through shocks associated to major
mergers, the energy flux that contributes to the gamma ray background is the one
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that crosses strong shocks, occurring when a large cluster encounters a subcluster
with ∼ 0.01 times the mass of the larger cluster.

Strong accretion shocks are not considered in the above discussion. They can
accelerate particles with flat spectra that can appreciably contribute to the gamma
ray emission. However, the accreted mass accounts only for ∼ 10% of the total mass
of the cluster. Since the free fall velocity at the accretion shock is of the same order
of magnitude of the relative velocity during a merger, we can conclude that only a
small fraction of the total kinetic energy flows across these shocks.

4.5.1 Semi–analytical models

Totani & Kitayama (2000) and Loeb & Waxman (2000) developed a Press–
Schechter based method similar to the one presented here in order to make pre-
dictions about the number of clusters detectable in gamma rays with energy above
100 MeV with future gamma ray telescopes. The authors claimed that at least a few
tens of clusters should have been visible to EGRET. GLAST, on the other hand,
was predicted to be able to detect more than a few thousands of such objects.

In the work by Totani & Kitayama (2000) all the shocks were assumed to be
strong. As a consequence, the spectrum of the accelerated particles was always
taken to be ∝ E−2. As discussed above, this assumption leads to incorrect results
if applied to merger shocks (Gabici & Blasi , 2003). Totani & Kitayama (2000)
overestimated the gamma ray emission by orders of magnitude (despite the fact
that the fraction of the energy crossing the shock which is converted to nonthermal
electrons is assumed to be the same as here, namely 5%), and its spectrum does
not reflect the real strength of the shocks developed during mergers of clusters of
galaxies. This concept can be rephrased in another way: at fixed total energy
flux crossing the merger shocks, and at fixed efficiency of electron acceleration, the
nonthermal energy is distributed among accelerated particles in a different way if the
spectrum of nonthermal electrons is taken to be E−2 rather than as the one derived
from the correct evaluation of the shocks strength. The clusters that we predict
to be detectable with AGILE and GLAST in gamma rays above 100 MeV all have
flat spectra, which means that the gamma ray emission selects the few mergers that
happen to have a flat spectrum of accelerated electrons (note that for Mach numbers
in the range 1.5− 4, the slope of the electron spectrum spans the range α ∼ 2− 5),
in addition to the less luminous nearby accreting clusters that always generate flat
spectra.

Similar arguments apply to the calculations by Waxman & Loeb (2000): the
formation of a cluster was exemplified there as a spherical collapse, in which ∼ 5%
of the kinetic energy crossing the accretion shock was converted into nonthermal
electrons with spectrum E−2. From the energetic point of view, this approach is
roughly equivalent to that by Totani & Kitayama (2000). However, as discussed
above, only a relatively small fraction of the mass in a cluster is expected to be
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4. Gamma ray emission during large scale structure formation

accumulated through accretion, being mergers with other clusters the main physical
process for mass build-up. As stressed above, the spectrum of the particles that the
energy is channelled into is the key point in understanding whether one can expect
appreciable gamma ray fluxes from clusters of galaxies.

The same considerations made above apply also for the estimate of the diffuse
background presented by Loeb & Waxman (2000). According to their order of
magnitude calculation, the whole extragalactic background can be explained by the
inverse Compton scattering emission from electrons accelerated at strong shocks.
Their assumption on shock strength explains part of the difference of more than
one order of magnitude between their results and those presented here. Another
ingredient introduced in our work and neglected by Loeb & Waxman (2000) is the
redshift dependence of the gamma ray emissivity. Neglecting this dependence leads
to an overestimate of the diffuse flux. These facts were also pointed out in a more
recent work (Keshet et al., 2003), in which the background was reevaluated and
there seems to be there a closer agreement with the conclusions of our calculations.

To conclude, our results are in perfect agreement with the recent evidence for the
lack of an association between the unidentified high latitude EGRET sources and
rich Abell clusters (Reimer et al., 2003). Moreover, Strong, Moskalenko & Reimer
(2004) have recently re-evaluated the isotropic extragalactic gamma ray background,
obtaining a different spectrum and a lower flux with respect to the earlier estimate
by Sreekumar et al. (1998). All these observational facts are in disagreement with
the semi–analytical models we have reviewed here.

4.5.2 Numerical simulations

Predictions of the gamma ray emission from large scale structure formation can also
be done by means of numerical simulations.

In his simulations, Miniati (2002, 2003) considered the gamma ray emission from
both protons and electrons accelerated at shocks. He adopted a thermal leakage
recipe (see §6.4) to describe the injection of particles at shocks. In this approach,
the fraction of thermal particles which starts to be accelerated is a fixed quantity,
while the fraction of the shock thermal energy which is converted into cosmic rays
is an increasing function of Mach number. For strong shocks, the efficiency can
be as high as ∼ 40% or more but, despite this fact, the spectra of the accelerated
particles have been calculated in the test–particle approximation. Inverse Compton
scattering from electrons, which is the dominant mechanism in the outer regions of
clusters, was found to dominate the total contribution to the diffuse extragalactic
emission. The fraction of the extragalactic background above 100MeV generated
by cosmic ray accelerated at intergalactic shocks was found to be less than 30% and
a flux level slightly higher than the EGRET sensitivity was predicted for the Coma
cluster. However, a direct comparison with our results is difficult, because of the
different assumptions made on the efficiency of the shocks in accelerating electrons
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Figure 4.4: Cumulative number of forming clusters of galaxies with flux above
100MeV greater than F (left panel). The solid (dashed) line refers to our pre-
diction for accreting (merging) clusters. Our estimate of the contribution from ac-
creting cluster to the extragalactic background is plotted in the right panel (solid
line), together with the EGRET observational estimate (shaded region). Circles in
both panels refer to the results from the simulation by Keshet et al. (2003). Figure
from (Gabici , 2004).

and because of the higher number of strong shocks found in the simulation with
respect to our semi–analytical approach (see §3.2.1 for a detailed discussion).

In the simulation by Keshet et al. (2003) the only considered mechanism for gam-
ma ray production is inverse Compton scattering emission from electrons accelerated
at shocks. Spectra of accelerated electrons are normalized assuming that a fraction
equal to the 5% of the thermal shock energy is converted into relativistic electrons.
Since these are the same assumptions we have made above, it is straightforward to
compare their results with our findings. In figure 4.4 we plot our results superim-
posed with the results from the numerical simulation by Keshet et al. (2003) (open
circles), finding that they are in very good agreement. The slope of the cumulative
distribution of gamma ray bright clusters predicted by simulations is slightly steep-
er than the Press–Shechter based estimate (Keshet et al., 2003), but the predicted
number of detectable objects is roughly the same in both approaches.
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4. Gamma ray emission during large scale structure formation

4.6 Clusters of galaxies as TeV sources

In §3.3 we showed that, within the assumption of Böhm diffusion, electrons can be
diffusively accelerated at merger and accretion shocks, and their maximum energy
can be as high as several tens of TeV. As a consequence, they can upscatter CMB
photons up to TeV energies, if the magnetic field in the vicinity of the shock is in
the range 0.1 − 1 µG.

In this section we address the issue of detectability of the gamma rays with ener-
gy above 100 GeV from clusters of galaxies with ground based Cherenkov detectors.
The calculations of the gamma ray emission for merging and accreting clusters have
already been described in the previous sections. The only new ingredient that needs
to be included here is the absorption of high energy gamma rays due to pair pro-
duction in the universal photon background, in particular the infrared background
(IRB). Pair production starts to be important when the energy in the center of mass
of a photon–photon scattering equals twice the electron mass. The net result of the
propagation of high energy gamma rays with energy in excess of a few hundred
GeV is an absorption cutoff for sources more distant that the pathlength for pair
production.

4.6.1 Absorption of extragalactic TeV photons by infrared

photons

A very high energy gamma ray photon can interact with a soft photon in the CMB
or in the infrared background. The interaction leads to an electron–positron pair
production and for this reason photon spectra of extragalactic sources show a cutoff
at high gamma ray energy (Gould & Schreder , 1966). Consider the interaction
between a gamma–ray photon with energy E(z) = E0(1+ z) and a soft photon with
energy ε(z) = ε0(1 + z). If θ is the angle between the directions of the two photons
in the lab frame, pair production is expected above the threshold energy:

E0ε0(1 + z)2(1 − cos θ) > 2(mc2)2 (4.20)

with cross section given by (Jauch & Rohrlich , 1955):

σ[E(z), ε(z), x] = 1.2510−25(1−β2)

[

2β(β2 − 2) + (3 − β4) ln

(

1 + β

1 − β

)]

cm2 (4.21)

where x = (1 − cos θ) and β2 = 1 − 2(mc2)2/[E0ε0x(1 + z)2]. For a ∼ 1TeV photon
the cross section is maximized when the soft photon energy is equal to (Stecker, De
Jager & Salamon , 1992):

ε(E) ∼ 2(mc2)2

E
∼ 0.5

(

1TeV

E

)

eV (4.22)
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which falls in the infrared band (∼ 2µm). If the spectrum of the infrared background
is described by n(ε)dε, the optical depth for attenuation of a gamma–ray photon of
present energy E0 emitted by a source at a redshift zs is (Stecker , 1999):

τ(E0, zs) = c
∫ zs

0
dz

dt

dz

∫ 2

0
dx

x

2

∫ ∞

ε1
dε0 n [ε0(1 + z)] σ(s) (4.23)

with ε1 = (2m2c4)/[E0x(1 + z)2] and s = 2E0εx(1 + z).

One of the main problem in evaluating τ is that the infrared background is
poorly measured in the energy range of interest. A fitting formula for the opacity
was proposed by De Jager & Stecker (2002), who used an empirical model to
estimate the extragalactic infrared background (Malkan & Stecker , 2001). Once
the opacity is known, it is possible to calculate the attenuation factor for an object
at redshift z: this is simply given by exp [−τ(E, z)].

4.6.2 Detectability of clusters with Čherenkov telescopes

In figure 4.5 we plot the results of our calculations for the high energy gamma ray
spectrum generated from a Coma-like cluster of galaxies at 100 Mpc distance for the
case of merger and accretion. The effect of the gamma ray absorption in the infrared
background is illustrated by the difference between the solid lines (with absorption)
and dashed lines (without absorption).

From top to bottom, the lines refer to three different cases: 1) a merger between
two clusters with masses 1015M� and 1013M�; 2) an accreting cluster with mass
1015M� with a magnetic field at the shock in the upstream region 0.1µG; 3) an ac-
creting cluster with mass 1015M� with a magnetic field at the shock in the upstream
region 0.01µG.

The thick solid lines represent the sensitivities for a generic Cherenkov telescope
as calculated in (Aharonian et al., 1997). These results are obtained considering
an array of imaging atmospheric Cherenkov telescopes (IACT) consisting of n cells,
each consisting of a 100×100 m2 quadrangle with four ’100 GeV’ class IACTs in its
corners. The two thick curves in figure 4.5 represent the minimum detectable fluxes
for point sources (lower curve) and an extended 1◦ wide source (upper curve) for an
exposure time of 1000 hours. The exposure time here is defined as the product be-
tween the observation time and the number of cells that form the array. For instance,
an exposure of 1000 hours can be achieved with a 100 hours observation performed
by an array consisting of 10 cells. If the angular resolution of the Cherenkov ex-
periment is taken to be 0.1 degrees, most clusters of galaxies, both merging and
accreting, are diffuse sources for these experiments. The angular size of a cluster at
distance D and with an emitting region of size R = 1 Mpc is α ≈ 1o (D/100 Mpc).
For accretion, the shock surface at which acceleration occurs is located approximate-
ly at the virial radius, that for a Coma-like cluster is ∼ 3 Mpc, therefore the emission

71



4. Gamma ray emission during large scale structure formation

Figure 4.5: Gamma ray emission in the 100 GeV - 10 TeV region. The thick
solid lines represent the sensitivities of a IACT for point sources (lower curve) and
extended sources (upper curve). The predicted gamma ray fluxes from a Coma–
like cluster at a distance of 100 Mpc with and without absorption of the infrared
background are plotted as dashed and solid lines respectively.

is even more extended than for a merger, and with angular size that approaches or
even exceeds the aperture of the Cherenkov telescopes (a few degrees).

For the optimistic conditions that figure 4.5 refers to, the predicted flux of gamma
rays between 100 GeV and a few hundred GeV for a merger between two clusters
with mass ratio 10−2 is only slightly above the sensitivity of a Cherenkov telescope for
a 1000 hours exposure. The predicted fluxes from accretion are unobservable. The
sensitivities of the telescopes might be improved to some extent, compared with the
curves in figure 4.5 by simulating off-center showers and different triggering modes
of the telescopes in a cell. It appears however that the perspectives for detection of
TeV gamma radiation from inverse Compton scattering of ultrarelativistic electrons
in clusters of galaxies are not very promising.
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Chapter 5

Turbulent Alfvénic reacceleration:

protons and electrons

The origin of the non–thermal radio emission from clusters of galaxies is still an
open problem. The difficulty in explaining the extended radio halos arises from
the combination of their ∼ Mpc size and the relatively short lifetime of the radio
emitting electrons. Indeed, the diffusion time necessary for the radio electrons to
cover such distances is orders of magnitude larger than their radiative lifetimes.

To solve this problem, Jaffe (1977) proposed that relativistic electrons could be
continuously re–energized through some in situ reacceleration mechanism. This pos-
sibility was studied more quantitatively by Schlickeiser et al. (1987) who successfully
reproduced the integrated radio spectrum of the radio halo in the Coma cluster. In
the framework of the in situ reacceleration model, Harris et al. (1980) first suggested
that cluster mergers might provide the energetics necessary to reaccelerate the rela-
tivistic particles. An alternative scenario was put forward by Dennison (1980), who
suggested that relativistic electrons may be produced in situ by inelastic proton–
proton collisions through production and decay of charged pions. However, this
model has serious difficulties in reproducing the fine radio properties of the radio
halos (Brunetti , 2003).

Major merger events during the hierarchical assembly of a cluster are extremely
energetic events. They can provide the total power required to form a radio halo if
a small fraction of the gravitational energy is converted into relativistic electrons.
This argument is also supported by the observational evidence for an association
between merging system and radio halos (Buote , 2001). Merger related shock waves
can accelerate particles via Fermi mechanism (see §2) but, as discussed in chapter
3, such shocks are typically weak and consequently unlikely to result in appreciable
non–thermal activity (Gabici & Blasi , 2003; Berrington & Dermer , 2003).

Reacceleration of a population of relic electrons by turbulence powered by major
mergers is suitable to explain the very large scale of the observed radio emission and
is also a promising possibility to account for the fine radio structure of the diffuse
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5. Turbulent Alfvénic reacceleration: protons and electrons

emission (Brunetti et al., 2001a,b). There are a number of possibilities to channel the
energy of the turbulence in the acceleration of fast particles, namely via Magneto-
Sonic waves, via magnetic Landau damping (Kulsrud & Ferrari , 1971), via Lower
Hybrid waves (Eilek & Weatherall , 1999) or via Alfvén waves. Since Alfvén waves
are likely to be able to transfer most of their energy into relativistic particles, they
have received much attention in the last few years. In this framework for instance
Ohno, Takizawa & Shibata (2002) developed a time–independent model for the
acceleration of the relativistic electrons expected in radio halos through magnetic
turbulence. The authors studied the acceleration of continuously injected relativistic
electrons by Alfvén waves with a power law spectrum and applied this model to the
case of the radio halo in the Coma cluster. More recently, Fujita, Takizawa & Sarazin
(2003) studied the effect of Alfvénic acceleration of relativistic electrons in clusters
of galaxies. These authors invoked the Lighthill theory to establish a connection
between the large scale fluid turbulence and the radiated MHD waves. The electron
and MHD-wave spectra adopted by Fujita, Takizawa & Sarazin (2003) are obtained
via a self–similar approach by requiring that the spectra are described by two power
laws.

These approaches have two intrinsic limitations: the first one is in the assump-
tion, mentioned above, that all spectra are time–independent and that the turbu-
lence spectrum is a power law. The second is that they neglect, as all other previous
approaches did, the effect of relativistic hadrons in the intracluster medium: it is
well known that the interaction of the Alfvén waves with relativistic particles is, in
general, more effective for protons than for electrons (Eilek , 1979). It is also well
known that the presence of a significant energy budget in the form of relativistic
particles can significantly affect the spectrum of the Alfvén waves through damping.
In fact, this damping occurs even on the thermal protons in the intracluster medium,
another effect which was never included in previous calculations.

The calculations presented here provide a self–consistent time–dependent treat-
ment of the non–linear coupling of Alfvén waves, relativistic electrons, thermal and
relativistic protons. The results previously appeared in the literature can be ob-
tained as special cases of our very general approach, which is in principle applicable
to scenarios other than clusters of galaxies.

Throughout this chapter, numerical values are given assuming an Hubble con-
stant h = 0.5.

5.1 Origin and spectrum of the relativistic parti-

cles in the intracluster medium

As seen in the previous chapters, relativistic particles can be injected in the in-
tracluster medium through several different mechanisms. Cosmic ray sources in
clusters of galaxies include large scale shocks, AGNs and normal/starburst galaxies
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5.1. Origin and spectrum of the relativistic particles in the intracluster medium

Figure 5.1: Electron spectrum at z = 0 injected at as a single burst at z =
0.5, 0.3, 0.1, 0.01 (left to right) adopting an injection spectrum ∝ p−2.5 and maximum
Lorentz factor 104. Typical values for the intracluster gas density and magnetic field
strength are assumed.

(Berezinsky, Blasi & Ptuskin , 1997). Since most of these scenarios imply power law
spectra of relativistic particles, in the following we will restrict our calculation to
this case. It is worth recalling that transport effects and energy losses modify the
shape of these spectra, that are not expected to be power laws at later times.

5.1.1 Electrons

Relativistic electrons with momentum p = mecγ in the intracluster medium loose
energy through Coulomb collisions (Sarazin , 1999):

(

dp

dt

)

i

= −3.310−29nth

[

1 +
ln(γ/nth)

75

]

(5.1)

75
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and synchrotron and inverse Compton emission:

(

dp

dt

)

rad

= −4.810−4p2

[

(

BµG

3.2

)2 sin2 θ

2/3
+ (1 + z)4

]

(5.2)

where nth is the number density of the thermal plasma, BµG is the magnetic field
strength and θ is the pitch angle of the emitting electrons. Radiative losses dominate
for Lorentz factors γ � 100 while Coulomb interactions are important at lower
energies. Electrons with energies in the intermediate range γ = 100−500 accumulate
for a few billions years in clusters before thermalize.

Figure 5.1 shows the spectra at z = 0 of electrons injected as a single burst
at redshifts z = 0.5, 0.3, 0.1, 0.01 with an initial power law momentum distribution
p−2.5 with maximum Lorentz factor γ = 104. Calculations have been carried out
solving the equation:

∂Ne(p, t)

∂t
=

∂

∂p

[(

dp

dt

∣

∣

∣

rad
+

dp

dt

∣

∣

∣

i

)

Ne(p, t)

]

(5.3)

where typical values for the intracluster gas number density nth = 10−3cm−3 and
magnetic field strength B = 1µG are assumed. It is evident from figure 5.1 that
most electrons injected at redshift z ∼> 0.2 get thermalized.

5.1.2 Protons

Relativistic protons are diffusively confined for cosmological times in the cluster
volume and the energy loss time due to inelastic collisions with protons in the
intracluster gas is greater than the Hubble time (see §3.1.1). As a consequence,
they simply accumulate in clusters and their spectrum is unaffected by energy losses
(Berezinsky, Blasi & Ptuskin , 1997; Völk, Aharonian & Breitschwerdt , 1996). On
the contrary, the spectrum at mildly and sub–relativistic energies can be significantly
modified by Coulomb interactions. In fact, protons which are more energetic than
the thermal electrons, namely protons with velocity β > βc = (3/2me/mp)

1/2βe (βe

here is the velocity of the thermal electrons, βe ' 0.18(T/108K)1/2) lose energy
according to (Schlickeiser , 2002):

dp

dt
' −1.7 × 10−29

(

nth

10−3

)

β

x3
m + β3

(5.4)

where xm =
(

3
√

π
4

)1/3
βe.

The time evolution of the proton spectrum is described by the following equation:

∂Np(p, t)

∂t
=

∂

∂p

(dp

dt

∣

∣

∣

i
Np(p, t)

)

+ Qp(p), (5.5)
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Figure 5.2: Present–epoch spectrum of the cosmic ray protons continuously injected
(with p > 0.1 mpc) in the intracluster medium starting from zi. The spectra are
plotted for s = 2.4 (dotted lines) and 3.0 (solid lines) and for zi =0.1, 0.5, 1 (from
bottom to top). Calculations are carried out assuming nth = 10−3cm−3.

Figure 5.2 shows the present day spectrum of protons if a time independent con-
tinuous injection Q(p) ∝ p−s is assumed. Different values for the slope s and for
the redshift at which injection starts have been considered. Spectra show a large
modifications at low energy due to Coulomb losses.

5.2 Alfvénic reacceleration of relativistic particles

Alfvén waves efficiently accelerate relativistic particles via resonant interaction. The
condition for resonance between a wave of frequency ω and wavenumber projected
along the magnetic field k‖, and a particle of type α with energy Eα and projected
velocity v‖ = vµ is (Melrose , 1968; Eilek , 1979):

ω − ν
Ωα

γ
− k‖v‖ = 0 (5.6)
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where, in the quasi parallel case (k⊥ << mαΩα/p), ν = −1 and ν = 1 for electrons
and protons respectively.

The dispersion relation for Alfvén waves in an isotropic plasma with both thermal
and relativistic particles can be written as (Barnes & Scargle , 1973):

ω2 =
k2
‖v

2
A(1 + η1)

1 + 4
3
η2 + v2

Ac−2(1 + η1)
(5.7)

where

η1 =
np,rel

nth
+

me

mp

(

1 +
np,rel

nth

)

(5.8)

and

η2 =
ne,relme < γe > +np,relmp < γp >

nthmp

(5.9)

Since the number density (and possibly the energy density as well) of the thermal
component in the intracluster medium is considerably larger than the corresponding
non–thermal component, one can show that η1 << 1 and η2 << 1 so that the
dispersion relation becomes ω ' |k‖|vA. Combining the dispersion relation of the
waves with the resonant condition, one can derive the resonant wavenumber, kres,
for a given momentum (p = mvγ) and pitch angle cosine (µ) of the particles:

kres ∼ |k‖| =
Ωαm

p

1
(

µ ± vA

v

) , (5.10)

where the upper and lower signs refer to protons and electrons respectively. In
an isotropic distribution of waves and particles, the particle diffusion coefficient in
momentum space is given by (Eilek & Henriksen , 1984):

Dpp(p, t) =
2π2e2v2

A

c3

∫ kmax

kmin

Wk(t)

k

[

1 −
(vA

c
∓ Ωm

pk

)2]

dk, (5.11)

where the minimum wavenumber (maximum scale length) of the waves interacting
with particles is given by :

kmin =
Ωαm

p

1
(

1 ± vA

v

) (5.12)

and kmax is given by the largest wavenumber of the Alfvén waves, limited by the
fact that the frequency of the waves cannot exceed the proton cyclotron frequency,
namely ω < Ωp. It follows that kmax ∼ Ωp/vA or kmax ∼ Ωp/vM , vM being the
magnetosonic velocity (here we assume kmax ∼ Ωp/vM).
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In the simple case of a power law spectrum of the MHD waves, W (k) ∝ k−w (for
ko < k < kmax), Equation (5.11) would give:

Dpp(p) = Aw(δB)2v2
A

(

p

B

)w (

1 ± vA

c

)w ×
{

1

w
± vA/c

w + 1
− (vA/c)2

w(w + 1)

}

, (5.13)

where
δB2 = 8π

∫

Wkdk, (5.14)

and

Aw =
π

2

e2−w

c3−w

w − 1

w + 2
kw−1

o (5.15)

The first order expansion (for vA/c << 1) of equation (5.13) is the diffusion coef-
ficient generally used in most recent theoretical papers on electron acceleration in
galaxy clusters (Ohno, Takizawa & Shibata , 2002; Fujita, Takizawa & Sarazin ,
2003).

From equation (5.10) one can see that the momentum of electrons or protons
which can resonate with waves with a given wavenumber k depends on the pitch
angle cosine µ.

The minimum momentum of the electrons for which resonance with waves of a
given wavenumber k can occur is:

pmin =
me

k

(

Ωe + vAk
)

, (5.16)

which, in the relativistic limit becomes:

prel
min =

Ωeme

k

1

1 − vA

c

. (5.17)

Since the wavenumber of Alfvén waves in a plasma is limited by ω < Ωp, from
equation (5.16), one has that the minimum momentum of the electrons which can
resonate with Alfvén waves is:

pmin = pth
vA

vth

(mp

me
+ 1

)

, (5.18)

which, in general, gives pmin >> pth, pth = mevth being the momentum of the
thermal electrons. It follows the well known result that thermal electrons cannot
resonate with Alfvén waves (Hamilton & Petrosian , 1992).

This important limitation of Alfvén waves as particle accelerators forces us to
consider the situation in which a relic population of relativistic electrons exists in
the intracluster medium, and no electron acceleration from the thermal background
is taken into account.
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The situation is different for protons. In fact, in this case, the minimum momen-
tum which may resonate with waves having wavenumber k is:

pmin =
mp

k

(

Ωp − vAk
)

. (5.19)

which in the relativistic limit reduces to:

prel
min =

Ωpmp

k

1

1 + vA

c

. (5.20)

From equation (5.19), one has that the minimum momentum of the protons which
can resonate with Alfvén waves in units of the momentum of the thermal protons
is:

pmin = pth
vA

vth

(Ωp

ω
− 1

)

. (5.21)

Since ω < Ωp, this basically means that thermal protons can efficiently resonate
with Alfvén waves (Hamilton & Petrosian , 1992).

5.2.1 From fluid turbulence to Alfvén waves: the Lighthill

mechanism

We assume that fluid turbulence is present in the cluster volume with a power
spectrum

Wf(xf) = W o
f x−m

f (5.22)

in the range xmin
f < xf < xmax

f , where xmin
f is the wavenumber corresponding to the

maximum scale of injection of the turbulence and the maximum wavenumber is that
at which the effect of fluid viscosity starts to be important and it is of the order of
xmax

f ∼ xmin
f (R)−3/4 (Landau & Lifshitz , 1982), R being the Reynolds’ number.

For Kolmogorov turbulence we have m = 5/3, while for Kraichnan turbulence
(Kraichnan , 1965) one has m = 3/2.

Here we investigate the connection between the fluid turbulence that we start
with and the MHD waves that we use as particle accelerator. Fluid turbulence can
radiate MHD modes (Kato , 1968) via the Lighthill process. A fluid eddy may be
thought of as radiating MHD waves in the mode j at a wavenumber k = (vf(x)/vj)xf ,
where vj is the velocity of the j–mode wave. The MHD modes are expected to be
driven only for x > xT, xT being the wavenumber at which the transition from large–
scale ordered turbulence to small–scale disordered turbulence occurs. Following
previous works in the literature (Eilek & Henriksen , 1984; Fujita, Takizawa &
Sarazin , 2003), we adopt the Taylor wavenumber as an estimate of this transition
scale, namely:

lT =
2π

xT
∼
[

< v2
f,i > / <

(∂vf,i

∂xi

)2
>
]1/2

∼ lo(15/R)1/2, (5.23)
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where the Reynolds number is given by R = lovf/νK, and νK is the kinetic viscosity.
The fraction of the fluid turbulence radiated is small for all but the larger eddies,
near the Taylor scale, and thus the Lighthill radiation can be expected to not disrupt
the fluid spectrum. More specifically, the energy rate radiated via the Lighthill
mechanism into waves of mode j and wavenumber k is given by (Eilek & Henriksen
, 1984):

Ij(k) = Ij,o

( k

xT

)−yj

, (5.24)

where

yj = (2nj + 3)
m − 1

3 − m
(5.25)

Ij,o ∼
∣

∣

∣

2nj(1 − m) + 6 − 4m

3 − m

∣

∣

∣ρv3
j

( Et

ρv2
j R

)

3+2nj
3−m , (5.26)

Et ∼ ρv2
f is the energy density of the fluid turbulence, and

R =
xoWf (xo)

xT Wf (xT )
(5.27)

Here, nj=0 for Alfvén and slow magnetosonic waves, and nj = 1, 2 for fast mag-
netosonic waves. In the following we concentrate on Alfvén waves, in which case
yj = 3/2 (yj = 1) for a Kolmogorov (Kraichnan) spectrum of the fluid turbulence.

5.2.2 Basic equations and time evolution

In our calculations we assume for simplicity that Alfvén waves propagate isotropi-
cally in the cluster volume and we assume k ' |k‖|. The spectrum of Alfvén waves
driven by the fluid turbulence evolves as a result of wave–wave and wave–particle
coupling. In particular, the wave–particle involves the thermal and relativistic parti-
cles, in the way explained in the previous section. The combination of these processes
produces a modified, time–dependent spectrum of Alfvén waves, Wk(t), which can
be calculated by solving the continuity equation (Eilek , 1979):

∂Wk(t)

∂t
=

∂

∂k

(

Dkk
∂Wk(t)

∂k

)

−
n
∑

i=1

Γi
kWk(t) + Ik(t). (5.28)

The first term on the right hand describes the wave–wave interaction, with diffusion
coefficient Dkk = k2/τs. τs is the spectral energy transfer time, that for a given
wavelength is given by τs ∼ τ 2

NL/τ3 (Zohu & Matthaeus , 1990), where τNL = λ/δv
is the non–linear eddy–turnover time (δv is the rms velocity fluctuation at λ) and
τ3 is the time over which this fluctuation interacts with other fluctuations of similar
size.

In the framework of the Kolmogorov phenomenology, the Alfvén crossing time
τA = λ/vA largely exceeds τNL, therefore fluctuations of comparable size interact in
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one turnover time, namely τ3 ∼ τNL. In the Kraichnan phenomenology, τA << τNL,
therefore convection limits the duration of an interaction and τ3 ∼ τA. Since the
velocity fluctuation, δv, is related to the rms wave field, δB, through the relation
δv2/v2

A = δB2/B2, the diffusion coefficient is given by (Miller & Roberts , 1995):

Dkk ' vA







k7/2
(

Wk(t)
2WB

)1/2
, (Kolmogorov)

k4
(

Wk(t)
2WB

)

, (Kraichnan)
, (5.29)

in the Kolmogorov and Kraichnan phenomenology, respectively.
The second term in equation (5.28) describes the damping with the relativistic

and thermal particles in the intracluster medium. In the case of nearly parallel wave
propagation (k⊥ << mΩ/p, k ' |k‖|) and isotropic distribution of particles of type
α, the cyclotron damping rate for Alfvén waves is as given by Melrose (1968):

Γα
k (t) = −4π3e2v2

A

kc2

∫ pmax

pmin

p2(1 − µ2
α)

∂fα(p, t)

∂p
dp =

π2e2v2
A

kc2

∫ pmax

pmin

(1 − µ2
α)

(

2
Nα(p, t)

p
− ∂Nα(p, t)

∂p

)

dp, (5.30)

where, for relativistic particles, one has :

µrel
α =

vA

c
± Ωαmα

pk
, (5.31)

while for sub–relativistic particles:

µth
α =

vAmα

p
± Ωαmα

pk
. (5.32)

Here the upper and lower signs are for negative and positive charged particles respec-
tively. Lacombe (1977) showed that the damping rate for isotropic Alfvén waves are
well within a factor of ∼ 3 of that calculated for nearly parallel wave propagation,
therefore we are justified to use equation (5.30) in our calculations.

The third term in equation (5.28) describes the continuous injection of Alfvén
waves as radiated by the fluid turbulence through the Lighthill mechanism. From
equation (5.26) with nj = 0 one has:

Ik ' 2
∣

∣

∣

3 − 2m

3 − m

∣

∣

∣ρv3
A

( v2
f

v2
AR

)
3

3−m × k−3 m−1

3−m . (5.33)

5.2.3 Turbulent cascade

The equation that describes the turbulent cascading without accounting for damping
processes and wave injection is the following:

∂Wk(t)

∂t
=

∂

∂k

(

Dkk
∂Wk(t)

∂k

)

. (5.34)
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Figure 5.3: Left Panel: Time evolution of the spectrum of Alfvén waves injected in
a single burst at a given scale. The spectra are plotted for 1014 (solid line), 5× 1015

(dotted line), 3 × 1016 (dashed line), and 3.2 × 1016 s (dot-dashed line) after the
injection event. In the calculations, a Kolmogorov diffusion coefficient is adopted.
The temperature of the gas, the magnetic field and the gas density are T = 108K,
B = 1µG, and nth = 10−4cm−3 respectively. Right Panel: Time evolution of the
cascade–time scale estimated for the same parameters and with the corresponding
line–styles as in the Left Panel.

The cascade timescale at a given wavelength is τkk ∼ k2/Dkk, and using equation
(5.29):

τkk(l) '
2 × 108yr

BµG

( l100
kpc

)( nth

10−3

)
1
2







































√
2
(

δB>k

B

)−1

(Kolmogorov)

2
(

δB>k

B

)−2

(Kraichnan)

(5.35)

where we define δB>k ∼
√

8πkWk. It is worth noticing that the cascade timescale
in the Kolmogorov regime does not depend on the value of the magnetic field
strength. We also notice that in both Kolmogorov and Kraichnan regimes, the cas-
cade timescale depends on the scale of the waves and on the density of the thermal
plasma. In particular, τkk is smaller in low density regions.

In figure 5.3 (left panel) we plot the evolution of the spectrum of a population of
waves injected at a given scale as obtained from equation (5.34) in the Kolmogorov
phenomenology (see caption for details); the broadening of the wave distribution at

83
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scales larger than the injection scale clearly shows the effect of stochastic wave–wave
diffusion. In qualitative agreement with equation (5.35), it is clear from figure 5.3
that the developing rate of wave-wave cascade from larger to smaller scales increases
with decreasing scale. In figure 5.34 (right panel) we show the cascade time-scale
calculated for the spectra (and corresponding times) used in the left panel. As a
general remark, we find that for typical conditions of the intracluster medium, the
wave–wave time scale below 1 pc, namely on the scale relevant for wave–particle
interaction, is considerably shorter than 107yr.

5.2.4 Damping processes

Alfvén waves can be damped in their interaction with thermal and relativistic pro-
tons and relativistic electrons, so that the global damping time can be written as a
sum of three different contributions:

τd =
(

3
∑

j=1

Γj
k

)−1
. (5.36)

For typical conditions in the intracluster medium, the damping time on the thermal
proton gas is < 105sec (but the process is efficient only for k/kmax > 0.1). The
damping time on the relativistic component (especially protons) is usually > 108sec.

The time scale for the development of the wave-wave cascade depends on the
wave-wave diffusion coefficient, Dkk, and thus on the energy density of the waves.
Given a spectrum of injection of waves per unit time, Ik, one simple possibility to
estimate the cascade time scale and thus to compare it with the time scale of the
damping processes is to use the spectrum of the waves under stationary conditions
and without damping processes, namely

Wk ∼ 1

k
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(5.37)

The wave-wave time scale is therefore given by :

τs =
k2

Dkk
∼ 1

k
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(5.38)

A comparison between the time scales of the damping processes and of the wave-
wave cascade is given in figure 5.4 for typical values of the parameters (see caption).
We assume that the energy in relativistic protons and electrons is respectively ∼ 1
and 0.1 per cent of the total thermal energy. Protons are injected starting from
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Figure 5.4: Comparison between cascade (solid straight line) and damping time–
scales on thermal gas (dashed line), relativistic protons (solid line) and relativistic
electrons (dotted line). Calculations are carried out assuming a Kolmogorov diffusion
coefficient, and adopting T = 108K, nth = 10−3cm−3 and d(δB)2/dt = 3.310−15µG2.

z = 1 with a spectrum having slope s = 2.2. Figure 5.4 shows that the time scale
due to the damping with the thermal pool is considerably shorter than the cascade
time scale for k/kmax >> 0.1 so that a break or a cutoff in the spectrum of the waves
is expected at large wavenumbers. However, the most important result illustrated
in figure 5.4 is that, if a relatively large number of relativistic protons is present in
the intracluster medium, the resulting damping time scale can become comparable
with or shorter than the wave-wave cascade time scale. This means that, at the
corresponding wavenumbers, the spectrum of the waves is modified by the effect of
the dampings and therefore that a power law approximation for the spectrum of
the MHD waves cannot be achieved. We also note that the effect of the damping
due to relativistic protons is particularly evident at those wavenumbers that can
exhibit a resonance with the bulk of the relativistic electrons in the intracluster
medium (those with γ ∼ 200 − 1000) and thus that this effect may have important
consequences for the acceleration of the relativistic electrons.
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5. Turbulent Alfvénic reacceleration: protons and electrons

In fact, as already mentioned, the damping of Alfvén waves on the relativis-
tic protons modifies the spectrum of the waves and therefore indirectly affects the
acceleration of electrons. The damping of the waves at a given wavenumber basical-
ly depends on the number of protons with momentum that can resonate with such
waves. At fixed number of relativistic protons with supposedly a power law spectrum
N(p) ∝ p−s, the damping rate at wavenumbers corresponding to p >> plow (plow

being the minimum momentum in the proton spectrum) decreases with increasing
s.

The efficiency of the damping in galaxy clusters is further reduced in the case of
steep spectra since, in this case, Coulomb losses affect the bulk of protons.

Figure 5.5: Time scale for damping of Alfvén waves on relativistic protons. Different
curves refer to proton injection spectra with slopes s =3.8, 3.2, 2.6, 2.2 (from top
to bottom).

These effects are illustrated in figure 5.5, where the cascade time–scale is com-
pared with the damping time for different injection spectra containing the same
number of protons.
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5.3 Quasi stationary solutions

For a given model for the injection of the waves in the intracluster medium, the spec-
tra of electrons, protons and waves can be calculated from the following equations
(Brunetti et al., 2004):
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The spectra of electrons, protons and waves, as discussed above, result from a cou-
pling between all these components: the spectrum of the waves develops in time
due to the turbulent cascade until damping becomes efficient and particle accelera-
tion occurs. It is worth noticing that the time scales for the processes of damping
and cascading are quite different from those related to particle losses and transport.
While the wave spectrum develops over ∼ 107 sec, particle acceleration occurs on
time scales of ≥ 1014sec, and we are interested in following the particle evolution for
a typical time of ≥ 1015sec.

The clear difference among these time scales suggests that we use a quasi sta-
tionary approach, in which it is assumed that at each time-step the spectrum of the
waves approaches a stationary solution and that this solution changes with time
due to the evolution of the spectrum of the accelerated electrons and protons. In
other words, at any time-step we solve the set of three differential equations with
∂W/∂t = 0. Intermittent injection of turbulence in the intracluster medium may
occur on time–scales ≥ 107 − 108 yrs which are much longer than the time–scales
of damping and cascading, and thus the quasi–stationary approach discussed above
remains applicable.

In the following we will confine our attention to the case in which the amount
of energy injected in the form of turbulence is smaller than the thermal energy of
the intracluster medium. As a consequence, we can safely assume that the thermal
distribution of protons in the intracluster medium is not appreciably affected by the
interaction with waves.

5.3.1 The spectrum of Alfvén Waves

The shape of the spectrum of waves at any time is determined by the damping of
these waves, mainly on protons. The proton spectrum in turn changes because of
acceleration, and backreacts upon the spectrum of waves: this implies that even for
a time-independent rate of injection of waves, the strength of the damping rates and
the spectrum of the MHD waves are expected to change with time.
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Figure 5.6: Temporal evolution of the spectrum of the Alfvén waves at times 2×1015,
5×1015, 8×1015, 1016, and 1.5×1016sec after the beginning of the acceleration (from
top to bottom). The calculations are carried out for a Kolmogorov spectrum of the
fluid turbulence (i.e., yj = 3/2), a Kolmogorov diffusion coefficient d(δB)2/dt =
3.3 × 10−15(µG)2/s, T = 108K, nth = 10−3cm−3, B = 0.5µG, Ee = 0.001 × Eth,
Ep = 0.005 × Eth, s = 3.2, zi = 1.0 and pinj > 0.1 mpc. The Taylor scale is at
k ∼ 10−5kmax.

In particular, the damping rate due to relativistic protons increases with time,
as a consequence of the fact that most of the energy injected in MHD waves is
channelled into relativistic protons.

A relevant example of the time evolution of the spectrum of waves is illustrated
in figure 5.6: as expected, the energy associated with MHD waves which contribute
to the acceleration of the bulk of the relativistic electrons (k/kmax ∼ 10−1 − 10−3)
decreases with time. In addition to the general finding that the spectrum of the
Alfvén waves evolves with time, here we also point out that :

a) the spectrum is not a simple power law: it has a different slope at different k
and the curvature of the spectrum also changes with time;
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b) the spectrum has a low-k cutoff due to the maximum injection scale, close to
the Taylor scale;

c) the spectrum has a high-k cutoff generated by the damping with the thermal
particles.

5.3.2 Electron acceleration

The process of electron acceleration via Alfvén waves has been extensively investi-
gated in the literature. Eilek & Henriksen (1984) showed that a self–similar solution
for the spectra of electrons and waves can be found if these spectra are both required
to be power laws in energy and wavenumber respectively. In this case, the slopes of
the electron (δ) and of the waves (ω) spectrum are related by δ = 6 − ω.

As pointed out above, the assumption of power law spectra is usually not fulfilled.
In fact, more often a stationary solution is found in the form of a pile up spectrum
N(p) ∝ p2 exp{−p/pc} (Borowsky & Eilek , 1986).

In the general case considered here, the electron spectrum may be even more
complex due to the fact that the spectrum of the waves is not a power law and
the whole evolution is time–dependent. Note that the initial stage of reacceleration
of relic relativistic electrons (i.e. γ ∼ 100 − 1000 electrons) is mainly affected by
the competition between Coulomb losses and acceleration due to the Alfvén waves,
while later stages, of further acceleration to the highest allowed energies, are limited
by radiative losses.

In figure 5.7 we plot the time scale for electron acceleration, ∼ p2/2Dpp, and
compare it with the time scale of the energy losses of electrons for different proton
spectra injected in the intracluster medium (see caption). For steep proton spectra,
the electron acceleration is more efficient because less energy gets channelled into
the proton component. In general, hard proton spectra make the acceleration of
electrons to Lorentz factors γ > 103 relatively difficult.

If this is true in the initial stage of evolution of the system, it becomes increas-
ingly less so at later times: after about ∼ 0.5 − 0.7 Gyr, relativistic protons have
accumulated enough of the waves energy that the damping of the waves becomes
even more efficient and further acceleration of electrons is prevented.

The continuous backreaction between waves and protons creates a sort of wave-
proton boiler that in a way is self–regulated.

If the injection of fluid turbulence is intermittent on time scales of the order of
the cooling time of electrons with Lorentz factors γ ∼ 103 − 104, then the effect of
the wave-proton boiler on the electron acceleration may be reduced. The reason for
this is that for a given reacceleration rate, the accumulation of energy in the form
of relativistic protons requires longer times and the electron acceleration remains
efficient for ∼ 1 Gyr.
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Figure 5.7: Acceleration time–scale (thin lines) and time–scale for energy losses
(thick lines) for relativistic electrons as a function of the Lorentz factor. From
bottom to top, the acceleration time–scales are calculated at 2× 1015, 5× 1015, 1016,
and 2 × 1016sec after the beginning of the acceleration. The following values of
the parameters are adopted: d(δB)2/dt = 3.3 × 10−15(µG)2/s, T = 108K, nth =
10−3cm−3, B = 0.5µG, and Ee = 0.001 × Eth. Left Panel: Ep = 0.2 × Eth, s = 2.0
and zi = 1.0; Central Panel: Ep = 0.025×Eth, s = 3.0 and zi = 1.0; Right Panel:
Ep = 0.002 × Eth, s = 4.0 and zi = 1.0;

5.3.3 Proton acceleration

Alfvénic acceleration of thermal and relativistic protons is extensively studied in
the literature, in particular as applied to the case of solar flares (Miller & Roberts ,
1995; Miller, Guessoum & Ramaty , 1990).

We consider here the extension of these calculations to the case of Alfvénic
acceleration in clusters of galaxies.

If the energy injected in Alfvén waves is significantly larger than that stored by
the relativistic protons at the beginning of the acceleration phase, then the spectrum
of protons is expected to be considerably modified. Under these conditions, we
illustrate, in 5.8, the evolution of the spectrum of the relativistic protons. The
figure clearly shows that the spectrum flattens and develops a bump.

The prominence of this bump increases with time as the energy absorbed by rel-
ativistic protons also increases. Moreover, the bump moves toward larger momenta
of the particles during the acceleration time.

The presence of a bump in the proton spectrum may be of some importance in
the calculation of the spectrum of the high energy secondary electrons which are
expected to be produced during hadronic collisions. We find that, under typical
conditions in the intracluster medium and assuming an energetics of the Alfvén
waves considerably larger than that of the initial proton population, relevant bumps
are produced at energies in excess of 200 GeV which should be visible in the spectrum
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Figure 5.8: Time evolution of the spectrum of cosmic ray protons as a function of p.
From bottom to top, the curves are obtained at times 2×1015, 5×1015, 8×1015, 1016,
and 1.5× 1016 sec after the beginning of acceleration. The initial proton spectrum is
plotted as a dashed line. The values of the parameters are as in figure 5.6.

of secondary electrons at γ > 105. We also point out that proton acceleration
is strongly reduced at some momentum pmax (see figure 5.8) which corresponds
to the momentum at which the resonance condition is satisfied for wavenumber
corresponding to the maximum injection scale of the Alfvén waves. A maximum
energy of the injected secondary electrons is expected as well.

5.3.4 The Wave–Proton Boiler

One of the most important results of our investigation is the quantitative treatment
of the backreaction of the accelerated protons on the waves and in turn on the
electrons. Qualitatively, given typical conditions in the intracluster medium, we can
identify three main temporal stages of the acceleration process:

1) Cascading stage:
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Figure 5.9: Evolution of the proton acceleration time–scale during the acceleration
phase as a function of p. From bottom to top the curves refer to 2 × 1015, 5 × 1015,
1016, and 2 × 1016 sec after the beginning of the acceleration stage. The following
values of the parameters have been adopted: d(δB)2/dt = 3.3 × 10−15(µG)2/2, B =
0.5µG, T = 108K, nth = 10−3cm−3, Ee = 0.001×Eth, Ep = 0.0025×Eth and s = 3.0.

For a non negligible rate of energy injection in the form of Alfvén waves, the
cascade time is shorter than the damping time. This remains true up to some
critical wavenumber, which depends on energetics and spectrum of protons,
where damping starts to be relevant. If such a wavenumber is larger than
about 10−2kmax, then enough energy is left in the form of waves at the scales
which may resonate with relic relativistic electrons. In this case electrons are
effectively re-energized.

2) Stage of proton backreaction:

Once the Alfvén waves start to accelerate electrons and protons to higher en-
ergies, the spectrum of protons and electrons becomes harder and the fraction
of the energy stored in non–thermal particles starts to be large enough to make
damping more severe. As a consequence, the rate of electron acceleration is
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reduced.

3) End of acceleration:

At the beginning of the acceleration phase, the bulk of protons is located at
supra–thermal or trans–relativistic energies. It takes a few 108yrs, however,
for these protons to be energized to higher energies, as illustrated in figure 5.9,
where we plot the acceleration time scale of relativistic protons (we chose a
relatively steep injection spectrum). From figure 5.9 we see that after about
0.5 − 0.7 Gyr the acceleration time scale has increased by about one order
of magnitude. At this point the acceleration stage of protons and electron-
s can be considered as concluded, unless the injection of turbulence occurs
intermittently.

After the end of the third stage, the electrons cool due to radiative and Coulom-
b losses, while the Alfvén acceleration is only able to prevent the thermalization
of these particles maintaining their Lorentz factor around γ ∼ 100 − 1000.

5.4 Non–thermal emission from galaxy clusters

5.4.1 Cluster mergers and turbulence

Major mergers are among the most energetic events in the Universe. Cluster mergers
involve a collision of at least two subclusters with relative velocity of ∼ 1000− 2000
km s−1. During these events, a gravitational energy in excess of 1063 erg is released
through the formation of shock waves. Numerical simulations show that cluster
mergers can generate relatively strong turbulence in the intracluster medium (Ricker
& Sarazin , 2001). The bulk of the turbulence is most likely injected on scales ≥ 100
kpc during the motion of the subclusters. Afterwards this turbulence eventually
cascades toward smaller scales. As discussed in §5.2.1, when the turbulent cascade
reaches scales close to the Taylor scale, a fraction of the energy flux of the fluid
turbulence can be transferred to MHD waves which in turn can accelerate fast
particles.

For simplicity, we assume here that the bulk of the fluid turbulence in a given
point of the cluster volume is injected at the scale lo, for a time τi, of the order of
the time necessary for the subclump to cross the scale lo:

τi(Gyr) ∼ 0.3ξ
( lo
300

)( vc

103

)−1
, (5.39)

where vc is the velocity of the subclump in the host cluster and ξ is a parameter of
the order of a few. Within these assumptions, the injection rate of energy in the
form of fluid turbulence is given by :

Ff ∼ 2.3 × 10−27

ξ

( nth

10−3

)( T

108

)( lo
300

)−1( vc

103

) Et

Eth

, (5.40)
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where Eth is the local energy density of the intracluster medium in the form of ther-
mal gas and Et is that in the form of turbulence. The bulk of the fluid turbulence at
the scale lo then cascades toward smaller scales producing a spectrum of the fluid
turbulence that we write as Wf (x) ∝ x−m. Assuming a Kolmogorov phenomenol-
ogy for the wave–wave diffusion in k−space, the time scale for the cascade can be
estimated from equation (5.38) with Ixo ∼ x−1

o Ff :

τs(Gyr) ∼ 0.2
( lo
300

)(108

T

)1/3(103

vc

)1/3
ξ1/3

( 0.1

Et/Eth

)1/3
. (5.41)

In our simple approach, this is the time delay between the merger event and the
development of the turbulence at small scales (and thus the production of MHD
waves). In the case of Alfvén waves in the framework of a Kolmogorov phenomenol-
ogy, the power injected in waves is (equation 5.33):

PA =
∫

I(k)dk '
1.5 × 10−29

R16

1

6

( vf

400

)4
B−1

µG

( nth

10−3

)
3
2
( lo
300

)−1
(5.42)

All the quantities involved in the calculation of the power radiated in the form of
Alfvén waves can be relatively well modelled. The only parameter which is very
difficult to estimate is the value of the Reynolds number, R = lovf/νK, due to the
large uncertainties in the value of the kinetic viscosity νK = upλeff/3 (up is the
thermal velocity and λeff the effective mean free path of protons). For transverse
drift of protons in a magnetic field B, the mean free path is given by λeff ∼ λ2

g/λc

(Spitzer , 1962) with λg and λc being the proton gyroradius and the mean free path
due to Coulomb collisions respectively. In this case the kinetic viscosity is given by
(Fujita, Takizawa & Sarazin , 2003):

νK = 1.3 × 105
( nth

10−3

)( T

108

)−1/2( ln Λ

40

)

B−2
µG. (5.43)

The resulting Reynolds number is:

R ∼ 2.8 × 1026
( lo
300

)( vf

400

)(10−3

nth

)( T

108

)
1
2 B2

µG

( 40

ln Λ

)

, (5.44)

which is extremely large and, most likely, should be considered as an upper limit,
due to the assumption of transverse drift of protons on the magnetic field lines.
In general, diffusion of the protons along the magnetic field lines can substantially
increase the value of λeff and thus reduce R. The Reynolds number has been
roughly estimated in a number of astrophysical situations, being ∼ 107 in the solar
wind (Grappin et al., 1982), ∼ 1011 in the extragalactic radio jets imaged with the
VLA (Henriksen, Bridle & Chan , 1982), ∼ 1014 in the solar corona (Ofman &
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Aschwanden , 2002) and ∼ 1016 for the hot phase of the local interstellar medium
(Armstrong, Rickett & Cordes , 1981). Following this last estimate, in our modelling
we take R ∼ 1016 but also stress that, due to the poor dependence of PA on R, an
uncertainty in R by six orders of magnitude implies only one order of magnitude
change in PA.

In our simple model for the merger, it is easy to show that the condition PA <<
Ff is satisfied, therefore the application of the Lightill scheme in our calculations
appears to be self–consistent.

The power radiated in the form of Alfvén waves strongly depends on the velocity
of the eddies in the fluid turbulence. In addition, assuming that the energy of
the fluid turbulence is a fraction of the local thermal energy (i.e., Et ∼ ρv2

f , and
vf = const) and that the largest scale of the spectrum of turbulence, lo, does not
depend on the position in the cluster volume, we notice that the injected power
in Alfvén waves increases with increasing the number density of the intracluster
medium and with decreasing the strength of the local magnetic field. For instance,
assuming a typical scaling law for the magnetic field in the cluster B ∝ n

2/3
th , it would

be PA ∝ n
5/6
th , namely the power injected in the form of Alfvén waves is expected to

be slightly larger in the central regions of the cluster.
A second important quantity in our calculations is the largest scale of the spec-

trum of the Alfvén waves, kT ∼ xT vf (xT )/vA. It is convenient to parametrize this
quantity in terms of the wavenumber corresponding to the minimum scale of the
MHD waves, kmax ∼ Ωp/vM , namely:

kT

kmax
' R16

1
3

2.4 · 107

( nth

10−3

)
1
2
(300

lo

)

B−2
µG

( vf

400

)( T

108

)
1
2 . (5.45)

Given the resonance condition (equations 5.17 and 5.20), the presence of a max-
imum scale in the wave spectrum, lT ∼ 2π/kT , implies a limit for the energy of the
particles that can be efficiently accelerated:

Eres(TeV) ≤ 24 ×
(kmax/kT

6 · 106

)( T

108

)1/2

∝ R−1/3n
−1/2
th loB

2vf
−1. (5.46)

This limit provides a relatively good estimate in the case of relativistic protons,
which are basically loss–free particles, while the maximum energy of the electrons
is driven by the competition between acceleration and loss terms.

5.4.2 Constraining the model parameters

In this Section we derive some constraints on the physical conditions in the intra-
cluster medium in order to obtain the reacceleration efficiency necessary to allow
the production of the observed non–thermal emission.
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From equation (5.42) it is clear that a key parameter in the calculation of the
efficiency of particle acceleration in our approach is given by :

Ψ =
( vf

400

)4( R
1016

)−1/6( lo
300

)−1
, (5.47)

which is very sensitive to the velocity of the eddies in the fluid turbulence. A
constraint on this velocity can be obtained by requiring that the energy injected in
the form of fluid turbulence (Et ∼ xoW (xo) ∼ mpnthv

2
f ) does not exceed the thermal

energy. From equations (5.39) and (5.40) we obtain:

( vf

400

)

≤ 3
( T

108

)1/2( Et

Eth

)1/2
. (5.48)

An additional constraint to the parameter Ψ comes from requiring that the
energy stored in the form of relativistic protons is small enough to allow for efficient
electron acceleration.

As pointed out above, after an acceleration time of the order of 0.5-0.7 Gyr,
relativistic protons get a large fraction of the energy previously in the form of Alfvén
waves. We limit ourselves to cases in which PA · τi < 0.1 Eth. From equations (5.39)
and (5.42) one has:

Ψ ≤ 16

ξ
BµG

( nth

10−3

)− 1
2
( T

108

)( lo
300

)−1
. (5.49)

Finally, we are interested in the production of relatively long–living (e.g., for
> 0.3 Gyr) non–thermal phenomena, in order to have a chance of observing them
in some clusters. From equation (5.39) we can set a limit on the parameter ξ:

ξ >
( vc

1000

)( lo
300

)−1
. (5.50)

The maximum energy, γmax, of the accelerated electrons is obtained by balancing
energy losses and energy gains.

In figure 5.10 (left panel) we plot γmax as a function of Ψ, for different acceleration
times, ∆T , for a given set of values of the parameters defining the environment of
cluster cores. In the right panel we plot the same quantity for different values of
the energy density in the form of relativistic protons, Ep. The injection spectrum of
protons is taken as a power law with slope 2.2.

In order to obtain γmax >> 1000, needed to explain the synchrotron emission at
GHz frequency as well as the inverse Compton hard X–ray photons, we are forced
to require that Ψ ≥ 1 and Ep ≤ 3% Eth.

Such a stringent limit is the consequence of the effective damping of Alfvén waves
upon the relativistic proton component, which inhibits the acceleration of electrons.

In the periphery of the cluster, where the magnetic field is expected to be lower,
the conditions to obtain high energy electrons are less stringent. It remains true
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Figure 5.10: Maximum energy attainable for relativistic electrons during the accel-
eration (only systematic terms are considered here) plotted as a function of Ψ. Left

Panel: γmax at 3× 1015 (dashed line) and 1016sec (solid line) after the beginning of
the acceleration stage. The values of the parameters are: B = 1µG, nth = 10−3cm−3,
Ee = 0.001 × Eth, Ep = 0.003 × Eth, s = 2.2, and zi = 1.0. Right Panel: γmax at
1016sec from the beginning of the acceleration stage for Ep = 0.003× Eth (solid line)
and Ep = 0.03 × Eth (dashed line). Other parameters are as in the Left Panel case.

however that no more than a few percent of the thermal energy of the cluster can
be in the form of relativistic protons with p > 0.1mecif we want to interpret the
observed non–thermal phenomena as the result of radiative processes of high energy
electrons accelerated via Alfvén waves.

A steeper injection spectrum of protons, containing the same energy density,
makes the constraints found above even more stringent; however this would imply
a very large energy injected in relativistic protons in the intracluster medium.

On the other hand, at given proton number density, a steeper spectrum contains
less relativistic particles, which would allow for more efficient electron acceleration.

Clearly, a crucial parameter in the modeling of the non–thermal phenomena in
galaxy clusters is the strength of the magnetic field in the intracluster medium.
There is still debate on whether this field is of several µG or rather fractions of
µG: on one hand, if the hard X–ray excess is interpreted as a result of inverse
Compton emission of relativistic electrons, the required volume averaged field is
≤ 0.2 − 0.4µG (Fusco–Femiano et al., 1999; Fusco–Femiano , 2000). On the other
hand, Faraday rotation measurements of the radiation coming from cluster radio
sources seem to require a magnetic field strength of ∼ 4−8µG (Clarke, Kronberg &
Böringer , 2001). A number of possibilities to reconcile these two predictions have
been proposed in the literature, based on either choosing more realistic spectra of
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Figure 5.11: Synchrotron cut–off frequency as a function of the magnetic field
strength in the case of nth = 10−3cm−3 (empty symbols) and nth = 2 × 10−4cm−3

(filled symbols). The results are reported after 7 × 1015sec of reacceleration. In the
calculations the following values of the parameters have been used: d(δB)2/dt =
3.3 × 10−15(µG)2/s, T = 108K, Ee = 0.001 × Eth, Ep = 0.01 × Eth, s = 2.2 and
zi = 1.0.

the radiating particles or introducing a spatial distribution of non-thermal particles
and magnetic fields (Goldshmidt & Rephaeli , 1993; Brunetti et al., 2001a; Petrosian
, 2001; Kuo, Hwang & Ip , 2003).

It is also worth recalling that Faraday rotation measures do not provide a direct
measurement of the magnetic field, but rather an estimate of a quantity which is a
(not necessarily trivial) convolution of the component of the magnetic field parallel
to the line of sight, of the electron density and that accounts for the topology of the
magnetic field: Newman, Newman & Rephaeli (2002) showed how the assumption of
a single–scale magnetic field leads to an overestimate of the field strength extracted
from rotation measures. Other authors have further discussed the influence of the
power spectrum of the magnetic field topology in the intracluster medium on the
rotation measures (Ensslin & Vogt , 2003; Vogt & Ensslin , 2003; Govoni et al.,
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2003).
In order to illustrate the effect of these uncertainties on the conclusions inferred

from our calculations, we evaluated the synchrotron cut–off frequency for a cluster
with temperature T = 108 K and with a relic electron and proton energy densities
chosen as Ee = 0.001 × Eth, Ep = 0.01 × Eth (protons have a spectrum with power
index s = 2.2; see caption of figure 5.11 for additional information). The calculation
is carried out for a dense region with nth = 10−3cm−3 (empty symbols) and for
a low density region with nth = 2 × 10−4cm−3 (filled symbols). Given the shape
of the spectrum of the accelerated electrons, a synchrotron cut–off at ≥ 300 MHz
is required to account for the synchrotron radiation observed in the form of radio
halos.

Our conclusion, based on figure 5.11, is that in high density regions (nth ∼
10−3cm−3) Alfvénic reacceleration of relic electrons cannot be an efficient process
for B � 4µG and for B � 0.5µG. These constraints become less stringent in the
case of low density regions.

5.4.3 A simplified models for Radio Halos and Hard X–ray

emission

The best evidence for the diffuse non–thermal activity in clusters of galaxies is
provided by the extended synchrotron radio emission observed in about ∼ 30 massive
clusters of galaxies (Feretti , 2003). A recent additional evidence supporting the
existence of relativistic electrons is given by the hard X–ray tails in excess to the
thermal emission discovered by BeppoSAX and RXTE in the case of a few galaxy
clusters (Fusco–Femiano et al., 1999; Fusco–Femiano , 2000). The possibility that
hard X–ray tails are due to inverse Compton scattering of the CMB photons is
intriguing as, in this case, radio and hard X–ray radiations would be emitted by
roughly the same electron population and thus the combination of radio and hard
X–ray data would allow us to infer an estimate of the volume–averaged magnetic
field strength and of the energy density of relativistic electrons. Additional pieces
of evidence for non–thermal phenomena are the so called radio Relics and the EUV
excesses whose origin may however be not directly connected to that of radio halos
and hard X–ray emission. Therefore these phenomena will not be considered here.
For a recent review on these arguments the reader is referred to the works by Ensslin
(2003); Bowyer (2003) and references therein.

In this section we apply the formalism described in previous sections in order to
show that for the conditions realized in the intracluster medium, Alfvénic reaccel-
eration of relic electrons may generate the observed radiation, provided the energy
content in the form of relativistic protons is not too large. For simplicity we neglect
here the production and reacceleration of secondary products of proton interaction-
s. Our simple model for the intracluster medium assumes a β-model (Cavaliere
& Fusco–Femiano , 1976) for the radial density profile of the thermal gas in the
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Figure 5.12: Temporal evolution of the accelerated electron spectra after 0, 1014, ...,
5 × 1015, 7 × 1015, 1016, and 1.2 × 1016sec from the beginning of the acceleration
stage. The following values of the parameters have been used: d(δB)2/dt = 1.6 ×
10−15(µG)2/s, B = 0.5µG, T = 108K, nth = 10−3cm−3, Ee = 0.001 × Eth, Ep =
0.01 × Eth, s = 2.2 and zi = 1.0.

intracluster medium, in the form

nth(r) = nth(r = 0)
(

1 + (
r

rc

)2
)−3β/2

, (5.51)

where rc is the core radius and we adopted β = 0.8. The magnetic field is assumed
to scale with density according with flux conservation:

B(r) = B(r = 0)
( nth(r)

nth(r = 0)

)2/3
. (5.52)

Based on the constraints given in §5.4.2 we adopt B(r = 0) ∼ 0.5 − 4µG.
Finally, we assume that the ratio between the energy density of the relic rela-

tivistic particles (at the beginning of the acceleration phase) and that of the thermal
plasma is constant with distance throughout the cluster volume:

Ep[e] = Ethηp[e], (5.53)
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Figure 5.13: Spectra of electrons accelerated for 1.2 × 1016sec at different distances
from the cluster center: r =0.3, 0.6, 0.9, 1.2, 1.4, 2.1rc (from top of the diagram).
The central values assumed in the calculations are : nth(0) = 1.5×10−3cm−3, B(0) =
1.5µG, d(δB(0))2/dt = 2.2 × 10−15(µG)2/s with the scaling laws given in Sect. 6.3,
rc = 400 kpc.

where ηp[e] is a free parameter (η < 0.1).

For simplicity we also assume that the maximum injection scale of the turbulence,
the Reynolds number and the velocity of the turbulent eddies are independent of
the location within the cluster volume.

Using the scaling relationship for the magnetic field, equation (5.52), and the
expression for the injection power in the form of Alfvén waves, equation (5.42), we
obtain:

PA(r) = PA(r = 0)
( nth(r)

nth(r = 0)

)5/6
. (5.54)

The spectrum of the relativistic electrons in the core region is plotted in figure
5.12. We can see that the bulk of relativistic electrons, initially at γ ∼ 102, can be
energized up to γ ∼ 104 for a relatively long time.

Equation (5.54) indicates that, in our simple approach, the power injected in

101
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Figure 5.14: Temporal evolution of the synchrotron (Left Panel) and inverse Comp-
ton scattering (Right Panel) spectra from the cluster model given in section 5.4.3
(integrating the emissivities up to 5× rc). Spectra are shown at 5× 1015, 1.2× 1016

and 1.7 × 1016sec from the beginning of the acceleration (from bottom to top). In
the calculations Ee = 5 × 10−5Eth has been adopted. Radio data are taken from
Thierbach, Klein & Wielebinski (2003), EUV from Bowyer, Berghöfer & Korpela
(1999), hard X–rays from Fusco–Femiano et al. (2004).

the form of Alfvén waves decreases with increasing distance from the cluster center.
Since radio halos have a considerable size, it is needed to check that our model
provides enough energy in the outskirts of clusters.

In figure 5.13 we plot the electron spectra at different distances from the cluster
center (see caption). What emerges from this figure is that at large distances the
effect of acceleration is even stronger than in the central region and the electron
spectra peak at slightly higher energies than in the core. This is due to the fact
that in the outskirts the damping rate is reduced more than the rate of injection of
turbulence.

The synchrotron emissivity roughly scales as Jsyn ∝ Neγmax(r)
2B2 ∝ n

7/3
th γmax(r)

2.
Such a relatively soft dependence of the emissivity on the radius allows for a rela-
tively broad synchrotron brightness profile.

More specifically, the synchrotron emissivity can be written as:

Jsyn(ν, t) =

√
3e3B

mc2

∫

p

∫ π
2

0
dpdθ sin2 θN(p, t)F

( ν

νc

)

, (5.55)

where the synchrotron Kernel is given by (Rybiki & Lightman , 1979):

F
( ν

νc

)

=
ν

νc

∫ ∞

ν/νc

K 5
3
(y)dy, (5.56)
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and νc = (3/4π)p2eB sin θ/(mc)3.
The emissivity due to inverse Compton scattering off the CMB photons is given

by (Blumenthal & Gould , 1970):

Jic(ν1, t) =
(

2πrom
2c
)2

hν2
1

∫

ν

∫

p
dνdp

N(p, t)p−4

exp( hν
kBTz

) − 1
×

(

1 + 2 ln
(ν1m

2c2

4p2ν

)

+
4p2ν

m2c2ν1
− m2c2ν1

2p2ν

)

, (5.57)

where Tz = 2.73(1 + z) is the temperature of the CMB photons.
The corresponding synchrotron and inverse Compton spectra are plotted in figure

5.14 at different times, for a central magnetic field B(r = 0) ' 1µG. The spectra
are compared with that observed for the radio halo in the Coma cluster : an initial
energy density in the relic relativistic electrons of the order of 5×10−5Eth is required
to account for the data. In figure 5.14 we also report the luminosity of the EUV
excess in the Coma cluster as an upper limit since it is commonly accepted that
the origin of the EUV excess is not directly related to the same electron population
responsible for the radio and possibly for the HXR emission (Bowyer, Berghöfer &
Korpela , 1999; Ensslin, Lieu & Biermann , 1999; Atoyan & Völk , 2000; Brunetti
et al., 2001b; Tsay, Hwang & Bowyer , 2002). Here we stress that figure 5.14
does not show the best fit to the data but just a comparison between data and
time evolution of the emitted spectra resulting from the very simple scaling of the
parameters described above. On the other hand, it should also be stressed that the
time evolution of the synchrotron and inverse Compton spectra reported in figure
5.14 is generated via the first fully self–consistent calculation of particle acceleration
in galaxy clusters. Thus provided that the energy of relativistic protons in galaxy
clusters is not larger than a few percent of the thermal energy, figure 5.14 proves,
the possibility to obtain the observed magnitude of the non–thermal emission in
these objects via Alfvénic acceleration.

In passing we note that the integrated radio spectrum at ∼ GHz frequencies is
steeper than the inverse Compton spectrum in the hard X–ray band independently
of the time slice. This seems in nice agreement with some temptative evidences
published in some recent literature (Fusco–Femiano , 2000).
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Chapter 6

Future perspectives:

non–liner shock acceleration

during structure formation

Shock waves play an important role during the formation of large scale structures in
the universe, being the main responsible for the heating of the hot intergalactic gas.
It is now strongly believed that these shocks can also accelerate efficiently particles
via first order Fermi acceleration, but to date there is not any conclusive and direct
evidence supporting this fact (see chapters 3,4). To this respect, future gamma ray
observations, both from space and from Earth, will be of crucial importance. In
fact, according to our predictions (see chapter 4), gamma rays emitted by particles
accelerated at strong large scale shocks, located at the periphery of clusters and
around filaments, should be detectable by next generation instruments. Moreover,
due to their short diffusion length, electrons are supposed to radiate all their energy
via inverse Compton scattering very close to the sites in which they are accelerat-
ed. For this reason, gamma rays from electrons energized via diffusive acceleration
during structure formation are expected to trace the large scale structure of strong
shock waves in the universe.

However, all the predictions made about the detectability of such gamma ray
photons, rely on the assumption that shocks are unmodified by the pressure of cosmic
rays they accelerate. This assumption is satisfied only if a very small fraction of the
thermal particles crossing the shock is injected in the suprathermal distribution
and accelerated up to relativistic energies. Since shocks are believed to be efficient
accelerators, more realistic calculations should include the backreaction of cosmic
rays onto the shock structure. This inclusion makes shocks complex non–linear
systems and the spectra of accelerated particles are supposed to be no longer simple
power laws.

In principle, particle spectra can be calculated analytically solving the diffusion–
advection equation for cosmic rays, coupled with the hydrodynamical equations
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that describe the dynamics fluid flow. The Euler equation has to be opportunely
modified by adding a term representing the cosmic ray pressure. However, all the
attempts made to solve these equations revealed the presence of multiple solutions,
corresponding to very different particle spectra. This make these approaches hardly
applicable to some practical astrophysical situation, since all the solutions found are
physically plausible.

In this chapter we discuss the issue of non–linear shock acceleration, with par-
ticular attention to the approaches based on the analytical solution of the diffusion–
advection equation. The problem of multiple solutions will be discussed, and a
possible way to avoid it will be proposed. Finally, we make some speculations on
the consequences that non–linear effects might have on the non–thermal activity
during large scale structures formation.

6.1 Non–linear shock acceleration:

a semi–analytical approach

In chapter 2 we have reviewed the most important theoretical aspects of diffusive
shock acceleration. All the results have been obtained treating cosmic rays as test
particles having negligible pressure. Such an approach is somewhat unsatisfactory,
since it requires a very small fraction η << 10−4 of the particles crossing the shock
to be converted into cosmic rays, while collisionless shock waves are believed to
accelerate particles much more efficiently. Evidence for such an high efficiency comes
from direct observations of the Earth bow shock (Ellison, Möbius & Paschmann ,
1990) and more indirectly from radio emission from supernova remnants (Reynolds
& Ellison , 1992). Moreover, also numerical simulations seem to suggest high values
for the efficiency parameter, which is found to be η ∼ 10−3 (Ellison, Berezhko &
Baring , 2000; Kang, Jones & Gieseler , 2002).

Besides numerical simulations, there are other different approaches to study the
properties of shocks modified by the backreaction of the accelerated particles. One is
the two fluid approach, in which cosmic rays are treated as a relativistic fluid (Drury
& Völk , 1981). This model allows one to derive the thermodynamical properties
of modified shocks but do not provide any information about the spectrum of the
accelerated particles. This problem can be avoided solving analytically the diffusion–
advection equation for cosmic rays accelerated at the shock, coupled with the fluid
equations describing the behaviuor of the thermal gas. Promising results have been
recently obtained in the framework of this analytical approach (Malkov , 1997; Blasi
, 2002, 2004).

Both the fluid and the analytical approaches are characterized by the puzzling
appearance of multiple solutions. It has been suggested that the shock behaves like
a self–regulating system settling on the critical point (Malkov, Diamond & Völk ,
2000) but it is also possible that the multiple solutions are simply a consequence of
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some of the assumptions of the models (Blasi , 2004).
In fact, as we will show in the following, the use of an appropriate recipe to

describe in a self–consistent manner the injection of particles at shocks might help
to solve this problem.

We review here the results presented in (Blasi , 2002, 2004), where the test–
particle assumption has been relaxed and the diffusion–advection equation has been
solved in the most general case in which the cosmic ray pressure is not negligible
with respect to the thermal gas pressure.

In the case of a one–dimensional shock the diffusive transport of particles is
described by the equation:

∂

∂x

[

D
∂

∂x
f(x, p)

]

− u
∂f(x, p)

∂x
+

1

3

du

dx
p
∂f(x, p)

∂p
+ Q0(p)δ(x) = 0 (6.1)

where stationarity (∂f/∂t = 0) has been assumed. The equation can be integrated
with the help of the quantity (Blasi , 2002, 2004):

up = u1 −
1

f0

∫ 0−

−∞
dx

du

dx
f(x, p) (6.2)

which represents the average fluid velocity experienced by particles with momentum
p while diffusing upstream away from the shock. Here, u1 is the gas velocity just
upstream of the shock and f0 is the cosmic ray distribution function at the shock.
The main difference with respect to the linear case is that accelerated particles
experience a spatially variable advection velocity in the upstream region, due to
the cosmic ray pressure that slows down the fluid. Since the diffusion coefficient in
general depends on the particle momentum, particles with different momenta feel
a different velocity and a different compression factor, higher at high energies for
well–behaved diffusion coefficients. The meaning of the function up can be better
understood in this way: particles with momentum p̂ can diffuse over a distance
xp̂ away from the shock. Up to this distance, the particle distribution function
f(x, p̂) can be considered roughly constant, while it is strongly suppressed at greater
distances. This means that:

up̂ ∼ u1 −
∫ 0−

−xp̂

dx
du

dx
∼ u(xp̂) (6.3)

which is the fluid speed at the point where the particles with momentum p̂ reverse
their motion and come back to the shock.

It is straightforward to integrate equation (6.1) following the same procedure
adopted for the derivation of equation (2.20). The solution can be written in the
implicit form (Blasi , 2004):

f0(p) =
∫ p

p0

dp̂

p̂

3

up̂ − u2

[u0f−∞(p̂) + Q0(p̂)] exp

{

∫ p

p̂

dp′

p′
3

up′ − u2

[

up′ +
1

3
p′

dup′

dp′

]}

(6.4)
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where u0 and u2 are the upstream infinity and downstream fluid velocities respec-
tively, and f−∞ is the distribution function of the seeds particles. In the case of
monochromatic injection with momentum pinj we can write:

Q0(p) = η
ngas,1u1

4πp2
inj

δ(p − pinj) (6.5)

where ngas,1 is the gas density of particles immediately upstream and η is an effi-
ciency representing the fraction of the particles crossing the shock which starts to be
accelerated. It is useful to introduce the dimensionless velocity U(p) = up/u0 and
the quantities Rtot = u0/u2 and Rsub = u1/u2 which represent the total compression
factor and the compression factor of the modified shock (subshock). Equation (6.4)
can be rewritten as (Blasi , 2004):

f0(p) =
3Rtot

RtotU(p) − 1

∫ p

0

dp̂

p̂
f−∞(p̂) exp

{

−
∫ p

p̂

dp′

p′
3RtotU(p′)

RtotU(p′) − 1

}

+

(

3Rsub

RtotU(p) − 1

)

η
ngas,1

4πp3
inj

exp

{

−
∫ p

pinj

dp′

p′
3RtotU(p′)

RtotU(p′) − 1

}

(6.6)

The solution is known if the dimensionless velocity U(p) is known. Note that U(p)
in turn depends on the distribution function f0(p), and this fact reflect the non–
linearity of the problem.

The dynamics of the fluid is modified by the presence of cosmic rays and it is
described by the continuity and Euler equations:

ρ0u0 = ρpup (6.7)

ρ0u
2
0 + Pg,0 + PCR,0 = ρpu

2
p + Pg,p + PCR,p (6.8)

where ρ is the gas density, Pg and PCR are the gas and cosmic ray pressures. The
subscripts 0 and p refer to quantities evaluated upstream infinity and where the fluid
velocity is up, respectively. The cosmic ray pressure at a given point upstream of
the shock is the sum of two different contributions: the pressure of the adiabatically
compressed seed cosmic rays coming from upstream infinity and the pressure of
cosmic rays accelerated or reaccelerated at the shock.

If the diffusion coefficient is an increasing function of momentum, the typical dis-
tance that a particles with momentum p can move away from the shock is ∼ D(p)/up,
which is an increasing function of momentum. This means that, from the all parti-
cles accelerated or reaccelerated at the shock, the only ones that contribute to the
cosmic ray pressure at xp are those with momentum greater than p. The validity of
this statement depends obviously on how strongly the diffusion coefficient depends
on the particle momentum. We assume here that the momentum dependence of
the diffusion coefficient is strong enough to allow us to write the total cosmic ray
pressure at a generic point xp as:

PCR,p = PCR,0

(

u0

up

)γCR

+ P̂CR(p) (6.9)
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with the contribution of particles from the shock given by:

P̂CR(p) ∼ 4π

3

∫ pmax

p
dpp3v(p)f0(p) (6.10)

where γCR = 4/3 is the cosmic ray adiabatic index, v(p) is the velocity of a particle
with momentum p and pmax is the maximum momentum of the accelerated particles.

The gas pressure follows the well known adiabatic relation:

Pg,p = Pg,0

(

u0

up

)γg

(6.11)

and its value far upstream can be written as a function of the shock Mach number
M0:

Pg,0 =
ρ0u

2
0

γgM2
0

(6.12)

Here γg = 5/3 is the adiabatic index for a perfect gas.
Making use of equations (6.9–6.12), the Euler equation becomes (Blasi , 2004):

p
dU

dp

[

1 − γCR

γg

ξCR

M2
0

U−(γCR+1) − 1

M2
0

U−(γg+1)

]

=
4π

3ρ0u2
0

p4v(p)f0(p) (6.13)

where the parameter ξCR quantifies the relative weight of the cosmic ray pressure
compared with the gas pressure at upstream infinity: ξCR = PCR,0/Pg,0. The distri-
bution function f0 appearing on the right hand side of the equation depends on U(p)
as in equation (6.6). Therefore, equation (6.13) is a integro–differential nonlinear
equation for U(p).

Once the dimensionless fluid velocity U(p) is known, we can use equation (6.6)
to evaluate the distribution function of the accelerated particles f0(p). However, in
order to do so, we need a relation between the two compression factors Rsub and
Rtot. It is easy to show that this relation can be written as (Blasi , 2004):

Rtot = M
2

γg+1

0

[

(γg + 1)R
γg

sub − (γg − 1)R
γg+1
sub

2

]

1

γg+1

. (6.14)

6.2 The problem of multiple solutions

Equation (6.13) can be used to derive the function U(p) for any choice of Rsub

and Rtot. The boundary condition at p = pinj is fully determined by the values
of the compression factors, being U(pinj) = u1/u0 = Rsub/Rtot. The behaviour of
U(p) at greater momenta can be obtained by means of equation (6.13). However,
the only solutions having physical meaning are those having U(pmax) = 1, because
at distances from the shock greater than xpmax there are not accelerated particles
contributing to the pressure and the fluid flow must be unperturbed.
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Figure 6.1: Velocity at upstream infinity in units of u0 as a function of the total
compression factor. Only particles injected at the shock from the thermal pool are
considered. Different curves refers to different assumptions for the parameter η.
Figure from Blasi (2004).

In figure 6.1, we plot U(pmax) as a function of Rtot for a shock having Mach
number M0 = 150, as obtained solving equation (6.13). Different curves refer to
different values of the efficiency parameter η. A maximum momentum equal to
105mc has been assumed and only particles accelerated at shock from the thermal
pool have been considered. The injection momentum is taken as 10−3mc. Solutions
are found at the intersections between the solid curves and the dashed straight line
U(pmax) = 1. For low efficiency η ∼ 10−5, only the linear solution, corresponding
to Rtot ∼ Rsub ∼ 4 exists. When the efficiency becomes greater than a few 10−4,
other two solutions appear in addition to the linear one. Both these solutions are
characterized by values of the total compression factor well above the standard value
4, derived from linear theory. If very high values for the efficiency are considered
(e.g. η >> 10−3), only one, strongly modified solution exists. The value of the
parameter η at which the critical behaviour appears and disappears depends on the
maximum momentum. In general, for an higher maximum momentum, the multiple
solutions appear in correspondence to lower values for the efficiency.

It is possible to show that the appearance of multiple solutions is a very common
fact. Multiple solutions are found if very different values of the parameters such as
injection momentum, maximum momentum, Mach number and relative pressure of
seeds particles are adopted (Blasi , 2004).
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6.3 Comparison with an alternative approach

In the approach proposed by Blasi (2002, 2004) and described in the previous
sections, particle spectra and velocity profiles of the fluid flow can be obtained
without specifying a functional form for the diffusion coefficient D(p). The only
condition to be satisfied is that this coefficient must be a rapidly increasing function
of momentum. Within this assumption, the spectrum of the accelerated particles
does not depend on the properties of the diffusion coefficient close to the shock.
This fact makes the approach appealing because, even if it is commonly believed
that the diffusion coefficient should be an increasing function of momentum, the
exact determination of its functional form is an extremely difficult task.

The choice of a Böhm like diffusion coefficient, well motivated in presence of
strong turbulence, seems plausible close to a shock surface. In this case, the diffusion
coefficient simply scales linearly with particle energy. However, different scalings are
also possible and one may wonder within which assumptions made on diffusion, the
approach presented here ceases to be reliable. To this purpose, we make use of an
alternative approach to the problem in which the diffusion coefficient needs to be
explicitly specified (Malkov , 1997) and we compare the results coming from the two
different methods.

Malkov (1997) considered a shock propagating in the positive–x direction and
suggested to use the flow potential:

Ψ =
∫ x

0
dx′u(x′) (6.15)

as a new independent spatial variable instead of x. Using the flow potential it is
possible to define an integral transform of the flow profile as follows:

Û(p) =
1

u1

∫ ∞

0−
exp

[

− q(p)

3D(p)
Ψ

]

du(Ψ) (6.16)

where q(p) = −d ln f0/d ln p is the spectral index of the particle distribution function
and D(p) is the diffusion coefficient, which is assumed to be independent from
position. An integral equation for Û(p) can be derived by applying the integral
transform (6.16) to the x–derivative of the Euler equation (Malkov, Diamond &
Völk , 2000):

Û(t) =
Rsub − 1

RRsub

+
ν

pinj

∫ pmax

pinj

dp̂
p̂√

p̂2 + 1

[

1 +
q(p)D(p̂)

q(p̂)D(p)

]−1

×

× Û(pinj)

Û(p̂)
exp

[

− 3

RRsub

∫ p̂

pinj

d ln p′

Û(p′)

]

(6.17)

where R = Rtot/Rsub is the precursor compression factor and ν is the injection
parameter (Malkov, Diamond & Völk , 2000):

ν =
4π

3

mc2

ρ0u2
0

p4
injf0(pinj) (6.18)
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Figure 6.2: Downstream particle spectrum f(p)p4 (upper panels) and fluid flow speed
U(p) (lower panels) for a multiple solution relative to a shock with Mach num-
ber 150, upstream temperature 104K and minimum and maximum momentum 10−3

and 105mc. The three solutions are characterized (left to right) by values of the
compression factor R = 15.30, 3.94, 1.05. Solid lines are obtained following Blasi
(2004), while dashed and dotted lines are obtained solving the system of equations
(6.14,6.17,6.19) adopting two different diffusion coefficients (Böhm and Kolmogorov
respectively).

related to the compression factor by means of the following equation (Malkov, Dia-
mond & Völk , 2000):

ν = pinj(1 −
1

R
)

{

∫ pmax

pinj

dp
p√

p2 + 1

Û(pinj)

Û(p)
exp

[

− 3

RsubR

∫ p

pinj

d ln p′

Û(p′)

]}−1

(6.19)

Equations (6.14,6.17,6.19) form a close system and can be solved numerically.
In order to compare the results from the two different approaches we consider a

shock having Mach number M0 = 150 and upstream temperature T = 104K. We
set the value of the injection and maximum momenta equal to 10−3mc and 105mc
respectively and we adopt an efficiency equal to η = 10−4. Using the approach
proposed by Blasi (2004), we find a triple solution, characterized by the values of
the compression factor R ∼ 15.30, 3.94, 1.05. Then, we adopt these three values for
the compression factor to solve the system of equations (6.14,6.17,6.19) for different
choices of the diffusion coefficient. In figure 6.2 we plot the particle spectrum (upper
panels) and the dimensionless fluid velocity (lower panels) for each one of the three
solutions. Note that the spectra corresponding to high values of the compression

112



6.4. Thermal leakage as a recipe for injection: preliminary results

factor are strongly modified respect to the linear situation f0(p) ∝ p4. In particu-
lar, modified spectra flatten towards higher energies, and are characterized by an
asymptotic slope equal to ∝ p7/2. An important consequence is that the total energy
in relativistic particles is dominated by the contribution of the particles having the
maximum momentum pmax. Implications for the non–thermal emission from such
particles will be discussed in §6.5.

The solid lines in figure 6.2 represent the solutions obtained according to Blasi
(2004), while the dashed and dotted lines represents the solutions obtained solving
the system of equations (6.14,6.17,6.19) (Malkov, Diamond & Völk , 2000) with a
Böhm and a Kolmogorov diffusion coefficient respectively (see §3.1.1). The agree-
ment between the two methods is excellent in the case of the Böhm coefficient while
it is worse if a Kolmogorov diffusion coefficient is assumed, especially for the most
modified solution. This is obviously due to the fact that the Kolmogorov coefficient
has a weaker dependence from momentum, namely D(p) ∝ p1/3 at ultrarelativistic
energies, while a strong dependence is required in order to apply the method pro-
posed by Blasi (2002, 2004). However, as already said, Böhm–like diffusion is often
well justified close to shock waves, where strong MHD turbulence is expected to be
generated by the streaming of suprathermal particles against the thermal gas.

6.4 Thermal leakage as a recipe for injection: pre-

liminary results

The injection of particles into the cosmic ray population at a shock can be under-
stood only considering the complex non–linear interactions between suprathermal
particles, MHD waves and background thermal plasma. Suprathermal particles
streaming against the background plasma can generate MHD waves which in turn
can strongly scatter particles, inhibiting them from leaking upstream. As a conse-
quence, only a small fraction of particles can swim upstream against the waves and
be further accelerated via Fermi mechanism. The efficiency of the injection process
regulates the degree of shock modification.

Due to its intrinsic complexity, the injection process is often parametrized by
means of an injection momentum pinj, representing the minimum momentum of the
particles that can take part to the acceleration process, and an efficiency η, which fix
the fraction of the thermal particles that are injected in the cosmic ray population.
These two quantities are often treated as free parameters (Malkov , 1997; Malkov,
Diamond & Völk , 2000; Blasi , 2002, 2004).

Another possibility is to adopt the thermal leakage model to describe the injection
(Ellison & Eichler , 1984; Kang & Jones , 1995). In this model, the post shock gas
is assumed to be completely thermalized at a temperature T2. Protons in the tail of
the Maxwellian distribution can recross the shock and escape back upstream if their
velocity is high enough to allows them not to be trapped by waves. Those are the
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Mach = 100 Mach = 1000

Figure 6.3: U(pmax) versus total compression factor for a shock according to Blasi
(2004). A fraction ∼ 10−4 of the downstream particles are supposed to recross the
shock and to start to be accelerated. Different lines refer to different values for the
maximum momentum: (top to bottom) pmax = 5 × 1010, 107, 105, 103, 102mc. The
Mach number is 100 (left panel) and 1000 (right panel).

protons which are injected in the accelerator. Usually, in this model, the injection
momentum is set to a few times the thermal momentum:

pinj = ε
√

2mkT2 (6.20)

with ε tuned in order to fit observational (Ellison, Möbius & Paschmann , 1990) and
theoretical (Ellison & Eichler , 1984) studies of diffusive shock acceleration. It is
important to stress that the parameter ε fixes the value of both injection momentum
and efficiency, which are no longer free parameters but are connected in a physically
motivated way.

It is easy to implement such a recipe in the calculations presented in §6.1.
Results are shown in figure 6.3, where the function U(pmax) has been calculat-
ed within the assumption that a fraction ∼ 10−4 of the particles are able to re-
cross the shock from downstream to upstream. Two values for the shock Mach
number, 100 (left panel) and 1000 (right panel), have been considered. Different
curves refer to different values for the maximum momentum; from top to bottom,
pmax = 5 × 1010, 107, 105, 103, 102 in units of mc. The most striking feature of this
plot is the disappearance of multiple solutions. Moreover, the solution is found to
be strongly modified (Rtot >> 4), with the level of modification increasing with the
maximum momentum. Therefore, these preliminary results seem to suggest that
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Figure 6.4: Example of multiple solutions. The efficiency is the same as in figure
6.3. The Mach number is 1415 and a very low value for the maximum momentum
pmax = 150mc has been adopted.

the appearance of multiple solutions might be due to an unphysical choice of the
couple of parameters (pmax,η), whose values should instead be appropriately fixed
to describe in a more self–consistent way the process of injection.

In fact, multiple solutions can appear even after the introduction of the thermal
leakage model for the injection. However, they are confined in a region of parameter
space which is usually of poor interest for the majority of the astrophysical situations
considered. An example of a multiple solution is given in figure 6.4, where a shock
with Mach number 1415 is considered. The parameter ε is fixed as in figure 6.3, while
a very low value for the maximum momentum pmax ∼ 150mc has to be adopted in
order to find a critical behaviuor of the system.

However, our preliminary results seem to suggest that multiple solutions might
be the artifact of some of the assumptions used in the analytical approach. Other
assumptions, such as the request for stationarity and the fact that the role of the
self–generated waves on the diffusion coefficient is not taken into account, should be
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relaxed in order to have a fully self–consistent treatment of the problem.

6.5 Possible implications for non–thermal phenom-

ena during large scale structure formation

In chapter 4 we discussed the perspective for the observation of forming clusters
of galaxies with both space telescopes and ground–based Čherenkov arrays. We
considered the inverse Compton gamma ray emission from relativistic electrons ac-
celerated at shocks associated with structure formation. Spectra of the accelerated
electrons have been calculated in the test–particle approximation, namely, neglect-
ing the backreaction of the accelerated particles onto the shock structure. Such an
approach is somewhat unsatisfactory, because the behaviour of shocks is believed to
differ from the predictions of linear theory even if a very small fraction η ∼> 10−4

of the thermal particles is injected into the cosmic ray population. Moreover, large
scale accretion shocks are strong, and can accelerate particles up to extremely high
energies. Both these facts suggest that these shocks might be strongly modified by
cosmic ray pressure.

The dominant contribution to the cosmic ray pressure at shocks comes from
protons, while electrons are likely to be energetically subdominant, for the reasons
explained in §3.3.1. However, electrons feel the velocity flow profile in the upstream
region as modified by the cosmic ray pressure and, for this reason, their spectra is
expected to be also modified and to mimic the proton spectra at energies greater
than ∼ 1GeV .

Modified spectra are no longer power laws and, at high energies, they are ex-
pected to be flatter than the spectra predicted from linear theory. This fact might
modify our predictions about the number of detectable clusters in gamma rays.
In particular, flatter spectra should produce an enhancement of the TeV emission,
making the possibility of detecting forming clusters with ground based Čherenkov
telescopes more appealing.

Also the predictions of the contribution from forming structures to the extra-
galactic gamma ray background could be modified by the inclusion of non–linear
effects. This could be of great interest especially in connection with the recent
reassessment of the extragalactic background to a lower value and to a different
spectral shape (Strong, Moskalenko & Reimer , 2004).

Moreover, if the injected spectra of the relativistic protons are flatter than the
canonical E−2 behaviour, a high fraction of the non–thermal energy can be stored
in very high energy particles, for which the confinement argument suggested by
Berezinsky, Blasi & Ptuskin (1997) might not apply. If this is the case, particle dif-
fusion should be important and it might be necessary to reconsider the confinement
hypothesis in this new framework.

The inclusion of the effects of cosmic ray pressure might also have interesting
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consequences for several topics related to structure formation. For example, if non–
linear effects are found to be important in shock acceleration, then the heating of
the gas could be strongly suppressed. Moreover, under the confinement hypothesis,
the cosmic ray energy density in the intracluster medium is an increasing function of
time. If the acceleration efficiency is high enough, this energy density could become
comparable with the thermal energy density, making cosmic rays important for the
dynamical evolution of clusters. All these effects have always been neglected in
previous studies and, in our view, it will be important to evaluate their relevance
for a better understanding of the “thermal–side” of structure formation.
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Conclusions

It is now commonly believed that structures in the universe are assembled hierarchi-
cally. According to this picture, more massive objects are the result of the merging
of smaller ones, which have been formed at higher redshift. During mergers, a huge
amount of gravitational energy is dissipated at large scale shock waves, which are
the main responsible for the heating of the intracluster gas. Due to their hot tem-
peratures, these shocks are bright in X–rays and can be directly imaged by means of
high resolution observations performed by new generation space telescopes (Forman
et al., 2002).

A possible link between the process of large scale structure formation and the
presence of non–thermal activity in the intracluster medium was suggested a few
decades ago, in order to explain the presence of a diffuse synchrotron radio emission
from a few X–ray bright clusters of galaxies (Harris et al., 1980). Such a connection
was proposed on the basis of simple considerations about the energy required to
power the observed radio halos, which is only a very small fraction of the total
energy released during a major merger event.

Radio halos are now observed from ∼ 30% of the X–ray brightest clusters (Fer-
etti , 2003), and additional evidences for the presence of relativistic electrons in the
cluster volume come from hard X–ray (Fusco–Femiano et al., 2003) and extreme UV
(Bowyer , 2003) observations. Moreover, the connection between non–thermal activ-
ity and cluster mergers has recently received observational support (Buote , 2001).
However, the mechanism through which particles are accelerated up to relativistic
energies is still not well understood.

It is well known that collisionless shock waves can extract particles from the
thermal pool and accelerate them up to relativistic energies, through the so–called
first order Fermi mechanism (Bell , 1978a; Blandford & Ostriker , 1978). For this
reason, large scale shock waves associated to structure formation have been consid-
ered for a long time good candidates to accelerate the electrons responsible for the
observed radio emission (Sarazin , 1999; Blasi , 2001; Fujita & Sarazin , 2001). Rela-
tivistic protons can also be accelerated at shocks, and they can produce electrons as
secondary products via inelastic collisions with the protons of the interstellar medi-
um. Synchrotron emission from secondary electrons has been considered also as a
possibility to explain radio observations (Dennison , 1980; Blasi & Colafrancesco ,
1999).
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In chapter 3, we proposed a novel approach to the study of particle acceleration at
merger related shocks. In the framework of the so–called extended Press–Schechter
formalism (Lacey & Cole , 1993), we simulated several possible realizations of the
merger trees of rich clusters and, for each merger event, we estimated the Mach
number of the related shocks by using an analytical model to describe the dynamics
of the collision. The most important result obtained, is that shocks related to major
mergers are weak, having a Mach number of order unity. We find that relatively
strong shocks, with Mach number ∼> 3, form only during minor mergers, which are
collisions between clusters with very different masses. This fact has crucial impli-
cations for the non–thermal emission from clusters, since the slopes of the spectra
of the accelerated particles are solely determined by the value of the Mach number.
Due to the weakness of merger related shocks, spectra of relativistic particles in the
intracluster medium are expected to be very steep and unlikely to reproduce the
observed spectral features of radio halos.

Promising alternative models have been proposed to explain radio observations,
based on the turbulent reacceleration of relic electrons present in the intracluster
medium (Schlickeiser et al., 1987; Brunetti et al., 2001a; Fujita, Takizawa & Sarazin
, 2003). MHD turbulence is expected to be generated in the intracluster medium
during mergers, while possible sources for the relic electron population are active and
normal galaxies in the cluster and shocks in the intracluster medium. In chapter 5
we considered for the first time the most general situation in which MHD waves, relic
electrons, relativistic and thermal protons are present in the cluster volume. Both
wave–wave and wave–particle interactions are considered in a fully time dependent
and self–consistent way. We find that present radio and hard X–ray observations
of non–thermal radiation from clusters of galaxies are well described within this
approach, provided the fraction of relativistic hadrons in the intracluster medium is
smaller than 5 − 10%.

Besides mergers, clusters can increase their mass also through a continuous ac-
cretion of matter. This type of accretion is also called secondary infall, meaning that
matter accretes on a potential well which has already been formed (Bertschinger ,
1985). An accretion shock forms roughly at the cluster virial radius and it carries
the information of the virialization of the inner region of the cluster. The accre-
tion shock is strong, because it propagates in the cold, non virialized intergalactic
medium.

Our Press–Schechter based approach has been extended in order to take into
account the effects of these strong shocks. In chapter 4, we have shown that the
total kinetic energy flux through shocks related to structure formation is dominated
by the contribution from shocks related to major mergers. This means that only
a small fraction of the gravitational energy released during structure formation is
dissipated at strong shocks, which are associated with minor mergers or accretion
events. However, these shocks have high Mach numbers and thus they can accelerate
particles with flat spectra, whose contribution to the total non–thermal emission is
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likely to be dominant at very high energies.

For this reason, we have calculated the gamma ray emission expected from form-
ing clusters, due to inverse Compton scattering from electrons accelerated at merger
and accretion shocks. Another important contribution to the total gamma ray emis-
sion might come from the decay of neutral pions, produced by the hadronic cosmic
ray component, which is likely to be present in the intracluster medium. As ex-
plained in §4.3, this contribution is quite uncertain, due to the fact that protons are
diffusively confined in the cluster volume for cosmological times (Berezinsky, Blasi
& Ptuskin , 1997). As a consequence, the proton related gamma ray emission from
a given cluster depends on its whole merger history, and similar clusters might emit
gamma rays at a different flux level due to their different history. Thus, in chapter 4,
we have adopted a conservative approach and consider only the gamma rays which
are the result of inverse Compton emission of relativistic electrons. Any contribu-
tion to the total gamma ray emission from cosmic ray protons can only increase the
fluxes we derived.

In chapter 4, we calculated the log N − log S distribution of merging and ac-
creting clusters of galaxies and compared the expected fluxes with the sensitivities
of EGRET, AGILE and GLAST. We found that no cluster was expected to be de-
tected by EGRET, confirming a recent analysis of the archive EGRET data from
the direction of several Abell clusters, for which only upper limits on the gamma
ray emission could be inferred (Reimer et al., 2003). Our calculations significantly
disagree with previous results found by Totani & Kitayama (2000) and Waxman &
Loeb (2000), and this is due to their incorrect assumptions made about the strength
of the shocks.

The perspectives for detection appear to be more promising for future space-
borne gamma ray telescopes, such as AGILE and GLAST. Our calculations show
that ∼ 10 − 20 clusters should be detected by AGILE and ∼ 50 clusters should
appear in GLAST data, equally shared between merging and accreting clusters if
an efficiency of ∼ 5% (in energy) can be achieved in accelerating electrons at the
shocks.

In principle, the gamma ray emission due to inverse Compton scattering of ul-
trarelativistic electrons can extend to a few tens of TeV, so that clusters might be
seen in future ground based Cherenkov experiments such as VERITAS and HESS.
Unfortunately, we found that only nearby (∼ 100 Mpc) merging clusters of galaxies
are expected to be detectable, while the detection of accreting clusters appears more
problematic due to their extended size.

In chapter 4, we also evaluated the contribution of structure formation to the
extragalactic diffuse gamma ray background, concluding that, despite some recent
optimistic claims (Loeb & Waxman , 2000), this contribution adds up at most ∼ 10%
of the observed background.

As pointed out in chapter 6, strong shocks are believed to efficiently accelerated
particles. The effects of cosmic ray pressure have never been considered in the
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calculations of the spectra of the particles accelerated at large scale shocks. We
suggest that these modifications might have important implications on the expected
gamma ray fluxes from clusters at both GeV and TeV energies. Moreover, if the
acceleration efficiency is high enough, the cosmic ray energy density might become
comparable with the thermal energy density of the intracluster medium, making
relativistic particles important for the dynamical evolution of clusters.

All these facts seem to suggest that future gamma ray observations, both from
space and ground based telescopes, will certainly constitute one of the most impor-
tant advances in our knowledge of the non–thermal activity in large scale structure,
but they could also improve our understanding of the process through which large
scale structures in the universe are assembled.
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